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PREFACE, 


THE Pheony of Ah al is a subject which 
has engaged the attention and exercised the 
talents of many celebrated mathematicians, 
both ancient and modern; under the first of 
whichclasses, may be reckoned Pythagoras and 
Aristotle, the former of whom is said to have 
invented our present multiplication table, or 
the Abacus Pythagoricus of the ancients; 
though what is alluded to under this designa- 
tion was probably amuch more extensive table 
than that now in common use: Pythagoras 
also attributed tonumbers certain mystical pro- 
perties, and seems first to haye conceived the 
idea of. what are now termed magic, squares, 


3 Aristotle, amongst other numer ss specula- 


tions, noticed the uniformity in almost. all 


nations. of dividing numbers into periods of 


tens, and attempted an explanation of the 


cause of this singular coincidence upon phi- 
losophical pr ante | 
But the earliest regular system of numbers 


_ is that given by Euclid in the 7th, 8th, 9th, and 
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10th books of his Elements, which, notwite 
standing the embarrassing notation of the 
Greeks, and the inadequacy of geometry to the 
investigation of numerical propbsitions, is still 
very interesting, and displays, like all the other. 
parts of the same celebrated work, that depth 
of thought and accuracy of demonstration for 
which its author is so eminently distinguished. 
Archimedes likewise paid particular atten; 
tion to the powers and properties of tambers, 
as mnay be seen by consulting his tract entitled 
* Arenarins,” in which some modern writers 
have thought they could perceive inculeated 
the principles of our presént system oF 104 
garithms; but all that can be allowed on 
this head is, that the method by which 
he performed his multiplications and: di- 
visions bears.a considerable analogy to that — 
Which we now commonly employ in the 
multiplication and division of powers; that 
is, by the addition and subtraction of their 
indices. 
Before the invention of analysis, however, 
no very extensive progress could be rade in 
a subject, which required so much getrerality 
‘of investigation; and, accordingly, we find 
but little was eMeted m it till the time of 
Diophantus, whose treatise of algebra con- 
tains many interesting problems in the more 
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abstruse parts of this science. But here, also, 
its author had to encounter the difficulties of 
a complicated notation, and a very deficient 
analysis, when compared with that of the 
_ present period; and, therefore, it cannot be 
expected that his work should contain a com- 
plete investigation of the theory of numbers. 
After Diophantus, the subject remained 
unnoticed, or at least unimproved, till 
Bachet, a French analyst of considerable 
reputation, undertook the translation of the 
abovementioned work into Latin, retaining 
also the Greek text, which was published by 
him in 1621, interspersed with many marginal 
notes of his own, and which may be con- 
sidered as containing the first germ of our 
present theory. These were afterwards con- 
siderably extended by the celebrated Fermat, 
in his edition of the same work, published, 
after his death, in 1670, where we find 
many of the most elegant theerems in this 
branch of analysis; but they are generally left 
without demonstration, an omission which he 
accounted for by stating, in one of his notes, 
page 180, that he was himself preparing a 
treatise on the theory of numbers, which » 
would contain many new and interesting: 
pumerical propositions; but, unfortunately, 
this work never appeared, and most of his 
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theorems remained without ‘demonstration 
for a considerable time. 2 | 
Atlength, the subject was again revived by 
‘Euler, Waring, and Lagrange, three of the 
most eminent analysts of modern times. The . 
former, besides what is contained in the 
second volume of his ‘‘ Elements of Alge- 
bra,” and his ** Analysis Infinitorum,” ‘has 
several papers in the Petersburg Actsy, in 
which are given the demonstrations of many 
of Fermat’s theorems. What has been done 
by Waring on this subject. is comprised in 
chap. v. of his ‘“ Meditationes Algebraice; ”’ 
and Lagrange, who has greatly extended 
the theory of numbers, by the invention of 
many new propositions, has several interest- 
ing papers on this head, in the Memoirs of 
Berlin, besides what are contained in his ad- 
ditions to Euler’s Algebra. | 
It is, however, but lately that this branch 
of analysis has been reduced into a regular 
system, a task that was first performed by 
Legendre, in his ‘‘ Essai sur la Théorie des 
Nombres;”’ and nearly at the same. time 
Gauss published his ‘‘ Disquisitiones Arith-. 
_metice:” these two works eminently display 
the talents of their respective authors, and con- 
tain a complete development of this interesting 
theory. The latter, i in ‘particular, mod opened 
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op new field of inquiry, by the application of | 


the properties of numbers to the solution of 
binomial equations, of the form 

x” —1=0, 
on the solution of which depends the division 


of the circle into n equal parts, as was — 


‘before known from the Cotesian theorem. 
This solution he has accomplished in several 
partial cases, whence the division of the 
circle into a prime number of equal parts 


is performed, by the solution of equations of ° 


inferior, dimensions; and when the prime 


number is of the form 2°41, the same may be — 


done geometrically, a problem that was far 


from being supposed possible before the pub-. 


lication of the abovementioned performance. 
From the foregoing historical sketch, it 


appears that the writers on this subject are — 


far from being numerous; but the well esta-- 


blished celebrity of those, who have investi- 


gated its principles, would be of itself suf-. 
ficient to stamp it with a degree of importance, / 
and to render it worthy of attention. Few~ 
persons, it is conceived, will be disposed to. 


consider that. a barren subject, which has 


so much engaged the attention of the above - 
named celebrated writers; in fact, there is no. 


branch of analysis that. furnishes’ a ‘greater 
variety’ of interesting truths: than the theory 


nn # 
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' 6f. numbers, and it is therefore singular that 
it should have been so little attended to by 
_.. English mathematicians. With the exception 
- * “of what.is contained in vol, ii. of Euler’s 
. \ Algebra, andthe notes added to the second 

| English edition of that work, there is nothing 
ts on this subject to be found in our language. 

,” “This circumstance, it is conceived, will be 

: deemed a suficient apology for the appear- 

ia 4 ance of the present volume; in which, if I 

saves in certain theorems, availed myself of 

i tag what others have done on the same subject, yet 

" \- itis presumed, that it will be found to possess a 
i ff | suflicient degree of novelty, both in matter 
a and arrangement, to exempt, ‘me from the 
ae imputation of being a mere “copyist. | 

a _ With the exception of a few theorems, what 
Gs contained in the first six chapters may be 
pee ¢ Seonsidered as new: in the latter of which wa 
a 3 a be founda demonsti ation of Fermat’s general 

Nf Sieren , on the —— of the indeter- 
nm * ee minate equation 
; 1 be ety” ae 

ve a for every value of » greater than 2; the leading 

ue es principle of which { first. Ad revue ated in the 

cae “Appendix t to Euler’ s Algebra, and afterwar ds 

Lets completed in vol. xxvii. of the Philosophical 

: i anal bg also consider as “or 0 what 18, 
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ef that part relating to the arithmetic of the 


Greeks, for which I have been indebted 


to the Essay of Delambre, subjoined to the 
French translation of the works of Archi- 


medes. The methods of solving indetermis » 


nate equations of the first degree, and: of as- 
cértaining, @ priori, the number of possible 
solutions, have likewise some claim to novelty. 
In the other parts of the work, there will also 
be found several new theorems, and many 


former ones differently demonstrated, where 


simplicity and perspicuity could be attained 
by such alteration: this is particularly the 
case in the last chapter relating to Gauss’s 
celebrated theorem on the division of the 
circle. Perspicuity has, indeed, been one of 
my principal objects; for this treatise being 
intended for the instruction and amusement 


of those who may not possess a “very ex 


tensive knowledge of analysis, it became _ 
necessary to make it as clear and intelligible 


as possible: but how far I may. have suc-.— 
ceeded in my design, or what merit may be". 


otherwise due to the performance in general, 
must be left to the decision of the public. 
It only remains now for me to mention a 


circumstance, that’ may probably be ‘thought ‘ 


to stand in need of some explanation : it =uill 
be perceived that I have introduced two new 


» ¢ 


% 
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symbols, the necessity for which, however, will, 
I trust, appear upon a slight inspection of the 
work itself: the words of the form of recur 
very often, and the repetition of them would 
have been tedious and irksome to the reader, 
for which reason the double f (f) is intro- 
duced instead of them, but, for the sake of 
uniformity, it is placed lengthwise thus, +; 
- this, therefore, can scarcely be considered as | 
an innovation of a very important rule laid 
_down by modern analysts, ‘* Not to multiply — 
. without necessity the number of mathematical 
' symbols.” And thesame apology may be made 
. for the introduction of the othersign, for the 
words divisible hy, These characters were 
2 ae adopted on the suggestion of Mr: Bonnycastle, 
Y _ Professor of Mathematics in the Royal Mili- 
tary Academy, to whose judgment and ex- 
‘perience I have been greatly indebted for 
many important remarks relating to the pre. - 
sent performance, and on various other. oc, 
 casions. | 
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DEFINITIONS. 


1. An Unit, or Unity, is the representation of 
any thing considered individually, without regard 
to the parts of which it.is composed. 

2. An Integer, or Integral Number, is an unit, 
or an assemblage of units. : 

3. A Fraction, is any part, or parts, of-an unit. 

4. Factors, are those numbers from the multi- 
plication of which: another number is produced. 

5. A Product, is that number, which is pro- 
duced by the multiplication of two, or more, factors: 

6. A Multiple of a number, is the product of 
that number by some integral factor. 

7. An Even Number, is that, which can be di- 
vided, or separated into two equal integral parts. 

8. An Odd Number, is that, which cannot be 
divided into two equal integral parts; being greater 
or less than some even number by unity. 

9g. A Composite Number, is any number that is 
produced, by the multiplication of two, or more, 
factors; or, it is a number which may be divided 
into two, or more, equal i integr al parts, each greater 
than unity. | 

10. A Prime ‘ice is that brhaiths cannot be 
produced by the multiplication of any integral fac- 
tors; or it is a number, that cannot be divided into 
any equal integral parts, greater than unity. 

5 | : 
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- Commensurable Numbers, are such as have 
i thé, same ‘common. diyisor; or that may be 
each exactly divided into the same number of equal 
integral parts. 

12. Incommensurable Numbers, or Nines 
prime to each other, are such as have no common 
divisor. 

13. A Square, or 2d Power, is the siettcice, of 
two equal factors. 

14. A Cube, or 3d Power, is the product of 
three equal factors. | 

15. The nth Power of a number, is the product 
of n equal factors, » representing any integral 
nuniber whatever. 

16. The Exponent, or Index of a Power, is that 
number by which the power is expressed: thus, 
a’ represents @ raised to the nth power, where 7 is 
said to be the Exponent, or Index of the Power. 

17. The Root of a Power, is that factor from 
the continued multiplication of which, a certain 
number of times into itself, the power is pro- 
duced. 

18. A Perfect Number is a. which is equal 
to the sum of all its divisors, or aliquot parts: 


thus, 6 a0 ys S and iS, therefore, a perfect 
number. 
19. Amicable Numbers, are those pairs of in- 
. tegers, each of which is equal to all the aliquot 
parts of the other: thus, 284 and 220 are a pair 
of amicable numbers, for | 
(9/984 284 284 284 984. 


| +$—— +4 
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220 229, 220 220 220 220 920 | 290 
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$20:‘320 990. 
| 55 110 220 
20. Figurate Numbers, are all those, that fall 
under the general expression > 
n.(n+1)(n+2)(n+3) &c.n+m, 
: es SS ee uae Keo me, 
and they are said to be of the 1st, 2d, 3d, &c. 
order, according as m= 1, 2; 3, 4, &e,: thus, 


= 284, 


7 General term. 
Wat...series, 15:23.4 8 @,:.&e- nil 
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Tato. to O10. fo. 21, ae. mo ge 


eee 


AnN+ 1.724 2 
Mi: Bx a 


2d ord. 1 4.10 20 35 56, &c. 


Sd-ord, 4.54535 704126, &c (eZ Let en +3 
| ik A eel: kone 
21. Polygonal Numbers, are the sums of dif- 
ferent and independent arithmetical series, and 
are termed Lineal or Natural, Triangular, Qua- 
drangular or Square, Pentagonal, Hexagonal, 
&e. Numbers, according to the series from which 
they are generated. : 
22. Lineal, or Natural Numbers, are formed 
from the sum of a series of units; thus, 
oe ee ee Se a Sak SRA ss Cee eon 
Natural numbers, 2... 253.4 5.6. 7, &c. 
23. Triangular Numbers, are the successive sums 
of an arithmetical series, beginning with unity, the 
common difference of which is 1; thus, 
: Be 


4 Definitions. 
Avith. series,“ 11.2 3. 4 5 6° 7) &e. 
Triangular \ 1. he SackO bh 2) - Se 


numbers, 

24. Quadrangular, or Square Numbers, are the 
sums of an arithmetical series, beginning with 
unity, the common difference of which is 2; thus; 


Arith. ‘series, Tee Se Po eg RC. 
Quadrang. or. ; 4 9 16 25 36,,&c. 
square numb. 

25. 'Pentagonal Numbers, are the sums of ar 
arithmetical series, beginning with unity, the com- 
mon difference of which is 3; thus, 


Arith. series, LO A oe IO a oS ee, Ae. 


Pentagonal } i. 5. $2°°92 (35 18h Bic, 
numbers, ecg 


26. And universally, the m-gonal Series of Num- 
bers, is formed, from the successive sums of ar 
arithmetical progression, beginning with unity, the 
common difference of which is m— 2. 

27. The Forms of Numbers, or Formule, are 

‘certain algebraical expressions, under which those 
‘numbers are contained. Thus, 17 is of the form 
‘An+1, that is, when divided by 4, the remainder 
js 1; and, for the same reason, 19 is of the form 
An+3, or 4n—1; and this is expressed by the 
‘characters: thus 1742+ 1, 194n—1. 
28. A Modulus, is that number by which the 
forms of numbers are compared, thus, the forms 
4n+1, are compared by modulus 4, and 6n+ 1, by 
modulus 6. 

59,° Numbers of the same Form, are all those 
that are contained under the same algebraical ex- 
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pression, by changing the value of the indetermi- 
nate letter, or letters, that enter therein. Thus, 
19 and 27 are of the same form, with respect to 
modulus 4; being each expressed by the same for- 
mula, 42—1. 

30. A Function of a Quantity, is any algebraical 
expression, into which that quantity enters; and it 
is said to be rational, irrational, or integral, ac- 
cording as the expression is of either of those kinds. 


AXIOMS. 


i. Every Even Number is of the form 2n. 

2. Every Odd Number is of the form 2n+ 1. 

3. The Sum, Difference, and Product of any 
number of integer numbers, are integers, 

4. A number cannot be a divisor of another 
number less than itself. 

5. Any number (a) taken once, or one time, is 
equal to unity, or 1, taken a times. Or, the pro- 
duct 1 x A=Ax 1, iat 


"a 
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AN 
ELEMENTARY INVESTIGATION, 


&c. &c. 


CHAP. Tf. 


On the Sums, Differences, and Products of 


Numbers in general. 


PROPOSITION I. 


1. The sum, or difference, of any two even num- 
bers, is an even number, 

For all even numbers are of the form 2n (ax. 1) : 
and, therefore, the sums and differences of even 
numbers will be represented by 

2n+ 2n’= 2(n+n’) He 2n"; 
what is evidently an even number, being of the 
form 2n.— a. E. D. 


Cor. The sum of any number of even numbers, 
is an even number, | 


PROP. II. 
2: The sum, or difference, of two odd numbers, 
is even; but the sum of three odd numbers, is odd. 
For all odd numbers are of the form 2n+1 
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(ax. 2.); and, therefore, the sum, or difference, of 
two odd numbers, will be represented by 

(2Q2n+1)+ (2n’4+1)=2(nt+n’+1)2n", 
which is evidently an even number, being of the 
form 2n. | 

But the sum of three odd numbers will be ex- 
pressed by 

(Q2n+1)+ (2n'41) + (2n”+1)= 
Q(nt+nv +n’ +1)+12n'’ +1, 
and is, therefore, an odd number. — a. E. D. 

Cor. 1. The sum of any even number of odd 
numbers is even; but the sum of any odd number 
of odd numbers is odd. 

Cor. 2. The sum or difference of an even and an 
odd number is an odd number, for 
Int (2n' + 1) = Wns’) + 1 Qn" + 1, 
which is, therefore, an odd number. 


PROP. III. 
3. The product of an even and an odd number, 
or of two even numbers, is even. For 
2n x (2n’ + 1) = 2(2nn’ +n) 2n”, and 
Qn x Qn’ = 2(2nn’) eon", 
which are both even forms, — a. E. D. ; 
Cor. 1. If an even number be divisible by an odd 
number, the quotient is an even number, 
Cor. 2. The product of any number of factors is 
even, if any one of them be even. 
Cor. 3. An odd number cannot be divided by an 
even number. For if 
2n+1 
2n’ 


=m, any integer number, then 


on xm=In+1; 
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that is, an even number equal to an odd number, 
which is absurd; therefore, an odd number cannot 
be divided by an even number. : 

Cor. 4. Any power of an even number is even ; 
and, conversely, the root of any complete power is 
an even number, if the power be so. 


PROP. IV. 


A. The product of any two odd numbers is an 
odd number. For 
(S42) x (20' +1) = 4nn’ + On + On! 4 1 
2(2nn’+n+n')+1mR2Qn’ +I, 
which is evidently an odd number, being of the 
form Qn+1.—a@. E. D. 

Cor. 1. If an odd number be diy i by any 
nuinber, the quotient is an odd number. 

Cor. 2. The product of any number of odd num- 
bers is odd. | 

Cor. 3. Every power of an odd number is odd; 
and, conversely, the root of any complete power is 
an odd number, if the power be so. 

Cor. 4. Since every power of an even number is 
even (cor. 4, prop. ill.), and every power of an odd 
number is odd, by the foregoing corollary; there- 
fore, the sum, or difference, of any power and its 
root, is an even number; that is, if a be any num- 
ber, and m the exponent of any integral power, 
then will a+ a be an even number. 


PROP. V. 


5. If an odd number divides an even number, 


it will also. divide the half of it. 
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For if an even number be divided by an odd 
number, the quotient is even (cor. 1. prop. iii.); we 
have, therefore, 


2n 3 ay 

mm oe and, consequently, 
nn ; th . | 

LAL 3 =n , an integer: 


therefore », which is half the even number 2, is 
divisible by (2n+ 1), if 2x be so.—a. E. D. 

Cor. If-an even number be divisible by an odd 
number, it will also be divisible by double that 


number, 


PROP. VI. 


6. If a number, p, divide each of two other 
numbers, a and 8, it will also divide the sum and 
difference of those numbers; or the sum and dif- 
ference of any multiples of them.. For let 


sip , and Mes then will 
6 phi Oe a , 
Pipe Bee 


and since q and g’ are each integers e the hypo- 
thesis, therefore, g+q’ is also an integer (ax. 3); 
and, consequently, a+ is divisible by p. Again, 
if ma, and nh, represent any multiples of a and b; 


eae : ma 
then, SInNce —~= 4, and —= q> therefore, 7 = NG, 
ar P Pp 


Tt ys ma nb _ma+nb 
and —=nq’; consequently —=— = ——— = 
P Be P 


my + nq’. “dnd because both g and q’, as also m 
and n, are integers, therefore mg + nq’ is likewise an 
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mteger (ax. 3), and, consequently, ma+-nb, is di- 
visible by p.—- @. E. D. 

Cor. 1. Hence, if a number divides the hols of 
another number, and a part of it, it sine also divide 
the other part. 

Cor. 2. Hence; also, if a number consists of 
many parts, and each of those parts have a com- 
mon divisor p; then will the whole number, takes 


collectively, be divisible by p. 


PROP. VII. 

“7. Ifa and b be any two numbers prime to each 
other, then will their sum, a+ 6, be also prime to 
each of them. } 

For if (a+ 5) and a, had any common divisor p, 
then (a+ b)—a and a, would also have the same 
common divisor (prop. vi.); that is, @ and b 
would have a common imeasure, which is contrary 
to the supposition, because they are prime to each 
other; therefore (a+) and «, cannot have a com- 
mon measure. And in the same manner it may be 
shown, that (a+) and 6, can have no common 

measure; and, consequently, if a and b be any two 
-aumbers prime to each other, their sum a+ & is 
prime to each of them. — @. E. B. 

- Cor. 1. In the same manner it may be demon- 
strated, if a and 6 be any two numbers prime to 
each other, that their difference (a—) is prime to 
each of them, if (a— 6) >1. 

Cor. 2. If a number, consisting of two parts, as’ 
{a+b), be prime to one of its parts a, it will also 
Se prime to the other part d, if b> 1. 

Cor. 3. If ef two numbers, a and 6, one of them 


32 Numbers in General. 


be divisible by a third number p, but the other 
part not divisible by it, then neither the sum nor 
difference of those numbers (a+ b) is divisible by p. 

Cor. 4. If a number, ‘consisting of many parts, 
have all those parts but one div" isible by another 
number p, but the other part not divisible by it, 
then the whole number, taken collectively, is not 


divisible by p. 


PROP. VIII. 


8. Ifa and b be any two numbers prime to each 
other, then will their sum and difference, (a+ 0) 
and (a—b), be also prime to each other, or they 
will only have the common measure 2. 

For if (a+6), and (a—b), have any common 
measure, their sum and difference, 2a and 2b, will 
have the same (prop. vi.); but since @ and b 
are prime to each other, 2a and 2b can only 
have the common measure 2; therefore (a+ b) 
and (a—6), can only have the same common 
measure 2: and, consequently, if one of those 
quantities, a or b, be even, and the other odd, then 
(a+b) and (a—b), being both odd, cannot have 
the common measure 2; therefore, in this case, 
they are prime to each other. — a. E. p. 


PROP. IX. es 

g. The product of any two numbers is the same, 

which ever of the two is the multiplier; or ax b 
‘pe Doahes >. 

First, if a= b, ain it is evident that ab= ba; but 

if these factors are not equal, one of them must be 


the greatest: let, then, a>, and make a=b+¢, 
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in which a’ is necessarily less than a, then 

ab= bb + a’b, and 

ba= bb + ba’: 
if, therefore, ab is different from ba, so also is a’b 
different from ba’, for the equality of the products 
ab and ba, depends upon the equality of the pro- 
‘ducts a’b and ba’. Now if in this last, a’=b, the 
equality is established, as it is also if a= 1, because, 
1x b=0bx (ax.'5). 

But if neither a@=b nor a’=1, then one of 
these facters is the greatest; let then b>’, and 
make b= a’ +6’, where b’ < b, and we have 

ab=a'ad +a'b’ 

ba =a’'a' + b'd’," 
and the equality of the products ad and ba’ now 
depends upon the equality of the products a’b’ and 
‘b’a’, and, therefore, the equality of the first products 
‘ab and ba, depends also ai the equality of these 
last; and if in this, b’=a’, or b’=1, the equality is 
established ; but if not, by preceding as above, we 
may show, that the equality of these products de- 
pends upon others still less, and so on. 

‘Now it is evident, that in the products ad, ba; 
wb, ba’; ab’, U’a’, &e., in which we ‘have a’ <a, 
a’ <a, 0 <b, b” <0’, &e.; we must necessarily 
arrive at a case in which the terms of the product 
are equal, or in which one of them is equal to 
unity; and in either case the identity of the original 
products is established, from what is said above 
and by ax. 5; and, consequently, the product ab 
= ba.—a. Fk. D. 

Cor. In asimilar mannerit may beshown, thatthe. 
product of any number of factors, adc d, &c., is the 
same, in whatever order they are multiplied together. 
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PROP. X. 

10. If a and p be any two numbers prime toe 
each other, therm may either of these numbers, as @, 
be expressed by the formula 

a=npt+rys 
in which r shall be less than p, and also prime te 
For, first, if a<p, we may make n=0, or 
a=oxpt+r, ora=r; 
and, since a< p, and r=a, thereforer<p. But if 
a>p, let a be divided by p, giving a quotient n, and 
remainder r, which makes a=np+r; and since 7 
is the remainder arising from a divisor p, it is 
evident that we may have r <p. 

Again, r is also prime to p; for if p and r 
had a common measure, then np+r. and p would 
have the same common measure (prop. vi.), but 
a=np +r, therefore a and p would have a common 
measure, which is contrary to the supposition, be- 
cause a and p are prime to each other; therefore, 
in the formula, a=np+r, n may be so assumed, 
that r <p, and it is necessarily prime to it.—a. E. D. 

Cor. Hence, also, it appears, that a and p being 
prime to each other as before, we may always 
make | 

a=nptr, 
so that r shall be less than tp, and also prime to it- 
_ For, by the ee proposition, the formula 
=nup+r- 
is onsen possible, so that r<p. And if at the 
same time r< ip, it agrees with the enunciation of 
this corollary ; ; butifr>tp, then (p—7) =r’ <ip; 
and it is evident that 
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 a=nptr=(nt l)p—(p-r)=np-r, 
by making 2+ 1=n’, and (p—r)= 7’, in which, as 
we have seen above, p—r, or r’<4p: therefore, in 

the formula - | 

} | a= npr, | 
m may always be so assumed, that r<ip; and that 
it is prime to it, is evident from what has been ob- 

served in the proposition. | 

Cor. 2. This formula, a=np+r, is equally true 
of numbers not prime to each other, except that - 
here p and r are not necessarily prime to each 
other, and r may also, in this case, become zero, — 
which cannot be in the former. 


PROP. XI. 


11. If @ and p be any two numbers prime to 
each other, there cannot be another number 6, 
prime to p, that renders the product ab divisible 
by p. Or if a number, p, be prime to two other 
numbers, a and 4, it will also be prime to their 
product ad. 

First, it is evident, that if Pat be such a iiitees 
b, prime to p, it is either.the only one, or there are 
others besides itself; neither of which cases, we may 
suppose b to be the least of all those numbers that are 
prime to p, and that renders the product a/ divisible 
by p. Now since b is prime to p, we may make — 

p=nb+t, | 
in which formula, <4, and also prime to both 
p and » (prop. x.); also J’ cannot he o, because p 1s 
prime to 6. Again, multiplying both sides of this 
formula by a, we have 
ap=nab+ab’, or 
ap —~nab= al’. 
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And here it is evident, that if the product ab be di- 
visible by p, the first side of the above equation, 
ap—nab, will beso likewise (prop. vi.); and, con- 
sequently, the equal quantity ab’, will be divisible 
by p: but b’< 6, and 6 is the least of all numbers 
that renders the product ab divisible by p; whereas 
we have now found a less, which is absurd. ‘There 
cannot, therefore, be a number, which is the least 
of all those, that render the product ab divisible by 

p; but if there were any such numbers, one of them 
must necessarily be the least; therefore, there are 
no such numbers; and, consequently, if p be prime 
to two other numbers, @ and #4, it is also prime to 
their een ab.— @. E. D. 

R0r. te La number p be prime to any number 
of quantities or factor s,/a; 6, of dyree., tit 16 also 
prime to their product, abcd, &c. And if p be 
‘prime to any number a, it is prime to every factor 
of a. 

Cor. 2. Hence -a product can only be divided by 
those numbers, or factors, from the multiplication of 
which it is produced; and, therefore, if ab be divisi- 
ble by p, it is divisible by every factor of p. 

Cor.3. If incor. 1 the factors are equal, that is, if 
a=b=c=d, &c., then the continued product, abed, 
becomes some power of a, as a"; and, therefore, if 
p be prime to a, it 1s prime to every power of a. 

Cor. 4. A power of any number, as a”, can only 
have the same prime divisors as a. | 

Cor. 5. If p be a divisor of the product ab, and 
be prime to one of its factors, as a, it will be a 
divisor of the other factor 6. And if there be any 
number of factors, a,b, c, d, the product of which 
- abcd, he divisible by p, and of which quantities one 
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of them, as a, be prime to p, then will the product 
of the other factors bed, &c., be also divisible by p. 

Cor. 6. If abe prime to p, and b less than p, 
then, whether b be prime or not to p, the product 
ab is not divisible by p. 

Gor. 7. If there be’ any number of quantities 
a, b, c, d, &e., and also’ any number of other quanti- 
ties, p, g, rps, &e.; and of which all the former are 
respectively prime to each of the latter, then will 
the products of those sets of factors be prime to 
each other. 

Cor. 8. If a product my be divisible by p, and 
one of those factors, as a, be prime to p, then will 
the quotient be divisible by a. For, by cor. 5, if ab 
be divisible by p, and a prime to p, then is 6 divisible 


by p: let, therefore, 5 g, then will “- aq, and, 


_ consequently, the quotient aq is divisible by a: 


PROP. XII. 
12. The coefficient of every term of the ex- 
panded binomial (a+ 6)', is an integer number, 
when nis an integer. 
First, we know from the binomial theorem, that 
each of those terms is of the form 
n . (n—1)(n—2)(n—3) - = - (n—r) 
PO OR eee ee Pe Ty 
_ Now 2 must be of one of the forms 2n’, or 2n’+ 1; 
and, therefore, one of the first two factors is divisible 
by 2. Again, 2 must be of one of the forms 37’, 
3n’+1, or 3n’+ 2; and, therefore, one of the first 
three factors, in the numerator, must have the 
3 form 3n’; that is, one of those terms is divisible by 3. 
: c 


18 Numbers in General. 


Also x must be of one of the forms 4n’, 4n/+ 1, 
4n’ +2, or 4n’ +3, and, therefore, one of the first 
four terms is of the form 4n’; that is, one of those 
terms is divisible by 4; and in the same manner it 
may be shown, that one of the first five terms is 
divisible by 5, and so on; and, there being as many 
terms in the numerator as in the denominator; and 
each term in the denominator being a divisor of 
some one term in the numerator, it follows, that 
the whole preduct of the former terms is a divisor 
of the whole product of the latter; and, conse- 
quently, as the coefficient of each term is of the 
above form, it is an integer. —@. E. D. 

Cor. 1. If m be a prime number, then each of the 
coefficients, except the first and last, in the ex- 
panded binomial (a+ 5)", is divisible by n. For 
beitig a prime number, it is prime to every factor 
in the denominator, these being all less than n, and, 
consequently, » is prime to the whole product in 
the denominator; that is, calling the product of all 
the terms in the numerator, except the first, N; and 


ee: nN : 
those in the denominator p; we have > =H an ine 


BRS. ‘ f F) MN 
teger: but since m is prime to D, the quotient woligd 


q, is divisible by » (cor. 8, prop. xi.); that i ISs each of 
the coefficients, except the first and last, is divisible 
by n, when n is a prime number. And, therefore, 

in any case, where the nature of the investigation 
requires such a substitution, we may put for the co- 
efficients of the expanded binomial (a+ y)", when 2 
is a prime, the series 

1, 7, na, nb, &c. nb, na, n, 1. 
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and in which we shall always have a, 6, c, &c., in 
tegral numbers; but such a substitution cannot be 
generally made, if 2 be a composite number. 


PROP. XIII. 


Neither the sum nor the difference of two 
fractions, which are in their lowest terms, and of 
whivh the denomiriator of the one coritains a factor 
uot common with the other, can be equal to an in- 
teger number. 


b 
Let ~ —; sand 7 be any two fractions in their lowest 
A pe ut which the denominator of the one, 
as contains a factor ¢, that is not contained in 4; 


then I say, that 


an integer, is, in all such cases, impossible. For, 
a 6b ast+ab 


~_ = ———— 


anet. oan 

and if this expression can be equal to an integer, 
the numerator apt + ab, must be divisible by the de- 
nominator aBf; and, consequently, by each of its 
factors a, B, and ¢ (cor. 2, prop. x.); but it can- 
not be divisible by ¢, for if it was, + 4b must be di- 
visble by ¢, because- the other part apt is divisible 


Se eee ee 
by it (cor. 1, prop. vi.): but since ay iS inits lowest 


terms, b is prime to Bé, and, therefore, necessarily 

prime also to ¢, and a is likewise prime to ¢ by the 

hypothesis, consequently a ab is not divisible by ¢ 
Cc 2 
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(prop. xi.). Since, then, the numerator apt+ ab 
is not divisible by the denommator, the faetor Sea + 


apt + Ab 
oe or its equal ~ oP? 


cannot be equal to an integer. — a. E. D. 
Cor. 1. The same is also true, if the first 


s a * . . . 
fraction —, be not in its lowest terms, providing 
Bea 


Sates Mia asae 
the other fraction me be in its lowest terms, and the 


factor ¢, of this last, not common with a; for we 
should still have, in this case, ¢ prime both to a and 
6, and, consequently, also to the product ab, and 


likewise to the numerator apé+ ab; and, therefore, 
3 apt + ab z a 
ei oe or its equal <4 tag 
an integer, is impossible. 
Cor. 2. Inthe same manner it may be shown, 
if there be several fractions, as 


. & b ° . ; , 
and one of them, as os be in its lowest terms, and 
B 


contain a factor ¢, in its denominator, that is not 
common to all the other denominators; that these 
fractions cannot, however they may be combined, 
be equal to an integer ; that is, 


an integer, is impossible, under the specified lini- 
tations. | 
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_ Cor. 3. The sum, or difference, of two fractions, 
both being in their lowest terms, is also in its lowest 
terms, if the denominators of the given fractions be 
prime to each other. 


a b . . 
For let —, and a be both in their lowest terms; 
A 


then is their sum, or difference, 


es. AB 
also a fraction in its lowest terms: because @B is 
prime to a, and + ba prime to B. 


a b : : : 
Cor. 4. If —, and > be two fractions in their 
heat : 


: ab Mg 
lowest terms; then is their product ye also in its 


lowest terms, as is evident by cor. 7, prop. x1. 


PROP. XIV. 


14. Every number p, without exception, may be 
‘represented by the formula a’b"c’, &c, 

For if p be a prime number, then we shall have 
b=1, c=1, &c., and n=1, which makes p=a, 
And if p be a composite number, and a, b, c, &c., 
its prime factors, let it be divided by the highest 
powers of @ contained in it, as a; and the quotient 
by the highest powers of 6 contained in it, as b”; 
and the quotient again by the highest powers of c 
contained in it, as c’; and so on, as long as division 
can be made, so shall we have : 

: — p=a'brc?, &e. Q. E. D. 

Cor. 1. From the foregoing proposition it ap- 
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pears, that the least divisor of every number ts & 
prime number. _ 

Cor. 2. It follows, also, from the above proposi- 
tion, and cor. 2, prop. xi., that any number p being 
resolved into the form a"h"c’, &c., its divisors will 
be all of the same form, viz. abc’, &c.; in which | 
form, no one of the exponents 7, s, f, &c., cam ex- » 
ceed the corresponding exponents”, m, q, &c.; be- 
cause no number can be divided but by these fac- 
tors, from the multiplication of which the number 
is produced (cor. 2, prop. Xi.). 

Cor. 3. Hence, also, we see how the greatest 
common divisor of two or more numbers is ob- 
tained ; for, having resolved them into their factors, 
as above, the greatest common measure will be the 
greatest power of those factors that enter into each 
number: this method is, however, rather theoretical 
than practical, being by no means so ready in appli- 
cation as the rule generally given for this purpose 
in books of arithmetic. 

Cor, 4. Since every number pbc’, &c., every 
square number p’=na"b"c", &c.; and, ‘liertf¥e! if 
p=a@b"c', &c., and any one of the exponents ”, m, 
g, &e., is an odd number, that number p is not 
a square, but may be represented by the form 
p=arabc, &c. 
© in ihe same manner, every cube number 
psabc, &c., and, consequently, if any number 
p=a'b"c, Poe ‘, iia any one of the exponents nN, Mm. 
q, &e., be not divisible by 3, that number is not a 
cube. 

Cor. 5. If p be a square number, all the powers 


Oe a ENS oe a er 
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of its factors, a, b, c, &c., are even; far let p”=p, 
and resolve p’ into its factors, as p’=a"b", &c., then 
p” or p=a'"b’", &c., that is, the powers of a, 8, 
&c., are all even. And hence again, if p be nota 
square, those powers will not he all even, but p will, 
in this case, be of the form abcd, or a’cd, where 
¢ and d are prime numbers. 
PROP. XV. 

15. If a square number be either multiplied or 
divided by a square, the product, or quotient, is a 
square; and conversely, if a square number be 


either multiplied or divided by a number that 


is not a square, the product, or ic ii is not a 
square. 
For let p* be the proposed square, and let p be 


resolved into its factors, as in the foregoing propo- 


sition; viz. make p=a’b"c', &c., then p*= a"b’"c™, 


&c.; and if p” be the proposed square divisor, then 
(cor. 2, prop. xiv.) p’ must contain some one, or 
more, of the prime factors of p; namely, a, b, c, 
&c., therefore, resolving p’ into its factors, we 
shall have p’=a'l'c, &c.; and p°=a" bc", &e, ; 
also 
Q Qn J,2m ,,2q 
ae anh wes eats x BX"-9 x “peas 

which is evidently a square. 

And, with asabe to the product, it is obvious 
that p* x p”=p*p”, is a square, its root being pp’. 

Again, if the multiplier p’ be not a square, then 
I say, that pp’ is not a square, for if p* x p’=?", 
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then i p’ would be a square by the foregoing 


part of the proposition, which is contrary to the 

supposition ; therefore, p’p’ is not a square. Neither 
2 

is * a square; for if “| =r, then would p’=r'p’, 


or, p= é, but ‘ is a square, therefore p’ is a 


square, which is contrary to the supposition, and, 
2 


consequently, i is not a square. — @. E. D. 


Cor. In the same manner it may be shown 
y ’ 


P 


that p* x p® and 7 ’, and 


3 


of 


—~ are not cubes, if p’ be not acube. And generally, 


p’ xp’ and - are both nth powers, if. py be an nth 


power, but otherwise they are not. 


PROP. XVI. 


16. Ifthe square of a number, as p’, can be di- 
vided once, by some other number, as-p’, and after 
that, neither by p’, nor by any factor of p’, then will 
p’ itself be a complete square. 

For let p be resolved into its factors, making 

p= eb", Kc. org =a £73 
‘and since p’ is divisible by p’, p’ must saints some 
one, or more, of the prime factors of p (cor. 
prop. xiv.); that is, p must be of the form a’b’, &c.; 
and hence o 
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p ab" 2 &e. 
Bi ay) Mees 
which quotient will evidently be still divisible by 
some one of the factors of p’, unless 7=2n, and 
s=2m; and since by the supposition this quotient 
is not again divisible, either by p’ or by any factor 
of p’, therefore it follows, that p’=a"b™ = (a’b")’; 
that is, p’ is itself a complete square. — a. E. D. 
Cor. Inthe same manner it may be shown, if p’ be 
divisible once by some other number of p’, and after 
that, neither by p’ nor by any factor af’, that p’ is 
a complete cube. And generally, if p" be divisible 
once by p’, and after that, neither by p’ nor by any 
factor of p’, then will p’ be a complete nth power. 


a" rims 8 ,2¢ 
? 


PROP. XVII. 


17. The product arising from two different prime 
numbers cannot be a square number. 

For let p and qg represent any two prime numbers, 
that are not equal to each other, and, if possible, 


PY 


let also pg=m’; or aie. But a number can 


only be divided by ‘hase prime factors from the 
multiplication of which it is produced (cor. 2, 
prop. xi.); therefore, pg being divisible by m, either 
PY PY 

P 


M=Dp, Or m=: let m=p, then =q; but =m; 


therefore also m=g, which is absurd, since m=p, 
and p and g are unequal numbers; therefore pq= mn 
is impossible, when p and q are two unequal prime 
numbers. — @. E. D. = 

Cor. 1. In the same manner it appears, that the 
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product of any number of unequal prime numbers 
can never produce a square. 

Cor, 2. By means of this proposition, it may also 
he shown, that the product of any two numbers 
prime to each other cannot produce a square, unless 
each of those numbers be a square. 

For every number p, that is not a square, may be 
represented by the formula p=a’cd, c and d being 
prime numbers (cor. 5, prop. xiv.): let, there- 
fore, p and q be two numbers prime to each other, 
and not both squares, and make 

p=acd, and g=a*tv; 
then pg=a‘a”cdtv, one part of which product is a 
square, and the other part prime numbers, all dif- 
ferent from each other, because p is prime to q; 
and, therefore, this latter part cdtv, cannot be a 
square, by cor. 1, and consequently the product of 
a”a’ x cdtv is not a square (prop. xv.); that is, 
pg is not a square. ‘The case in which one of 
the numbers, as p, is a square, needs no demon- 
stration. . 

Cor. 3. All that has been demonstrated in this 
‘proposition and its corollaries, is equally true for 
cubes, and all higher powers ; namely, the product 
of two numbers p and q, prime to each other, can 
never produce an nth power, unless each of those 
numbers be complete 2th powers. 

Cor. 4. If the product of two numbers be a_ 
sqnare, each of those numbers is a square, or they 
are each the same multiple of squares: and if the 
product of the two quantities mn= ay’ >, a being 
a prime, then must m=ast’, and n=st”, or 
the contrary, n= ast? and m=st”;. and if 
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a=)be, then must m= bst?, and n= cst”; or m= best’, 
and n=st”, or the contrary, as is evident. 

Cor. 5. Hence, also, the product of the square 
roots of two numbers not squares, and prime to each 
other, cannot produce an integer: for if yvpx vq, 
or / PY =r, then pg=r’, which we have seen is im- 
possible when p and g are prime to each other. 
And the same is also true of any number of quan- 
tities, ypx vqx v7, &c., if p, g, r, &c., be prime 
to each other, and not all square numbers. 


PROP. XVIII. 

18. “he square root of an integer number, that 
is not a complete square, can neither be expressed 
by an integer, nor by a rational fraction. 

For let a@ represent any integer number, that is 
not a complete square, then it is evident that it can 
have no integral root, from the definition of square 
numbers; and it is to be demonstrated, that neither 
can it have any rational fractional root. 


AST m : 
' Now, if it be possible, let Jia, the fraction 


aia as pee | 
— being supposed to be in its lowest terms, so that 
n 


oO 


< 
y~ 


: ‘ m | 
‘m is prime ton; then —-=a, and, consequently, 


m° must be divisible by n°; but since m is prime to 

n, the product, or square, m* is also prime to 

n° (cor. 7; prop. a); therefore, m* cannot be di- 
m 

visible by 2°, or sa es is impossible, and conse- 


< : m ae 
quently so is also a = @. E. D. 
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Cor. 1. In the same manner it may be shown, 
that the cube root of an integer, that 1s not a com- 
plete cube, can never be represented by any rational 
fraction; and generally, if a be an integer, | and 

"va cannot be represented by an integer, it is also 
impossible to represent it by any rational fraction. 

Cor. 2. The product of the square root of two 
numbers prime to each other cannot be expressed 
by any rational fraction. For if p and q were two 


m 
numbers prime to each other, and yp x Sie 


m, eee Seater 
we should have also ./pg=—, which is impossible 
n 


by the above proposition, because the product pq 
is not a square (cor. 2, prop. XVil. A, 

Cor. 3. In the same manner it may be shown, that 
the product of the cube roots of two numbers prime 
to each other, and not both cubes, cannot be repre- 
sented by any rational fraction; and generally, if 

pand q be any two integer numbers, prime to each 

ether, then the product Ypx ‘vq, cannot become 
equal to any rational quantity, unless p and q be 
each complete néh powers, and in this case the 
product is an integer. 

Cor. 4. All that has been demonstrated in the 
above two corollaries, of two quantities prime to 
each other, is equally true of any number of Ran 

tities under the same restrictions. 


PROP. XIX. 


19. Neither the sum, nor difference, of the square 
roots of two quantities, prime to each other, can be 
represented by any rational quantity; nor by the 
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square root of any rational quantity; unless each 
of those numbers be a complete square. 
For let p and q be any two such numbers, and, if 
it be possible, let also 
VSP AGHC, 
¢ representing any rational quantity, or the square 
root of any rational quantity; then, by squaring, we 
have 
(vpt vg ae=ptqt2 vpq; 
and since c is either rational, or the square root of 
a rational quantity, c° is in either case rational; and, 
consequently, also 
C—p—qat2 Vpg, or. 
A legal aie 6 
is also a rational fraction, which is impossible 
(cor. 2, prop. xviii.); and, consequently, 
VPptk /Q=e, Or = VC, 
is also impossible. — @. E. D. 
Cor. It may idee be demonstrated, by means 
of this proposition, p and g, heing prime as be- 
fore, and not both squares, that neither the sum nor 
difference of their roots can be represented by the 
sum or difference of the roots of any other two 
integral quantities whatever, that are prime to p 
and q; that is, 
| Jp Vg Vrt Vs 
is impossible. 
For, by squaring, we have 
ptgt +2 Vpger+st+2 ee or 


r+s— <pre Ys 
2 


+ /pgt /7Ts= 
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Now either rs is rational, or it is not; if it be 
rational, so also must be 


r+s 
+ VEL 9 — VIS; 


which it cannot be (cor. 2, prop. xviii.) ; therefore; 
/rs cannot be rational. 

Again, if yrs be not rational, then we should 
have 


ha 
SPGEE Vrs = 


# rational quantity; which is also impossible by the 
above proposition, because pq and rs are prime to 
each other, and, consequently, . 


/Pt JG= ft t V8 


is Impossible, under the specified limitations.—-@.E.p- 


PROP. XX. 


20. If in any cauetan whatever, higher thar 
the first degree, the coefticient of the first term be 
unity, and i of the other terms integral num- 
~ bers, then no one of the roots of such an equa- 
tion can be equal to a rational fraction. 

Porieta + ag + ba’ +5 fe., +70, represent 
a general form. of equation; eh if it be possible, 


let a= the fraction 7 being supposed already in 


its lowest terms; then, by substituting £ for x, the 
equation becomes 


a’ n — 2 n-3 
n a \ bh 
eae ig se hiss Olay tt 12 03, or, 
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p” + agp’ ' + bgp" * + cgp* +, &e., 


n = +95 or, 
| q 
p' + q(ap “ha bgp"-* + oS iy ile ; &c.) - 
= y. 
gq" 


Now as this is equal to 7, an integer, it follows 
that the numerator is divisible by g"; and, therefore, 
also by g; but since the part © 

q(ap'' + bgp"* + cg’p’ + , &e.) 
is divisible by g, it is evident that p” must also be 
divisible by g, if the whole quantity be so (cor. 1, 
prop. vi.); but this is impossible, because p is prime 
io q, therefore the numerator is not divisible by gq; 


and, consequently, na is impossible. — a. E. D. 
f 
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CHAP. I. 


On Divisors, and the Theory of Perfect, dmicable, 
and Polygonal Numbers. 


PROP. I. 
21. Any number n n being reduced to the form 
n=a"b'c'd’,. &c., the number of its divisors will be 
expressed by the formula 
(m+1)x (n+1)x (pt+1), &e. 

For it is evident, that n will be divisible by a, 
and every power of a, to a”; that is, by each of 
the terms 3 , 

1b hy OO} eae 

Also by 6, and every power of b, to b"; that is, 

by every term in the series 

160, CRC: 
And, in the same manner, N is divisible by c, and 
every power of c, toc’; by d, and every power of 
d, to d', &c.; and also by every possible combina- 
tion of the respective terms of the above series; 
that is, by every term of the continued product, 

(itata’+, &c., a”)x(1+b4+0'+, &e., &) x 

(l+c+e+,; ke, e)x(lit+d+d+,ke,d'). > 

But the number of terms of this product, ‘since 
no two of them can be the same, is truly expressed — 
by the formula 

(m+1)}x (n+1)x (p+1) x (q+ », Ke: 
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therefore, the number of the divisors of N is also 
expressed by the same formula. — a. E. D. 

Remark. It will readily be observed, that, in the 
above formula, N is considered as a divisor of itself. 

Ex. 1. Having given the number 360, to find 
the number of its divisors. _ 7 

First, 360 = 2°.3°.5'; therefore, n=3, m= 2, and 
p=1. Hence, 

(B+1)« (2+1)x(14+1)=4x3x 2= 24, 
the number of its divisors. 

Ex. 2. It is required to find how many numbers 
there are, by which 1000 is divisible. 

First, 1000 = 2°. 5°; or m=3, and n=3; there- 
fore, (3+1)x(3+1)=4x4=16: that is, there 
are 16 numbers by which 1000 is divisible. 

Cor. 1. As the number of divisors of any given 
number, N= abc’, &c., is represented by the formula | 
(m+1)x (n+1) x (p+1), &c., 
itis evident, that the number of ways, in which the 
given number n may be resolved into two factors, 

will be rap one by 


5% (m+1)x(n+1)x(pt+1); &e., 


_because every divisor has its reciprocal factor; and, 
therefore, the number of ways, in which a number 


may be: resolved into two factors, is equal to half 
the formula, that expresses the number of its divi- 
sors. But if the given number w be a square, then 


_ all the exponents, m,n, p, &e., will be even, and, 


therefore, 
{m+1) x (w+1)x (p+), kes, 


will be odd; and the formula, representing the num- 


D 
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ber of ways that n may be resolved into two factors, 
will be | = 
(m+1) x (m+1)x (p+), &e., +1 
2 > 

because, in this case, two of the factors are equal. 

Cor. 2. If it be required, in how many ways a 
mumber, N=a7b"c”, &c., may be resolved into two 
factors prime to each other, it is evident, that this 
number no longer depends upon the value of the 
exponents m, », p, &c., but will be the same as if 
N was simply resolved into the factors a, b, c, &e.: 
and is, therefore, equal to 

(14.141 +:1).(2b + 1) kes 
2 ; 

hence, if k represents the number of prime factors; 
a, b, c, d, &c., then will 2*-' be the number of 
ways in which N may be resolved into two factors 
prime to each other. Thus, for example, 360 
has twenty-four divisors (example 1), and, con- 
sequently,, may be resolved into factors twelve 
different ways (cor. 2); but it has only three 
prime factors, 2, 3, and 5, and can, therefore, be 
resolved into factors prime to each other only, 
>°= 4, different ways. 


PROP. Il. | 
| 92, To find a number that shall have any given 
number of divisors. 

Let w represent the given number of divisors, 
and resolve w. into factors, as w=x2xyx-%. 
Take m=x—1, n=y—1, p=z—1, &c.; so shall 

abc? : &e,; 
be the number required, as is evident from the 
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' foregoing proposition, where a, b, c, &c., may be 
taken any prime numbers whatever: 

Ex. Find a number that shall have thirty di- 
visors. 

First, 30=2x 3x 5; that is, r= 2, y=3, <= M3 
or, m=1, n= 2, p=4; therefore, 

rab ct 
is the number, having thirty divisors, as “ane 
lfa=2, b=3, ¢=5; then 2.'3*. i =4608,- 

ars, 6-4, C22: then) . 3". 3°= 720. 

Ifa=5, b=2, c=3; then 5. 2°. 3*=1620. 

Each of which numbers has thirty divisors, and 
it 1s evident, that various other numbers might be 
obtained that would have the same property, by 
only changing the value of a, b, and c. 

Remark. If it were required to find the least 
number of all those that have a given number of 
divisors, it is manifest, that we must proceed with 
more caution, as our formula would not then have — 
that unlimited form that is given above. It will, 
- therefore, be proper to enter, here, into an investi- 
gation of this particular case. , 

First, it is evident, that the value of our number 
depends upon two different operations: 1st, the 

resolution of w into itsfactors, which in the fore- 
going problem is arbitrary; and, 2dly, on the as- 
sumption of the quantities a, 6, c, &e. 

Now if w be a prime number, it cannot be re- 
solved into any other factors than 1xw; and, 
therefore, a”~' is the only form a number can have 
when the number of its divisors is a prime number; 
and, therefore, the less value we give to a> 1, the 

D2 
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less the number will be: and, consequently, the 
least of all is when a=2; thus, the least number 
that has seven divisors is 2°=64, and the least 
having eleven divisors is 2'"°= 1024, and so on. 
Again, when w is not a prime number, but equal 
to the product of two prime factors, as w=ay, then 
the only variation in its resolution will be w=a x y, 
and w=1x ay; and, consequently, the only two 
forms of numbers will be a*~'b’-', and a™~', that 
have the required number of divisors, and itis obvious 
that the first form is that which gives the least 
value of the number required; because a may, in 
both forms, be equal to 2, and b may be taken 
equal to 3; and, whatever be the numbers w and y, 
it is evident, that 277’ x 3¥°'< 2""': for if even we 
make 6=4, in which case 2*7' x 4 == (Q)7F2-9, it 
is still less than 2*~', for (a+ 2y — 2) < ay, elke 
both w and y are >1, and # may also be supposed 
the greater of the two, that is, 2>y. Therefore, 
a’'b'-* is that form which produces the least num- 
bers, and it is manifest, that the least numbers in 
this form are those in which a=2, and b=3,x—1 
being supposed the greatest exponent; and, in the 
sane manner, it may be shown, that if w be re- 
solyible into any number of factors, that will be the 
least form, in which w is resolved, into the greatest 
- ymamber of factors, and the lowest number of any 
such form, as a"b"c’, &c., is obviously that in which 
the greatest exponent has the least root, the next 
ereater exponent the next less root, and so on. 
‘Therefore, when it is required to find the least 
yumber that has a given number of divisors, we 
must resolve: the given number into its greatest 


Divisors and Figurative Numbers. 37 


number of factors, and then proceed in given values 
to a, b, c, &ce., according to the rule above given; 
viz. to the gr we exponent, the least root, &c. 

Suppose, ‘for example, it were required to find the 
least number that has twenty divisors. ‘The gr eatest 
number of factors is when 20=2 x 2 x 5; therefore, 
a'b'c* is the least form: and by making c= 2, b=3, 
a=5, we have 2*,3.5=240, which is the least 
number of all those that have twenty divisors. If 
we had resolved 20 into the factors 4 and 5, then 
ab’ would have been the form, and, by making a= 2 
and b=3, we should have had 2*3°=432, for the 
least number in that form; and the same for al] 
others. 


PROP. III. 
23. If n=a"b’c’, &c., represent any integer, 
then will the sum of all the divisors of n be ex- 
pressed by = formula 


qnt! — peti_ 4 Cee —T} 
» Oe. 
A “ak 1 ioe bs 
For, ti art. 21, every divisor of n is contained in 
the product 
(l+a+a, &e., a") x (1+0+0', &e., b") x 
(l+c+c’, &c., ce?) x (1+d+d’, &e, d’). 
And, by the common rule for summing a geome- 
trical progression, we have 
anti 
l+@+@ -- 9 ee ———— 
a—1 ° 
ott 


a=" RG 


146+ --- BP 


and, consequently, this product is equal to 
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(G5): « 


which, therefore, expresses the sum of all the divi- 
sors of N.—@. E. D. | 
Cor. In this expression, N is considered as a di- 
visor of itself; because, from the developement of 
the above product, the last term will evidently be 
a”b'c’, &c.; that is, the last term of the product 
will be the number nN itself; and, therefore, when 
w is to be excluded by the condition of the problem, 
as is the case in finding perfect and amicable num- 
bers, it must be deducted from the above formula. 
Ex. Required the sum of all the divisors of 360. — 
First, 360= 2°. 3°. 5; therefore, 


Ga )* Gai Ge 


which is the sum of all the divisors of 360, itself 
being considered as one of them. 


: a5. 13.6=1170; 


PROP. IV. 
24. If n=a"b’c?&e., represent any number, 
a, b, c, &c., being its prime factors, then will 
@—1 b-1 c-1 | 


NX + X x &e. 
a b ey ys tah ' 


express the number of integers that are less than 
x, and also prime to it. | | 
Bia if w be a prime number, or N=a, then we 
know, that all numbers less than a are also prime 


; no 
to it; and, consequently, Nn x 


Gia Wet Tae 


real expression for the number of them in this 
nase. 
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And if n be any power of a prime number, or 

N= a”, then, in the series of numbers 
¥i52.°8: 4,'5) &e.,/a"; 
every ath term is a multiple of a, these forming of 
themselves the series 
» a 2a Sa4Adsba,.&e. a" >). a3 

and, therefore, from the a” terms in the first series, 
we must deduct the a"~' terms in the last, and the 
- remainder will be the number of those terms in the 
first, that are prime to N, or to a”; that is, a” — Pt 
are the number of integers prime to N; but since 
w =a" we have 


a—l a-—l 


t= q" x =N X gsi 3 
a a 


for the number of those integers, which is likewise 
the form in question. | 

Again, if n=a"b", it is evident, from the same 
consideration as before, that we shal] have | 


a”~'b", terms divisible by a; 
a"b’-', terms divisible by 6; 
a”~'b-', terms divisible by ab, 
But as the first expression includes all numbers di- 
visible by a, and the second all those divisible by 0, 
it follows, that the latter expression is included in 
each of the former; and, therefore, we have 
a”-'b"— a"~'b""', terms divisible by a only; 
a"b"-'—a"~'b"~*, terms divisible by 5 only; 
a”~'b"-*, terms divisible by ab: 
and these, together, include all those terms of the 
seties 3 
Ty, 2, 3, 45 5, &e., ab", 
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that have any common divisor with ab", or with 
N; and, consequently, their sum, taken from n, will 
be the number of those that are prime to it: hence, 
then, we have 


On OS ee + aoe 
hd a”~')b" ~ (a*-a" Yb = 
ge ') x cua h2- ane 


ip a-—hi: b-)- 


nN x x 
(ex! ia disci 
which is again the <a hag in question. 

Let, now, n= a"b"c’, then, on the same principles 
as above, we shall have 


p=a" ‘bc’, terms divisible by a; 

=a"b"-'c’, terms divisible by 5; 

i= dg terms divisible by c; 
_s =a™"'b"-'c?, terms divisible by ab; 


t =a" bc" i terms divisible by ae; 
v =a"b"'c’"', terms divisible by bc; 
w=a"~'b""'c?~*, terms divisible by abc. 


But since all the terms w are necessarily included 
in those of s, T, and v; and these last again in 
p, a, and R, we shall have, by subtraction, | 

s — w, divisible by a only; 
T —w, divisible by ac only; 
v —w, divisible by bc only: 
and then again, © 
seed least Sap 9 shi a PS 
p —s—T+W, divisible by a only; 
a—s—v+w, divisible by d only; 
Rn —-T—V+w, divisible by ¢ only; 
w, diyisible by abc only. 
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And, consequently, the sum of all these ex- 
pressions will be the number of terms that have 
a common divisor with ab"c’, or with N; and, 
therefore, N minus this sum will be the number of 
integers prime to nx, and less than itself; which, 
by addition and subtraction, will be expressed. as 
follows: 

_N-P—@—R+S+T+V-—W, 
And by reestablishing again the values of P, a, R, 
&c., it becomes 
(a"b"c? — a”~"b"c”) — (abc? — a” 'b*'c”) — 
(a"b*c? thea” 'b’c?-') + (a"b"'e? Fat ePo!) = 
(a™ —a™~')(b'c? — b"*c? — be? + De?!) = 
(a™—a™~") x (b"—b""') . (c?—c?"') = i 

.@—-1 6-1. c-1 


N X x « | 
a b fe Fe 


the same ferm as before. 

_And, exactly in the same manner, if N was the 
product of a greater number of factors, we should 
still find, that the number of integers less than, and _ 
prime to n, would be represented by 


ey ee Ee ee ee Se ee | 
N X oa? x x 


a b c d 


Where it is only necessary to observe, that unity is 
included as one of those integers. — @. E. D. 
Ex. 1. Find how many numbers there are un- 
der 100, that are prime to it. 
First, 100 = 2°5°; therefore, 
talog sPeri kan Bare daa, 
160 x 3 x 5 = 40, 


the number sought: these being as follows; viz. 


5 ee 
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fois 27 139.6 Sans: 89 
3) P7829. 41-1183 9:07 379191 
719 181.°5484- B72 69<i8I> 198 
9° 2) BB wa4yi59 1674688 ~ 97 

11) 23 9B 9 VOL 9735s Fargo: 

Ex. 2. How many numbers are there less than 
360, that are also prime to it? | 
360 = 2°3°5; therefore, 
2—1 3-1 5-1 


360 x 3 * 3 x ; = 96, 


the number sought, 


PROP. V. 


25. To find a perfect number, or such a number 
n, that shall be equal to the sum of all its aliquot 
parts, or divisors, 

Find 2"—1, a prime number, then will 
2"-"(2"—1)=N be a perfect number. 

For, by art. 23, and its corollary, the sum of 
the divisors of the formula 2"~'(2"—1) will be re- 
presented by — 


ee (2"—1)*—1 
om rs (ea) 
because 2"—1 is a prime number by hypothesis. 
But, in this expression, 1 is considered as a divisor, 
and, consequently, ~ enters therein as an aliquot 
part of itself, which is to be excluded by the de- 


finition of a perfect number; and, therefore, ex- 
clusive of n, the formula becomes 


Re ee 
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“o" ay *“_—q)?—1 | 
a se AY —2-(2"—1)= 
2—1 (2-1) =-1 


(2"—1) x (2"—141)-2"7'(2"—-1)= 
2(2"—1) , 2? — a" "(97 1) = 2""'(2"— 1) EN; 
that is, the sum of all the aliquot parts of N=N, 
and, therefore, it is a perfect number. — a. E. D, 
Cor.’ If 
m= 2,then 2 (2* —1)=6; 
= §, then 2° (2° —1)= 28; 
m= 5, then 2* (2° —1)=496; 
n= 7, then 2°(2’ —1)=8128; 
n= 13, then 2°(2"°— 1) =33550336; 
n=17, then 2'°(2'7— 1) = 8589869056; 
n=19, then 2'°(2'°—1)= 137438691328; 
n=31, then 2°°(2*'— 1) = 2305843008139952128, 


Which are all perfect numbers. 


The difficulty, therefore, of finding perfect num- 
bers, arises from that of finding prime numbers, of 
the form 2"— 1, which is verylaborious. Euler ascer- 
tained, that 2° — 1 = 2147483647 is a prime num- 
ber; and this is the greatest at present known to be 
such, and, consequently, the last of the above per- 
fect numbers, which depends upon this, is the 
greatest perfect number known at present, and 
probably the greatest that ever will be discovered ; 
for, as they are merely curious without being use- 
ful, it is not likely that any person will attempt 
to find one beyond it. It. may not be amiss to ob- 
serve, that the reason for employing the powers of 
2in this research, to the exclusion of all other 
numbers, arises from this, that 2 is the only even 
prime; and, therefore, if weanade use of any other 


ae 
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prime, as a, then (a"—1) ‘would not be a prime 
mumber; and, if we employed an even number, 
then the formula above given would not truly ex- 
press the sum of the divjsors of n. 


PROP. VI. 


26. ‘To find a pair of amicable numbers n and mM, 
or such a pair of numbers, that each shall be re- 
spectively equal to all the divisors of the other. 

Make n=a’b’c’, &c., and M=a"’y7, &c.; then, 
from the definition of amicable numbers, and what 


has been demonstrated (art. 23), it follows that we 


must ia e 


(SS) GS) a(S see ane 
(231), Ca ae Gaabal iy 


Because these formule include the whole numbers 
wand m, as divisors of themselves (Remark, art. 23), 
whereas, in amicable number s, they are excluded 
by the definition. 

Wesee, therefore, in order that the numbers n 
and m may be amicable, that these formulz must be 
equal to each other, and each equal to n+M. Now 
this is accomplished by finding such a power of 2 
as 2", that 3.2’—1, 6.2’—1, and 18.2”—1, may 


-be all prime numbers; or, making 2"=w, we 


must have 3w—1=6, 6w—1=c, and 138w°—1=d, 
all prime numbers; then will 
= 2" 1d andsm= 2'*'be, 
be the pair of amicable numbers sought. 
For, if we represent On the sum of the divi- 
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sors of x, and by om thesum of the divisors of m, 
we shall have (by cor. 1, art. 23) 


mS art? = T+1 7 = 
ago Can > ¢ aE Rat 


fa"**—1) x (d+ 18 — d= 
a 1) x 18w*— 2w{182*— 1) = 
2. 18° — 18w* + 20 = 2w(3w — 1)(6w—1)= 
oboSM. 
“Therefore the sum of the divisors of N is . to 
the other number M. i 


And .again, by the same art. and cor., we 
have 


Ras aes aes 
c— 1 


{Q't? — vs Glas bees 2't'be= 
Pious eo ne 2w(3w—1) x (6w—1i)= 
18w*(4 — 1) — 2w(18w*— 9w+1)= 

2w x 18w°+1=2't'd=n. 


Therefore, the sum of the divisors of M=N; and 
we have seen, that the sum of the divisors of N=M: 
consequently, n and m are a pair of amicable num- 
bers. — @. E. D. 

Scholum. By making r=1, or 2"=w=2, 
we have 3w-—1=)b=5, 6w—1=c=11, and 
18w°—1=d=71; and, consequently, 

| Ot ld = At hea OSha Ny 

2""he=4 x6 x11 =220=M, 
which are the least pair of amicable numbers, the 
next two pair being 2 
- 17206 and 18416, 
| 9363583 and 9437056. 
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The difficulty, therefore, of finding amicable 
numbers, is connected with that of finding the 
above specified conditions of w, and for which 
no rule has yet been discovered. The reason for 
taking w some power of 2 is, that 2.is the only even ~ 
prime ; for if w was the power of any odd number, 
then Sw —1, 6w—1, 18w*—1, would not be primes, 
and if w was the power of an even number, not a 
prime, as 2m, then 


(2m)’t? — a e— 1 
2m—1 el 
would not be the true expression for the sum of the _ 


divisors of m: and, therefore, 2 is the only number 
that can be employed for this purpose. 


PROP. VII. 


27. If the nth term of any order of figurate 
numbers be added to the n+ 1 term of the next in- 
ferior order, the sum will be the 2+ 1 term of the 
same order as the former. And the nth term of any 
order is equal to the n rst terms of the preceding 
order. 

In our definition of figurate numbers, we have 
given the form of each of the orders, because it is 
more simple to deduce the generation of figurate 
numbers from the form of them, than to deduce 
their forms from their generation. We have, there- 
fore, to demonstrate, that the numbers falling un- 
der the forms we have given are generated one 
trom another, as announced in this proposition; 
_and this will be manifest immediately, by repeating 
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here again those series of figurate numbers, and 


their general terms, as given at definition 26; 
Viz. 


General term. 


Nat. series,1 2 3 4 5, &c. n 
‘Istord.1 3 6 10 15, &e. pea 
dice | ies 


n.(n+1).(n+ 2) 
Pe. Bie S 


2d ord. 1:4 10 20 35, &c. 


3d ord. 1 ; 15 35 70, geo, (2m + 1)-(n + 2).(n + 3) 
| i 


Bie hy Airis. oh 


n.(n+1).(n+ 2).(n+3), &c., (n+ m) 
Ree ee ns Gs Mak ees Laat). 
Now it is evident, that n+ 1, which is the x + 1th 


; oe n.(n+1 
term of the natural series, being added to "f ( 


mth order, 


b 
which is the nth term of the first order, gives 


nf(n+l it (get E).(92 +2 
(me) gy utd a) 
Ein? Tey awe 


“which is the 2+ 1th term of the first order. 


n.(n+1).(m+ 2) 
) SR Ba a aa 


n+1).(n+2) 
{ )-( : ) the n+1¢th term ist order, 


Again, to , the nth term 2d order, 


adding 
(m+ 1).(2+ 2).(m +3) 


gives : Reus , then + ithterm 2dorder. | 


| “ 
And, generally, to | 

n.(n+1)(n+2).(n+3) - - -(n+m)_, . 

re oO Ped ER y beet ete 


mth order, adding 
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ne V)(n'4 2). (w+ 3) A) ew Myo 

(nt 1in+2)(nea)oata) << (mbm) 
2 BPOIQH SB Be a MRR 

term m— 1th order, gives 

n+1).(2 +2).(n+ 3).(m+ 4) - - (n+1+m | 

ins 1){nba)dn+s)(nt a) ~~ (m+ 1 +m) ay 


re. 26 Boy dee Oyen 
term mth order. 

Hence, then, we have the penert al law of forma- 
tion; namely, to the nth term of any order, add the 
nz +1 term of the inferior order, and the sum will be 
the succeeding term of the former order. And, there- 
fore, since the second term of any order is equal 
to the sum of the two first terms of the next in- 
ferior ordér, the third term will be equal to the 
sum of the three first terms of the preceding order; 
and, generally, the nth term of any order is equal 
to the sum of the first n terms of the next inferior 
- order. —@. E. D, 

Scholium. In this proposition we have, after 
Legendre, imverted the order of proceeding, by de- 
ducing the law of generation from the forms of the 
successive series, instead of ascertaining the forms 
of those séries from their law of generation, which 
has the advantage of greater simplicity, and leads 
as at orice to the demonstration of one of Fermat’s 
theorems, that he considered as one of his princi- 
pal numerical propositions, and which 1s this: 

If the nfh term of the natural series be multiplied 
hy the 2+1¢hk term of any order m, the product 


h « “vill be equal to m + 2 times the nf term of the order 


Yelle: Bg 


Thus, taking the fifth and sixth term, of the-fore- 
eoing series, we have 
6x 6=2%15;5% 28=3%35; 5x 56=4x 70, & 
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This property is deduced immediately from our 
forms, for 


n.(n +1) 
WEE Nea Sere ook 
n+1). 2 nl : 
Be +1).(n+ PR 0 dated Baa td 
Re Ee ee WE ae ap. 


and so on for any other order. 

This theorem, which is so remarkable simple in 
the way that we have considered these numbers, is 
very difficult to demonstrate by any other method; 
and that Fermat considered it as one of his most in- 
teresting propositions is evident, from what he says 
after the annunciation of it: ‘ Nec existimo pul- 
chrius aut generalius in numeris posse dari theorema, 
cujus demonstrationem margint inserere nec vacat 
nec licet” (Notes on Diophantus, page 16). — 


PROP. VIII: 


28. Every polygonal number of the denomination 
m, or every m-gonal number, is expressed by the 
formula 


(m — 2)n°— (m—4)n 
2 | 
For, by definition 26, every m-gonal number is 
‘a sum of an arithmetical progression, beginning 
with unity; the common difference of which is m— 2: 
or, making m—2=d, it will be the sum of any 
number n terms of the series 7 


1+(1+¢)+ (1+ 2d) + (1 #34), &e., (1 + (n—1)d): | 


‘which, by the common rules, is equal to 
m VoL. 1. E 
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(2+(n—1)d)n 
2 : > 
or, since d=m— 2, if we substitute for d, we shall 
have 
Qe (n— 1). d)n _ 2n+ (n> —n).(m— 2) 
2 ‘2 
(m—2)n’—(m—4)n 
2 
Cor. 1. Hence, by making successively m= 3, 4, 
5, &c., we shall have the following results. All 


n +n 
Triangular numbers = — : 


e a. E. D. 


: 2n* — on 
Squares - - - - & eae = 92° 
3n°—n 
Pentagonals wi i ee Pia e 
An?—2n 
Hexagonals - - & age aie 
&e. : &e. 


Cor. 2. By means of the general form 
(m— 2)n°>—(m—A4)n | 

} 2 3 a 

any polygonal number, of which the root 2, and de~ 
nomination m, is given, may be readily ascertained. 
Thus, by making m=3, m=4, m=5, &c.; and 

in each series n=1, 2, 3, 4, &c., we have 


4 


Series of triang. numb. 1 3° 6 10 15 21 28, &e. 
Series of squares - - 14 9 16 25 36 49, &c. 
15 12 22 35 51 70, Ke. 


Series of hexagons 1 . 15 28 45 66 91, Re. 
&e. &e. 


Series of pentagons 


i 
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Also any polygonal number, and, its denomina- 
tion being given, the root of the polygon is readily 
obtained. For let 

(m—2)n*—(m—A4)n 
, 2 
represent any given polygonal, of which the deno- 
mination m is known: then, 
(m— 2)n?—(m—4)n= 2P; or,. 


m— A 2P 
Wrivbe ( )p a -. Whence 


m— 2 m— 2 


_m—A+/ 2p (m—2) + (m—4)* 

et 2m—A For 
which is a general form for the root of i po- 
lygonal number. 

Remark. Fermat has given, at page 15, in one 
of his notes to the ninth proposition of DiopHiaiitus 
on Multangular Numbers, particular rules for 
finding the roots of given polygonals, without the 
extraction of the square root, but, as they are of 
little or no use, we have not inserted them, 


E 2 
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CHAP. III. 


On the Forms of Prime Numbers, and their 
most simple Properties. 3 


PROP. I. 


29. If a number cannot be divided by some other 
number, which is equal to, or less than, the square 
root of itself, that number is a prime. 

For every number p, that is not a prime, may 
be represented by p=ab: Now if a=b, then a and 
b are each equal to yp; and, consequently, p, 
which is not a prime, is divisible by yp. Again, 
if a> vp, then will b< ,p; for otherwise, 
we should have axb=ab>p, which is con- 
trary to the supposition ; therefore, if a > ./p, 
then will 6< vp; and if b> vp, then will 
a< vp; and, consequently, since p is divisible 
both by a and 4, it is divisible by a number less 
than the square root of itself: and this is evidently 
true of all numbers that can be resolved into the 
form p=ab; that is, of all numbers that are not 
primes: therefore, if a number cannot be so divided, 
that number is a prime. — @. E. D. 

Cor. Hence, in order to ascertain whether a 
given number be a prime number or not, we must 
attempt the division of it, by all the prime numbers 
less than the square root of itself; and if it be not 
divisible by any of them, it is a prime. It is obvious, 
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that we need only essay the division by prime num- 
bers, for if it be divisible by a composite number, 
it is evidently also divisible by the prime factors of — 
that divisor. This method, however, althouglt it 
admits of some contractions, is, notwithstanding, 
extremely laborious for large numbers; nor has 
any easy, practical rule been yet discovered, for 
ascertaining whether a given number be a prime or 
not, : . 
Scholium. The problem of finding prime numbers, 
was agitated so far back as the time of Eratosthenes, 
who invénted what he called his xoxxivov, or sieve, 
for excluding those numbers that are not prime, 
and, consequently, thus discovering those that are. 
The principle of this method, which is the same 
that has since been employed by modern writers 
for ascertaining those numbers, is as follows: 
Having written down in their proper order all 
odd numbers, from 1 to any extent, required; as 
BOveSh lo Meme Giggs 015 6.17 21g 


> ® e 


01) 08. Oo. aye 9993 Ek 83. BBs By ° 39 

Al 43°45 47°49 51 53 55 57 59 

61°°63 65° 67 69 71 73 75 77 79 

81 83 85 87 89 91 93 95 97 99. 
We begin with the first prime number 3, and over 
every third number, from that place, we put a point, 
because all those numbers are divisible by 3; as 9, 
1b, 28, :&c. 

Then, from 5, a point is placed over every fifth 
number, all these being divisible by 5; such are 15, 
25, 35, &e, : 
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Again, from 7 every seventh number is. pointed 
in the same manner, such as 21, 35, 49, &c. 

And, having done this, all the numbers that now 
remain without points are prime numbers ; for there 
is no prime number between 7 and ./100; and it 
is obvious, from what is said in the preceding 
corollary, that it is useless trying any composite 
number; adding, therefore, to the above, the 
prime number 2, which is the only even prime, we 
have 

2 BROS PE eee PP Bap ea eae 

31 37 41.:438 47 53° 59 61°67 71 

73 79 83 89 97, } 
which are all the prime numbers under” 100. 

By this means, assisted, probably, by some me- 
chanical contrivance, Vega has computed, and pub- 
_ lished, a table of those numbers from 1 to 400000. 
And as it will be sometimes useful in the following 
part of this work, to know whether a given number 


be prime or not, without the trouble of computing © 
it, a table is given at the end of this volume, exhi- — 


biting all the prime numbers from 2 to #4000. 


PROP. I. 

30. Every prime number, greater than 2, is of 
one of the forms 4n+1,or4n—1.  . 

For every number whatever is either divisible by 4] 


or, when the division by 4 is carried on as faras possi- — 
ble, there will be a remainder, 1, 2, or 3; that is, — 
every number whatever is incbided under one or — 


other of the four forms 
4n, An+1, 4n+2, 4n+3, 


4 
™ 
Ee 
: 
f 
2 
: 
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But the first and third of these forms are even num- 
bers, being of the form 2n, and, therefore, cannot 
contain any prime number >2; and, consequently, 
all prime numbers greater than 2, are contained 
in the other two forms; and, therefore, every prime 
number is found in one or other of the two forni$ 
4n+1,or4n+3; but 4n+3=4(n+1)—1, R4n—1; 
therefore every prime number is of one of the forms 
4n+1.—Q.E.D. © 7 

Cor. 1. Every prime number being of one of 
the forms 4n + 1, or 42—1, and as n, in these forms, 
must be either even or odd, we may subdivide them 
into the four following forms: 


i. If n be even, or of § 4n+18n'+1; 


the form 2n’, An— 1=&8n’ —1=:8n" +7. 
2. If n be odd, or of § 4n+-1:-8n' +5; 
the form 2n’+1, An—1:8n'+53. 


Hence all prime numbers, greater than 2, with 
regard to 8 as a modulus, are of one of the 
forms 

8n+1, 82+3, 82+5, or 8n+7. 


Cor. 2. The two forms 4n+1, separate prime 
numbers into two principal divisions, that are found 
to possess very distinct properties, which will be the 
subject of our future investigations ; we shall, there- 
fore, in this place, only give a few of those numbers, 
under each form, in order to render this classifica- 
tion the move familiar to the reader. 

Primes -34n+1, are 1 5 13 17 29 37 41 
53, &e. : 

Primes .4n—1, are 3 7 11 19 23 31 43, 
&e. | 
~The other four forms, also, which are obtained 
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in the foregoing corollary, and in which the above 
two are necessarily involved, lead, also, to another 
principal classification of prime numbers, each class 
possessing properties exclusively its own. Primes 
divided according to this modulus are as follows : 


8n2+1--- 1 17 41°73 89 97 113. 
8n+3 --- 3 11 19 43 59 67 83. 
8n+5 --- 5 13 29 37 53 61 101. 
8n+7 --- 7 23 31 47 71 79 103. 


Which are evidently numbers distinct from dah 
other, and, as we observed above, possess very dis- 
tinct properties, highly curious and interesting, 
many of which are demonstrated in the following 
_ chapters. 


PROP. Ill. 


'/31, Every prime number, greater than 3, is of © 


one of the forms 6n+ 1, or 6n—1. 

For every number whateva is either exactly di- 
visible by 6, or when the division is carried on ‘as 
far as possible, there will he a remainder 1, 2, 3, 4, 
or 5; that is, every number whatever is of one of 
the forms 6n, 6n +1, 6n +2, 6n+3, 6n+4, 6n+5. 
But the first, third, ahd fifth, of those numbers, are 
divisible by 2, and the fourth is divisible by 3, and, 
therefore, no one of these forms can contain prime 
numbers greater than 3; and, consequently, all 
- prime numbers, greater than 3, must belong to one 
of the other two forms 62z+1, or 6n+5; but 
6n+5:6n’—1; therefore, every prime number, 
greater than 3, is of one of the forms 6n+1, or 
6n—1.— a. E. D. 

Cor. Since every prime number i is of one of the 


Ee. Lee Oe ee Ee ae 
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forms 6n+1, or 62—1, and as n, in these forms, 
must be either even or odd, these may be subdivided 
into the four following forms: | 
| 6n+112n' +1; 
~  6n—1R12n’—112N4+11. 

6n+112n'+7; 

On—112n' +5. 

Hence every prime number, with regard to mo- 
dulus 12, is of one of the four forms 
12n+1, 12n+.5, 12n+7, or 12n+11: 

or, which is still the same, every prime number is 
of one of the forms 12+ 1, or 127+ 5. 
’ Scholium. Yt should be observed here, that al- 
though all prime numbers are contained in one or 
other of the foregoing forms, derived from art. 30 
and 31, we must not conclude that the converse of 
the proposition is true also; namely, that all num- 
bers contained in these forms are prime numbers: 
this is evidently not the case in the form 4n +1, if 
n=6; nor in 4n—1,ifw=4; andsimilar exceptions 
may be found for every other form that may be de- 
vised: in fact, no formula can be found that shall 
express prime numbers only, as appears from the 
following proposition. | 


1. If mean’, - - 


2. If n2n' +1, 


PROP, IV. 

32. No algebraical formula can contain prime 
numbers only. 

Let p+guet+ra’+sv+, &c., represent any 
general algebraical formula, and it is to be demon- 
strated, that such values may be given to 2, that 
the formula in question shall not produce a prime 
number, whatever values are given to p, g, 7, 8, &c. 
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For suppose, in the first place, that, by ae 
x= m, the formula 
P=p+gm+rm +sm +, &c., 
is a prime number. 
And, if now we assume x= + Op, we have 


Pee ar Re WNL hs Seo os oe ae 
GR SE * ah coe ie ee ts OE 
pes eS es rm + ormor 4 rer” 
sem - - = ~sm'>+3s5m°Or + 3smg’P’ + so°P* 


Or, 
ptgrtre + sa =(p+gqm+rm +sm +, &e.) + 
P(qD + 2rmG + 3sm’G) + P(r? + 38mg") + sPrP? = 
P+ P(g + 2rmG + 35m’S) + PrP’ + SsmG") + sP’r’. 
But this last quantity is divisible by p; and, conse- 
. quently, the equal quantity 
| p+qut+ra’ +sx’+, &c., 

is also divisible by p, and cannot, therefore, be a 
prime number. Hence, then, it appears, that, in 
any algebraical formula, such a value may be given 
to the indeterminate quantity, as will render it di- 
visible by some other number; and, therefore, no 
algebraical formula can be found that contains 
prime numbers only. — a. E. D. 

Scholium. But although no algebraical for- 
mula can be found, that contains prime numbers 
only, there are several remarkable ones that con- 
‘tain a great many; thus #°+2+41, by making 
successively = 0, 1, 2, 3, 4, &c., will give a series 
A1, 43, 47, 53, 61, 71, &c., the first forty terms of 
which are prime numbers. The above formula is 
mentioned by Euler in the Memoirs of Berlin (7 72, 


page 36). 
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We may likewise add the two following; viz. 
ve +x#+17, and 2x*+29, of which the former has 
seventeen of its first terms primes, and the fatter 
twenty-nine. 

Fermat asserted, that the formula 2”+1 was 
always a prime, while m was taken any term in the 
series 1,2, 4, 8, 16, &c.; but Euler found, that 
2° +1=641 x 6700417 was not a prime. These 
examples are sufficient for showing, how easily we 
are led into error from induction, and how little it 
is to be depended upon, in mathematical investi- 
gations. 


PROP. V. 
33. The number of prime numbers is infinite. 


For if not, let the number of them be represented 
by 2, and the greatest of all those primes by p, then 
it is evident, that the continued product of all the 
prime numbers, not exceeding p, as 

Bea FL TR Ss BD, 
will be divisible by each of those numbers, and, 
therefore, if 1 be added to it, it will be divisible byno 
one of them; and, consequently, if the formula 


(2.3.5.7 211.- 7 - p)t+l 


be divisible by any prime number, it must be by 
one greater than p; and if it be not divisible by any 
prime whatever, it is itself a prime number, which 
is necessarily greater than p; therefore, in either 
case, we must have a prime number greater than 
p; and, consequently, p is not the greatest ; 
neither is x the greatest number of them, and 
the same is true of all finite numbers p, and ; 


f 


] 


‘that if N represent any number, then will 
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therefore, the number of prime numbers is in- 
finite *.—-@. E. D. 


PROP. VI. 

84. If a be any number whatever, and b, db’, b”, 
&c., all those numbers that are less than 2a, and 
also prime to it; then will all prime numbers be 
contained in one or other of the forms 

| Aan + b, Aan+ b’, 4an+ b”’, &c. 
For every number, when divided by™4a, will 


leave for a remainder one of the terms in the 
series 


COs 256.25: 35. 45 ( RC., 408s 
or, which is the same, 
10, ly tk 26 23, cde Be oka: 
But it is evident, that, when any one of these re- 
mainders has a common divisor with 4a, the num- 


ber contained under that form is not a prime num- 


ber, it having the same common divisor as the 
remainder and modulus; rejecting, therefore, all 
those remainders that have divisors common with 
4a, and representing the others by 6, 0’, b”, &c., it 


* It has also been demonstrated by Legendre (art. 404, Essai 


sur la Theorie des Nombres), that every arithmetical progression, 


of which the first term and common difference are prime to each 
other, contains an infinite number of prime numbers. And, also, 
N 
Kogn=10s300° °° *e 
number of prime numbers that are less than n, very nearly. We 
should have added here the demonstration of this very curious 
theorem, but that it depends upon a fluxional consideration, 
which could not be well introduced into an elementary work of 
this kind. 


ag Oe PO ee ee ee Ae 


Prime Numbers. 61 


is manifest, that all prime mempers will be con- 
_ tained in the forms 


4an+b, santb’, sant b”, Y igae 
at least ‘all those that exceed the prime factors 
of @.—@. E. D. : 


Cor. 1. Hence we may deduce, peverally. the forms’ 
obtained at art. 30 and 31; viz. 

Ifay=1, all prime numbers =: 4n+1; 
! + Sutil; 
tt 82+3; 
Al2wt ls 
m1l2n+ 5; 
se 16n+1; 
162+ 3; 
162+ 53. 
“162+ 7. 

The number of forms, therefore, to any par- 
ticular modulus, depends upon the number of in- 
tegers, that are less than half that modulus, and 
also prime to it; and we have shown (art. 24) 
how this number may always be ascertained. Sup- 
_ pose, for example, that 2n was the given modulus; 


make 


Ifq= 2, all prime numbers 


If @=3, all prime numbers 


If a= 4, all prime numbers 


n=a"b’c’, &c.; then 


ee L. ee Bae ee | & 
x x C. 
a b ey ‘ 


will represent the number of forms. 
Thus, if the ba wate was 60, then we have 
30=2.3.5; and, consequently, 
2-1 38-1 5-1 
30 x x ye =8, 
2 3 3 


_ the number of forms, which are as follows: — 


62 Prime Numbers. 


6on+ 1 60n + 17 
60n+ 7 | 607+19 
60n+ 11 60n + 23 
60n+13 | 60n+ 29. 

And hence it appears, that those numbers are to 
be preferred for moduli, that have the least number 
of integers less and prime to themselves ; as we there- 
by exclude a greater number of quantities, that are 
not primes; or, which is the same, we have thus a 
less number of formule for expressing those that 
are primes. For example, if instead of modulus 
60, which has only eight forms, we had taken 61, 
as a modulus, we should have had thirty forms ; 
and under these thirty forms, every number what- 
ever, not divisible by 61, may be expressed; and, 
consequently, with this cba no number is ex- 
cluded; and, therefore, no advantage gained by the 
classification. 

-Scholium. It may not be amiss, to add here a few 
_ remarks upon the probability of any number, falling 
under any one of the above forms, being a prime 
number, when taken between certain limits. In 
_ order to which, it will be proper to enumerate the 
number of prime numbers, under certain periods, 
as deduced from Vega’s Mathematical Tables, in 
which are given all prime humbers, from 2 to 
400000; and by means of which the following 
tablet has been’ formed: which exhibits, at one 
view, the number of primes under and between the 
limits of every 10000 numbers. 
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No. of primes, No. of primes, 
Under 10000}. 1230 Between 1000Gand 20000° 10335 
20000 2263 : 20000 30000 983 
30000 3246 30000 40000 958 
40000 4204 ‘ 40000 50000 930 
50000 5134 50000 68000 924, 
60000 | 6058 60006 70000 87s 
70000 6936 70000 $0000 901 
80000 7837 : 80008 90000. $76 . 
90000 8713 
100000 9592 100000 150006 4257 
150000} 813849 : 150000 200000 4135 
200000 17984 2000008 250000 4061 
250000 92045 250000 306000 3953 
300000 | 25998 300000 350000 3979 
350000 29977 350000 490000 388% 
400000 33861 


Now the number of integers falling under one or 
other of the above eight forms to modulus 60, is, 
10000:.x 8 

60 
number, for the first 10000, there are 1230, which 
are really primes ; whence the probability of a num- 
ber being a prime that falls under one of the above 


for every 10000, = 1333; and out of this 


PBR 1d Namie 
forms is ——, if it be under 10000. 
By Fe 

Probability. 

1033 

If the number be between 10000 and 20000, ety 
3 983 

1f the number be between 20000 and 30000, ERT 
ae 958 
{f the number be between 30000 and 40000, peEn 
SE &e. 


This calculation is made upon a supposition, 
that the number of primes, in the above eight forms, 

are equal to each other, which is not strietly true; 

such an hypothesis, however, may be assumed, in 

- arough estimation of this kind, without affecting, 
in any great degree, the truth of the result. 
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PROP. VII. 


35. Three prime numbers cannot be in arith- 
metical progression, unless the common difference 
of them be divisible by 2 x 3=6; except 3 be the 
first of the prime numbers, in which case there 
may be three prime numbers in arithmetical pro- 
gression, whose common difference is not divisible 
by 6, but there can be only three. 

For all prime numbers greater than 3 are of one 
of. the forms 67+ 1, or 6n+5. Also, if the com- 
mon difference be not divisible by 6, it must be of 
one of the forms 6+1, 6m+ 2, 6m+3, 6m+4, or 
6m+5; or it may be otherwise represented by 
6m+r, r being any one of the numbers 1, 2, 3, 4, 
or 5. And, therefore, three numbers in arithmetical 
progression will be, either 


ist, 6n+1, 6(n+m)+r+1, 6(u+2m)+2r+13. oF 
2d, 6n+5, 6(n+m)+r4+5, 6(n+2m)+2r+5. 


And it is to be proved, that some one of these 
terms, in both series, is divisible by 2, 3, or 6; and, 
consequently, that they are not all primes. 

First, let r=1, 2, 3, 4, or 5; then we haye, in 
the first series, 

j 4+ 0,3. 4, Sees 
or+1=3, 5, 7, 9, or1l. 

And here it is evident, that either r+1, or the 
corresponding term 2r + 1, is divisible by 2, 3, or 6; 
and, consequently, one of the three terms in the 
first series is also divisible by the same; and, there- 
fore, they are not all three primes. And we are 
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led to the same result in the second: series for; by 
making r=1, 2, 3) 4,5; 

{ r+5=6, 7, 8, 9, or 10; 
2r+5=7, 9, 11, 13, or 15. 

Where, also, one or other of the two corre- 
sponding terms has a common measure with 6; 
and, therefore, these three terms are not all primes. 
Consequently there cannot be three prime numbers 
in arithmetical progression, unless their common 
difference be divisible by 6; if we except the 
case where. the first term of the progression is 
3. And in this case there can be only three, for 
otherwise, by taking away the first, there would 
still remain three prime numbers. in arithmetical 
progression, of which the common difference is not 
divisible by 6, which is contr ary to what has been 
demonstrated above: — @. E. D: 


: PROP. VIII. 

36. here cannot be five prime numbers in 
arithmetical progression, unless their common 
difference be divisible by 2x3 x5=30; ' except 
when the first term of the progression is 5, in 
which case there may be five prime Cee if 
arithmetical progression, whose common difference 
is not divisible by 30, but there can be no more 
than five. 

For all prime numbers greater than 5 to modulus 
30, are of one of the following forms: 

30n+ 1, 30n+ > 7, 30n+11, 30n4 13, 
30n+ 17, 30n+ 19, 302+ 23, 30n + 29. 

And since, by the foregoing proposition, three 
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prime numbers cannot be in arithmetical pro- 
gression, unless their common difference be divisible 
by 6, it follows.a fortiori, that 5 cannot be so un- 
less the common difference be also divisible by 6; 
therefore, the common difference, m this case, as 
compared with modulus 30, must be of one of the 
forms 30m +6, 30m+12, 30m+18, or 30m+ 24, 
all other forms being rejected as not being divisible 
by 6, which we have seen is a necessary condition. 
Assuming, therefore, 30n+7 for a general ex- 
pression for prime numbers, and 30m+6p a ge- 
neral expression for the common. difference, our 
five terms of the progression will be 

30n+7, 

30(n + m) +7 + 6p, 

30(n+ 2m) +7r+4+12p, 

30(n+3m)+r+18p, and 

30(n+ 4m) + 7 + 24p. 

Now it readily appears, that whatever value 1s 
given to r, of the above; viz. 1, 7, 11, 13, 17, 
19, 23, or 29; and to p of those which it repre- 
sents; viz. 1, 2, 3, or 4; one or other of the ex- 
pressions r+ 6p, r+12p, 7+ 18p, or r+ 24p, is di- 
visible by one of the numbers, 2, 3, or 5, Thus, 

Ifr=1, and p=1, then r+ 24p+*5. 
Ifr=1, and p=2, thenr+12p+ 5. 
Ifr=1, and p=3, thenr+18p— 5. ; 
Ifr=1, andp=4, thenr+ 6p+ 5. 
And so on of any other values of p and r. 


* This character signifies divisible by, and is only employ ed 
- 4o save the repetition of those words. 
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Whence it follows, that these five numbers can- 
tiot be all prime numbers; that is, five prime num- 
bers cannot be in arithmetical progression, unless 
their common difference be divisible by 30, if we 
except the case in which the first term of the pro- | 
gression is 5; which’ evidently is excepted in the 
demonstration, as our forms are for primes greater 
than 5: The two primes, 2 and 3, are also excepted ; 
and; with regard to the first, it is evident it cannot 
form the first term of such a progression, because it 
is an even number; but 3 may be taken for a first 
term, and, by giving to r this value, the same im- 
possibility will appear: There cannot, therefore, 
be five prime numbers in arithmetical progression, 
unless their common difference be divisible by 
2x3x 5, excepting only the case where the first 
term is 5, andinthis case there can be only five; for if 
there were six, by taking away the first, there would 
still remain five prime numbers in arithnieti¢al pro- 
gression, whose common difference would not be 
divisible by 30, which is contrary to what has heen — 
shown above: — a. E. D. 

Cor. In the same manner it may be demon- 
strated that seven prime numbers cannot be in 
arithmetical progression, unless their common dif- 
ference be divisible by 2x3x5x7=210; except 
the first of those prime numbers be 7, in which 
¢ase there may be seven prime numbers in arith- 
metical progression, of which the common dif- 
fererice is not divisible by 210, but there cannot be 
more than seven. And, generally, there cannot 
be # prime numbers in arithmetical progression, 
unless their common difference be divisible by 

Fz 
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2x3x5x7x 11, &c., m; except the case in which 

n is the first term i the progression, in which 

_ Case there may be n such numbers, but not more. 
PROP. IX. 


37. The sum of any number of prime num- 
bers in arithmetical progression is a i 
number. | 

This is evidently true, if the cake of terms 
in the progression be an even number, because then — 
their sum will be even, and, therefore, composite. 
We have, therefore, only to consider the case, in 
which the number of terms in the progression is odd. 
Let, then, p be the first prime number, and d the 
common difference of the progression; then, if 
we consider at first only three terms, they will be 


p+(p+d)+(pt+2d)=3p+ 3d, 
which is evidently divisible by 3, and, therefore, a 
composite number. If we take five terms, they 
will be | 
MP Ha) (p+ 2d) + (p+sd)+(p+ad)= 
5p + 10d, 
| ‘hich is evidently divisible by 5; and, generally, 
we may assume 
p+ (p+d)+(p+2d)+, &e., (pt 2nd) 
for any progression, the sum of which is 
(1 + 2n)d x 2n 
2 


(an+ 1)p+ =(2n+1)p+ (2n+1)nd; 


it will be divisible by 2n+1, and is, therefore, a 
composite number. — a. F. D. 
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‘PROP. X. 


38. If a dina 6 be any two numbers prime to 
each other, and each of the terms of the series 
b, 2b, 3b, 4b, - - - (a—1)8, ' 
be divided by a, they-will each leave a different 
positive remainder. 
For if any two of these terms, when divided by 
a, leave the same remainder, let them be repre- 
sented by xb and yb, and their common remainder 
by r; so that b= ng +r, and yh=ma+r; ee it 
is evident, that 
cali habia - 
will be divisible by a. But this is impossible, for 
xb—yb=bx («—y); in which product the factor 
b is prime to a, and (x—y)<a; because both 
x and y are less than a, by the hypothesis; con- 
sequently, their difference must be so; but if, of two 
factors, one be prime and the other less than a third 
number, the product is not divisible by this number 
(cor. 6, art. 11); therefore, bx (x-—y) is not di- 
visible by a; and, therefore, wh=na+r, and 
yb=ma+r, are impossible ; that is, no two of those 
terms can leave the same remainder, when both are 
divided by a.—a. E. D. q 
Cor. 1. Since, then, the ee: arising from 
the division of each of the terms in the series 


b, 2b, 3b, Ab, - - - (a—1)6, 


by a, are different from each other and a—1 in 
number, also all of them necessarily less than a; 
it follows, that these remainders include all num 
bers from 1 to a—1. 
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Cor. 2. Hence, again, it appears, that some 
one of the above terms will leave a remainder 1; 
and that, therefore, if 6 and a be any two numbers 
prime to each other, a number ve any be found, 
that will render bie) — 4 divisible by @; or, the ety 
tion bu —ay=) 1 is always possible, if @ and 6 are 
numbers prime to each other. 

And it is always impossible if a and b have any 
common measure, as is evident; because one side 
of the equation, br—ay=1, would be divisible by 
this common measure; but the other side, 1, would 
not be so: therefore, in this case, the equation 18 
impossible. 

_ Cor. 3. We have seen, in the foregoing corollary, 
that the equation be —ay=1 is always possible, 
when @ and 5 are prime to each other; and the 
same is evidently true of the equation be —-ay= —1, 
for a—1 is one of the remainders in the hoe 


series, so that a value of x <a may be found, that 


renders bx — (a— 1) divisible by a; or the equation 
bx—ay=a—1 is always possible ; but this is the 
game as ba — aly — 1)=—1; or, making y-1=y/’, 
-br—ay’ = —1 is always possible: and, consequent- 
ly, the equation ax—by= +1 is always possible, 
when @ and 6 are prime to each other. 


PROP. XI. 
39. Ifa be any prime number, then will 
Lice Ri patan Bens D pn ace oh code) +4 


be divisible by a. 
For, in cor. 2 of the foregoing. proposition, it is 
demonstrated, that if a and 6 be any two numbers 
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prime to each other, another number x may be 
found <a, that renders the product br—1+a; or, 
which is the same thing, be = ya+1; and that there 
is only one such value of <a may be shown as 
follows : 


The foregoing equation gives, by transposition, 


bx —ay=1; 
and, if it be possible, let also 
bx’ — ay’ =1; 


and make w’=x+m, and y’=y+n, where. m. is 
_ necessarily less than a, because both x and 2” are so 
by the supposition. Now, by this substitution, we 
have 

(bx + bm) — (ay +an)=1; but 

bx —ay gs! Ye 
‘therefore + bm= Fan, or bm~a; but this is im- 


possible, since J is prime to a, and m<a (cor. 6, 
ait.) 1); 


There cannot, therefore, be two values of x less 


than a, that renders the equation br —ay=1 pos- 
sible. | 


But in the series of integers 
1, 2, 3, 4, 5, --- a—l, 
every term is prime to a, except the first, a being 
itself a prime ; if, therefore, we write successively, 
b=2, b'=3, b’=4, &c,, a corresponding term 2, 
in the same series, may be found for each distinct 
value of 6, that renders the product xrbay + 1, 
vb’ ray’ +1, 2’b"’ eay+1, &c.; and it is evident, 
that no one of these values of « can be equal either 
to 1, or a—1; for, m the first case, we should have 
1x b=ay+1, which is impossible, because b< a; 
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and the second would give (a—1)b=ay+1, or + | 
a(b—y)=b+1; that is, b+1+4a; which can only | 
be when 6=@—1, or when b=2, which case is ex- 
cepted, because we suppose two different terms of 
the series. In fact, since (a—1)*ay+1, there 
can be no other term, in the same series, that is of 
this form; for if 2*nay’ + 1, then (a—1)’— 2° would 
be divisible by a, or (a—1+.2) x (a—1—2)a,. 
which is impossible, since each of these factors is 
prime to a, as is evident, because v<a, and ais a 
prime number. 
Hence, then, our product 


big 2. 3). AiR none (a—1), becomes 
be. Wa! -b’e” - - - a-1; 
Aut Mat of these products, br, b’a’, bx”, &c., is, 
as we have seen, of the form ay+1; therefore; 
their continued pradact will have the same form, 
and the whole product, including 1 and a—1, will be. 
(ay +1) x (a—1) ay +ay+a—1, , 
to which, if unity be added, the result will be 
evidently divisible by a, that is, the formula 
ee a ee a: Bil’. (aye 
is always divisible by a, when a is a prime num- 
ber. — @. E. D. 
Cor. 1. The product, | 
eS a Sy Ae aA, 


' 4s the same as 


: a1 \* 
ee &e.,. aK 


and this product, with regard to its remainder, 
when divided by a, is the same as) 
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: airy 
+ 1%, 2°. 3%. 4? “2 ( : ay 


the ambiguous sign being plus (+) when a—1 is | 
even, and minus (—) when a—1 is odd; that is, 
+ when @ is a prime number of the form 47+ 1, 
and — when ais a prime number of the form 4n— 1; 
also this product, 


a—1\2 
“aratata --( Ys 


is the same as 


a-—l 
+(a. > yi we ety, 
2 


and, consequently, from what is said above relating 
to the ambiguous sign, we shall have 


rei, 2 Se ‘i 
o mw «© Die 2 


when ask4n+1; and 


| piu Ne: O88 
PERURGertretasii~ tity -1 bana, 


when at4n—1. 


9 
5 at 


Whence it follows, that every prime number of 
the form 4n+1 is a divisor of the sum of two 
squares, 

Again, the latter form may be resolved into the 
two factors 


whit mews being divisible by a, it follows, 
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that a is a divisor of one or other of these factors, 
when it is a prime number of the form 4n—1. 

Cor. 2. From the first product, which we have 
demonstrated to be divisible by a, viz. 


1 8 Oe aS See yt 
: : 3 


=e, an integer, 


we may derive a great many others; as 
1°,2°.3.4.8, &e., (@—3)(a—1) +1 
i wt “7 , 


1°, 2°. 3°. 4. 5,&c., (a—4)(a—1) +1 
? a 


= e, an integer; 


= é, an integer} 


_ and so on, till we arrive at the same form as that 
in cor. 1, | 

Scholium. The theorem above demonstrated 
was invented by sir John Wilson, as we are in- 
formed by Waring, in his Meditationes Alge- 
braice, page 380; but, notwithstanding the sim- 
ple principles on which its demonstration is founded, 
it escaped the observation of these two celebrated 
mathematicians; the latter of whom speaks of it, 
at the place above quoted, as an extremely difficult 
proposition to demonstrate, on account of our 
having no formula for expressing prime numbers. 
Lagrange was the first who demonstrated this 
theorem, in the New Memoirs of the Academy of 
_ Berlin, 1771 (which demonstration is, as might be 
expected from the celebrity of its author, very in- 
genious); and, afterwards, Euler gave a different de- 
monstration of the same proposition, in his Opusc. 
Analyt. tom. i. page $29, which is upon a similar 


‘ 
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. pe as the foregoing; ‘and, finally, Gauss, in 


Disquisitiones Arithmetic, extended the theo- 


-yem by demonstrating, that ‘“ The product of all 
_ those numbers less than, and prime to a given num- 
ber r at I is divisible by a;” the ambiguous sign 


being —, when a is of the form p”, or 2p”, p being 
any prime number greater than 2; and, also, when 


a=4; but positive in all other cases (Recherches 


Arithmetiques, page 57). 
The theorem of sir John Wilson furnishes us 


| bith an infallible rule, 27 abstracto, for ascertaining 


whether a given number be a prime or not; for it — 
evidently belongs exclusively to those numbers, as 
it fails in all other cases, but is of no use in a 
practical point ef view, on account of the great 


magnitude of the product even for a few terms. 


PROP, XII. 
40. If a and 6 be any two numbers prime to 


k each other, the equation 


ar —by= +e 


is always possible; and an infinite number of dif- 
ferent values may be given to 2 and y, that answers 


the condition of the equation, in integer numbers. 
For, by (cor. 3, art. 38) the equation, 


ax —by=+1 


is always possible, while @ and 0 are prime to each 
other; and, consequently, 


acx —bey= +c, or ax’ —by’= +c; by making 
— / an ae 
ce=a’, and cy=y’': 


and we have evidently the same result if we write 


“6 Prime Numbers. 


a(x’ + mb) for ax’, and. {P a 
| b(y’+ma) for by’; for these still give 
~ ala’ + mb) — by’ + ma) = +e. 
Or, again, making 
“’+mb=x, and y’+ ma=y, 

our equation becomes 
| ax—by=+c¢; 

which is, therefore, always possible. 

And it is evident, that by means of the am- 


biguous sign +, and the me seciminate quantity ™, 
the formule | 


2 +mb=a2, 
y +ma=y, 


will furnish an infinite number of values of x ) 
and y, that answers the condition of the equation 


ax —by= +c, in integers, 


a and b being prime to each other. — a. E. D. 

It is also obvious, that m may be so assumed, 
that x shall be less than 6, or y < a. 

Cor. Hence, in any of our future investigations, 
_if we have two quantities, ¢ and w, prime to each — 
other, we may always substitute fa—uy=c, c being © 
any number whatever, when the state of the — 
question requires such a substitution, without con- 
sidering the particular values of x and y, it being. 
sufficient for our purpose, in many cases, to know, | 
that the equation is possible. 

But if ¢ and wv have any common measure, then — 
such a substitution cannot be made, unless c have — 
the same common measure. : | 


~Y 


~y 
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PROP. XIII. 

41. The equation at'+ by=c is always possible, 
if a.and b be prime to each other, and 

c>(ab—a—b). 

For let ¢ c= (ab— -a—b) +r, then the equation be- 
comes , 
. axa ee (ab—a— b) +13 
the possibility of which depends upon 

_ab—a—b—by+r 
a 


being an integer. Now this equation is the same as 


ep Pe Es ane 
a 


and, therefore, it depends upon the possibility of 
(y+1)b—r 


a 


ae / e e fi 
=." being an integer ; 


or, which is still the same, by calling y+1=y’, 
upon the possibility of the equation yb—ar’=r; 
which we have seen may always be established, so 
that y’<a, or y+1<a; by the foregoing pre: 
position, 
Aince, then, in the equation 
(y+ Piel 


S : ~ =, 


y +1 is less than a, x’ must necessarily be less than 
_6, and, consequently, 


(y+1)b—r 
aa 


tomb seh Dima; 
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and, since 2’ < b, therefore «=b—1—«’ =0, or somé ; 
integer number: whence the equation 
ax + by = 

is always possible, when a@ and } are prime to each 
other, and c > (ab—a—b).—@. E. D. 

Cor. The two foregoing propositions are very 
useful in judging of the possibility, or impossiblity, 
of indeterminate equations of this kind; and, con- 


sequently, also, in proposing them, so that they 
may be within possible limits. 


19° 


CH AP, Ly, 


On the possible and impossible Forms of Square 
Numbers, and their Application to Nu- 
merical Propositions. 


PROP. I. 


42, Every square number is of one of the forms 
An, or 4n+1. 


For every number, being either even or odd, is 
of one of the forms 2n, or 2n+1; and, conse- 
quently, every square number is of one of the forms 

4n’, or (4n*+4n+1); but 
An’ 4n, and 
(An? + 4n+1)=4(n? +n) + 1e4n+). 
| Q@. E. D. 

Cor. 1. Every square of the form 4n is ne- 
cessarily even; and every square of the form 4n+ 1 
is evidently odd; therefore, every even square is of 
the form 4n, and every odd square of the form 
4n+1. 

Cor. 2. By the foregoing proposition it appears, 
that every odd square is of the form 4(n’+n)+1; 
and hence it follows, that it is also of the form 
82+1: for if m be odd, mis odd, and if 2 be even, 
mis even also; therefore, in both cases, n*+~ is 
even; and, consequently, 4(n*+n)+1#8n+1; 
that is, every odd square is of the form 8n+1, If, 
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therefore, a number be of the form 4n+1, but not 
of the form 8+ 1, that number is not a square. | 

Cor. 3. No numbers of the forms 4n + 2, or 4n +3, 
can be square numbers. Nor can any numbers of 
the forms 82+ 2, 8n+3, 82+5, 8n+6, or 8n+7, 
be square numbers. 

Cor 4. The sum of two odd squares cannot form 

a square, for (4n+1)+(4n'+ 1) 4m +2, which 
cannot be a square (cor. 3). 

Cor. 5. An odd square, subtracted from an even 
square, cannot leave a square remainder. For | 

An—(An’ +1) =4(n—n’) — 18 4n+3, 

which cannot be a square. Therefore, if the dif- 
ference of an even and odd square be a square, the 
odd square must be the greatest. 

Cor. 6. If the sum of an even and odd square 
be a square, the even square must be divisible by 
16, or be of the form 4°n*. For all odd squares 
are of the form 82+1 (cor. 2); and, therefore, if 
the even square had only the form 4n”, n” being 
odd, the sum of the two would be 

An”? + 8n+1=4(n"+2n) +1; 

and since n” is odd, (n*+2n) is odd also; arid, 
therefore, 4(n”+2n)+1 is not of the form 82+1; 
and, consequently, it is not a square (cor. 2). 


PROP. II. 
A3, Every square number is of one of the forms 
5”, OF 5n+ L., 


For all numbers, compared by: modulus 5, are 
of one of the forms 57, 5n+ 1, 50+ 2; that is, every 
number is either divisible by 5, or.will leave for a 


® 
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yemainder 1, 2, 3, or 4; or, which is the same, 
+1, or +2: and; consequently, all square num- 
bers are of one of the following forms: 
Numbers. Squares. Forms. 
5n, ye 1 95n* > se bn 
§5n+1, 25n°+10n +1 & 5n+1 
5n+2, 25n°?+20n +4 & 5n+45n—1. 
- Consequently, all square numbers are of one of 
‘the forms 57, or 5n+1.— a. E. D. 
— Cor. 1. If a square number be divisible by 5, it 
is also divisible by 25; and, if a number be di- 
visible by 5, and not by 25, it is not a square. 
| an 2. No number of the form 5n + 2, or 5n +3, 
a square number. 
ae 3. If the sum of two squares be a square, 
one of the three is divisible by 5, and, consequently, 
also by 25. For all the possible combinations of 
the three forms bn, 5n+1, and 5n—1, are as 


follows: 
(5n+1)+(5n’+1)5n42, 
(5n—1) + (5n’—1)5n—25n+3, | 
5n + 5n’ cb 5n, 
5n +(5n’+1)5n+1, 
5n + (5n’—1)s5n—1, 
(5n+1)+(5n’—1)sR5n. 

Now of these six forms, the latter four have one 
of the squares divisible by 5, and, therefore, also by 
25 (cor. 1). And the two first are each impossible 
forms for square numbers; that is, neither of these 
two combinations can produce squares: therefore, 
if the sum of two squares be a square, one of the 
three squares is divisible by 25. | 
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Cor. 4. By means of the two foregoing pro | 
positions, and their corollaries, it appears, that no © 
- number contained under a repetend digit can be a | 


square number. 


For every number expressed by a repetend digit | 


is equal to the same number of repetend units, 


multiplied by the particular digit under the repetend | 


of which the number is contained. 
But every repetend of units is of the form 


1002+ 11%4n4+3%5nN4+1; | 
and it is only necessary to show, that no number of 


the form 4n+ 3, or 5n+ 1, multiplied by any one of | 
the nine digits, can be a square. Now the following _ 


products, 
(4n+ 3) x 1, 
(4n+3) x 4, 
(4n + 3) x 9, 


cannot produce squares, because one of the factors — 
is a square, and the other not; and, consequently, — 


the product cannot be a square (art. 15). 
Again, , 
(4n+3) x 2=R4n’ + 2, 
(4n+3) x 54n’+ 3, 
(An+ 3) x 6224n’+2; 


which are all impossible forms for squares (cor. 3, 


art. 42). And since a repetend unit is likewise of © 


the form 5n+1, we have 
 (bn4+1) x 35’ +3, 
(5n+1)x 75n' + 2, 
(5n+1) x 8sRbn’+3, 


each of which is an impossible form (cor. 2, art. 43); 


ets 
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ee 


| Le eS 


; 


Forms of Square Numbers. 83 
and, consequently, no repetend digit can be a square 
number. — @. E. D. 

Cor. 5. Every square number being of one of 
of the forms 5n, or 5n+1; or, which is the same 
thing, of one of the three forms 5n, 5n+1, or 
5n+4; we may farther divide them into the 
following classes, according to modulus 10, by 
sing n even or odd: 

5n = 10n’, when n is even ; 
5n &10n’+5, when nis odd; 
5n+1:210n’ +1, when n is even: 
5n+1:10n’ +6, when nis odd; 
5n+4210n’ +4, when n is even; 
56n+410n’ +9, when v is odd. 

Therefore, every square number, compared by 
modulus 10, is of one of the forms 

10n, 10n+1, 10n+ 4, 10n+5, 107 +6, 10n+9. 
And hence it follows, that all square numbers 
are terminated, on the right hand, by one of the 
digits 0, 1, 4, 5, 6, org. And, consequently, no 
number, haw Vast digit is 2; 3, 7, or 8, is a 
Square number. 

Cor. 6.. By an examination of the first fifty 
Square numbers to modulus 100, the following 
properties of the terminations of all squares will 
be readily deduced. : 

1. A square number cannot terminate with an 
odd number of ciphers. 


2. If a square number terminate with a 4, the 
last figure but one will be an even number. 

3. If a square number terminate with 5, it will 
terminate with 25.. 

G2 
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A. If a square number terminate with an odd 
digit, the last figure but one will be even; and, if 
it terminate with any even digit, except 4, the 
last figure but one will be odd. 

5. No square number’can terminate with two 
equal digits, except two Os or two 4s. 

6. A square number cannot terminate with 
more: than three equal digits, unless they be Os; 
neither can it terminate in three, unless they be 
three 4s *. 


7 


PROP. II}. 


te 


44, AlJ square numbers are of the same form 
with regard to any modulus a, as the squares 


0°, 1°, 2°, 3°, &c., - - - (4a)?, when a is-even; 


and as the squares 


Bar a—1\"* : 
On 1D Ae ee = -( ; ) , when a is odd. 


For every number may be represented by the 
formula an+r, in which r never exceeds 4 (cor. 2, j 
art.10). Now 


(an+r)=a'n’ + 2anr +7r°= alan? + 2nr) +7"; 


and, since the first part of this formula is divisible 
by a, the whole formula will leave the same re- 
mainder, when divided by a, as the part r°; that is, 
it will be of the same form, with regard to the 


4 By means of these, and niteiias observations on the form 1 
and terminations of square numbers, we may frequently ascer 
tain, from inspection, whether a given number be a eg ‘ol 
not, without the trouble of extraction. f; 
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modulus a, as the square r*; but r never exceeds 1a, 
| therefore, all square numbers, as referred to modu- 
| dus a, being of the same forms as the squares 


. SS Ae ce, 
in which r is limited not to exceed ta; it follows, 
that all square numbers, to modulus a, are of the. 
same form as the squares 
O°, 1°, 2°, 3°, &c., --- - (4a)*, when a is even; 
andd@ the squares 


a—l . s 
G", 1°, 9"; 3"; &e., -- -( , ‘ , when a is odd. 


a. % D: 

Cor. When a is even, the general formula 

an’ + 2anr+7°, becomes 
Aa°n’ + Ad’nr +7", 
4a'(a'n? + nr) +r’; 
therefore, all square numbers are of the same form, 
to modulus 4a, as the squares 
Oy By Bay Ko. ye -+i~: a’. 

And hence we see, immediately, that all squares, 

to modulus 8,.are of the forms 8z, 8x +1, or 82+ 4, 
being all of the same form as the three squares 
: o*, 1°, and 2°, 

45. Scholium1. In order to ascertain the forms 
under which all square numbers are contained, 
with regard to any: particular number a, as 
‘a modulus, we need only find the forms of all 
squares from 0° to (4a)*, when @ is even; or to 


MERIT = 
( ; ys when a is odd; and the results will 


necessarily include the forms under which every 


86. 
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square number whatever is contained: and thus the — 
following table is very readily computed, which ex- — 
hibits all the possible forms of square numbers, for _ 
every modulus from 2 to 20, and which may be 

continued to any length at pleasure. 


‘able of the Forms under which all Square. 
Numbers are contained, for every Modulus 


from 2 to 20. 
oee Formule. 
Oe pf “TE 
2 2n 2Qn-+- 1 
3 3n 3n-+- 1 
4 4n 4n-+ 1 
3 on 5n+ 1 . 
6 6n 6n+ 1 6n-+- 3 6n-+ 4 
7 77 7n+ 1 Tn+ 2 in-+- 4 
8 8n Sn+ 1 Sn 4 
9 On On+- 1 On-+- 4 9n+ 7 
10 107 10n+ 1 - 10n+ 4 10n+ 5 
1 i ees lin 1 ln} 3 Vin 4 Iln+ & 
lin+ 9 
12°74 4.20 12n+ 1 12m+ 4 12n+ 9 
13 13n Hoey 1 Wate os USA 4 
14 an 14n+ 1 14n+ 2 14n+ 4 Ta 7 
14n+ 8 l4n+ 9 8 14n-411 
5 | ts lon-+ 1 lin-+ 4 l5n4+ 6 15n+ Q 
15n+-10 
16 16n. 16n+ 1 l6n-+ 4&4 I6n+4 9 
7 17n lint 1 lint 2° Vint 4. 17m 8 
i so 18n- 1 18m 4. 18nt+ 7 (18n+10; 
18m-+13 18n--+16 
19n 19m-+ 1 19n+ 4 197+ 5 190+ 6 
19 } 19”+ 7 19n+ 9 19n+11 19n+16 
19n-+-17 
: 20n 20n+- 1 20n+ 4 20n4+ 5 20n+ 9 
y ; ONES VE Sa 


46. Scholium2. 
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Hence, by way of exclusion, 

arises the following table, which exhibits all those 
“forms, referred to the same moduli, that can never be- 
_ Come squares, and by means of which we may frequent- 


ly ascertain whether a given number be a square or 


not, without absolutely performing the extraction. 


Lable of impossible Forms for Square Numbers 


Sor every Modulus, from 2 to 20. 


Moduli. 


> © 


© mo ) <a 


10 
ay 


422 
13 
14 


15 


16 


oe 


18 
(19 


20 


Impossible Formule. 


aus 


20n--+ 11 


7 ~~ ~~ 
3n+ 2 
4n-+- 2 4n+- 3 
5n-+- 2 5n+ 3 
6n+- 2 6n+ 5 
Int 3 7In+ 5 7n+ 6 
Sn+ 2 8n+ 3 8n+- 7 
9n-+- 2 Gn+ 3 Ont 5 - On+ 8 
10n- 2 10n+ 3 7 ; 
lint 2 lin+ 6 IIn+ 7 IIn+ 8. 1in+10 
12n+ 2 12n+ 3 12n+ 5 122+ 6 12n+ 8 
12n-+-10 
13n+- 2 I3m+ 5 13n+ 6 
l4n4+- 3 14n4+ 5 14n+ 6 JT4n+10 14n-+12 
l4n-+-13 
sunt 2 i5n+ 3 I5n4+ 5 I5n+7 I5n+ 8 
l5n-+-11 15n+12 15n+13 lin+14 
l6n+ 2 l6n4+ 3 16m 5 16n4+ 6 16n+7 
l6n+ 8 16n+-12 16n-+-15 : 
lint 3 lint 5 17n+ 6 17n+ 7 
isn4+- 2 18n+ 3 W8n+ 5 18+ 6 18n4 8 
Isnt+- 9 18n-+-11 1sn-+14 18n+17 
19n+ 2 19n+ 3 19n+ 8 192410 19n+412 
19n-+13, 19n+-1+4 19n+15 19n+18 
20n+- 2 20n+ 3 2On+ 6 2n+ 7 2On+t 8 
202-+ 10 — 9On4-15- 20n+-19 
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~ Lemma. | 
47. In order to simplify and abridge the de~, 
monstration in the following propositions, it will — 
be proper to make a few TV adas observations on | 
equations of the form at + bu? = w. | 
And, first, we may always consider a and Bb as 
quantities that have no square factor, or divisor; _ 
for, ifa=a’¢’, and b=0’6, our equation becomes | 
a’ gt + bu? =w*; or, making ¢f=¢t’, and du=w’, 
we have at? + bu? =w’; and, consequently, if the | 
above equation obtain when the quantities a and b, 
or either of them, have a square divisor, It may 
always be put in another form, a’t?+ b’u°=w"*, in - 
which the similar quantities @ and 0’ have not a _ 
square divisor; and, therefore, in what follows, © 
with regard to the possibility or impossibility of — 
equations of the form af?+ bw’, we may always — 
consider a and 6 as not having a square divisor. 
Again, if the equation at’ + bu? = w* be possible, 
when 2, w*, and w*, have a common square divisor | 
¢*, it is also eit when divided by it; thus, if | 
ag't” + be’u” = g’w” be possible, so also is | 
at™ + bu" = w”, | 
which is a sumilar equation to the first, and in ~ 
which ¢”, w”, and w®, have now no common square — 
divisor. And it is evident, that no two of these 
squares can have a common divisor, unless the 
third square has the same. For, if it be Te tape 
let ?= ¢°¢’, and w=u"¢’; then, at” p+ bus? =u", 
where the first side of the equation is divisible by 9°, 
but the second is not, by the supposition, and yet it 
is equal to the first, which is absurd: and the same 


ee ee ee ee Ty vee 
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may be demonstrated if any other two of those 
squares are supposed to contain a square divisor, 
not common with the third; a and. b having no 
square divisor, as is shown above. 

Hence, then, we may draw this conclusion, in 
any case where we are investigating the possibility 
of an equation, of the form af’ + bu’=w*, the quan- 
tities @ and b may be considered as not containing 
a square divisor; and also the three quantities ¢, w, 
and w, as being prime to each other: for if the 
equation be possible under these conditions, it is 
possible when those yuantities have a common 
measure; and if it be impossible under the former 
case, it is also impossible under the latter. 

- And it may be farther observed, that if any 
equation of the form af’ + bu’=w* be impossible in 


integers, it is so likewise in fractions; for make 


} . 
t=-,u=> and w=-, then it becomes 
iy . 


1 wes 
a—+ a St — e ; which reduces it to this, 
Sux 


ar’v’ + bs*y? = - sr 8 OS making 


Perr Fe ae a", 


which last must evidently be an integral square, we 
have again af?+ bu’=w"; so that the possibility of 
any fractional equation of this kind depends upon 
a similar integral équation, and if, therefore, an 
equation be impossible, In integers, with any spe- 
cified yalue of a and 6, it is also impossible in 
fractions. | 
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Cor. The same that has been proved of the 
equation at + bu’ =w* is also true of the equation 
af+buv=w*, and, generally, of the equation 
at'+bu"=w"; it being always understood, that 
neither a@ nor 6 contain any factor that is met a 
complete nth power. 


» PROP. Iv. 

48. The equation: Bt +3qu’?=w?* is always im- 
possible, either in integers or fractions, if g be 
taken prime to 3, 

We have seen, in the foregoing leona, that it 
will be sufficient to consider ¢ and wu as IEE ETS ; 
_ and that we may always suppose 2°, wu’, and w*, to 
be prime to each other. Now, since 3qu’ is always 
of the form 3n, whatever may be the form of w’; 
and since # must be of one of the forms 3n, or 
3n+1 (art. 45), we shall have, either, 

Ist, (3p + 2)3n+3qu=w"; or 
2d, (3p+2)(3n+1)+3quv=w 

But in the first equation, where we suppose 
f=23n, we have the first side of the equation di- 
visible by 3; and, consequently, the other side w”, 
is also divisible by 3; that is, both ¢@ and w* are of 
the form 3n; whereas we have seen that. they are 
prime to each other, which is absurd; therefore, 
the equation is impossible, when f is of the form 3n, 

Again, in the second equation, in which we have 
supposed #=23n+ 1, we have 

(3p + 2) x (8n+1)+3qu’=w", or 

Qpn + 6n + 3p + 2+ 3qu’=w", or 

3(3pn + 2n+ pt qe) + 2=w’; that is, 
w3n' + 2, 7 
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which is impossible (art. 46); therefore, the equation 


is always impossible, under the above limitation 


of g.—-@. E. D. 
Remark, If ¢ had not been taken under the above © 
restriction, our demonstration would necessarily 
have failed; because, inthat case, if we put q = 3q’, we 
should have had 3qu’=q’ . 9u’; or, making Qu’ =u”, 
3qu’=q'u"; which would evidently have altered the 
form of the equation. But, under the above re- 
striction, we are led to several impossible cases, by 
taking p=o, or an integer number, and g any num- > 
ber not divisible by 3: thus 
p=0, then 22+3v=w’; 
p= 1, then 52+ 30=w* 
p= 2, then 8f+3wv=w’'; 
&e, &e. &e. 


are all impossible equations, which may be carried 


on at pleasure. 


In the above, we have talcen q=1; but if g=2 
and 
p=0, then 2+ 6uv?=w’; 
p=1, then 56+ 6u°=w"; 
p=2, then 8?+ 6v=w’"; 
&e. &e. &e. 
are also impossible equations; and thus we may. 


_ proceed to find impossible equations, to any length, 


at pleasure, 


PROP. V. 
49. The equation (5p+ 2)Pc5qu’=w* is im- 
possible, when q is prime to 5. 
For @ must be of one of the three forms, 5n, 
52+1, 52-1; which furnish the three followi ing 


- equations : 
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Ist, (5p+ 2) x 5n=65qu?=w"* 
2d, (5p+2) x (5n+ 1)h5qu=w’; 
3d, (Spt 2) x (5n—1)5quv?=u* 
In the first equation, in which we suppose 
#x:5n, we have evidently w*s:5n’ also; that is, 
# and w* are both divisible by 5, whereas, by the 
preceding lemma, they are prime to each other, 
which is absurd; therefore, the equation is im- 
possible, when f= 57. 
In the second equation, in which we suppose 


fa5n+1, we have : 
(5p+ 2) x (5n+1)5qu’=w", or 
25pn+ 10n+ 5p+ 25qu’=w", or 
5(5pn+ n+ pqu’)+2=w"; 

that is, w°s:52+2, which is impossible (cor, 2 

art. 43). | 

In the third equation, we suppose 

f= 5n—1, which gives 
(5p + 2) x (5n— 1) aye? =w’, or 
25pn+ 10n— 5p F244qu’=w", or 
5(Spn+ In—paqu’) $2= ws : 


that is, w*s52 + 2, which is also impossible ; and, 
consequently, as é° must be of one of those forms, it 
follows, that the equation (5p+2)@5qu'=w is 
always impossible, when q is prime to 5. 

Cor. By means of this proposition, we arrive at 
the following set of impossible forms to modulus 5, 
which may be carried to any length. 

2a be =w, | 2100 =U", 
3F bu =, | 3P1OW =w, 
(toute ww, (ae ao ww, 
8P+5u°=w’, | 8100 = w’, 
Me. Ge erg. Ke, hte 


~ 
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PROP. VI. 

50. Every equation that falls under fey of the 

following forms is impossible; viz. 

(7pt3)\P+7qv =w’," 

(7p+5)P47qU =U", 

(7p +6)? + 7qe=w', | 
it being always understood that q is not divisible 
by 7. 

For every square number is of one of the forms 
7n, 7n+1, 7n+2, or 7n+4 (art. 45). 

But @ cannot be of the form 7”, in any of the 
equations, because then w* would be of the same 
form; that is, both ¢ and w’® would be divisible by 
7, which is contrary to the supposition, since they 
are prime to each other; therefore, ¢* must be of 
one of the other forms, if there be any case in which 
these equations are possible. 

Now in the first equation, if we suppose 
?a7n+1, we have 
Re (7p +3) x (72+1)4+7gu=w", or 

AGpn + 21n+7p+3+7qu =w’*, or 
7(7pn+3n+ptquv)+3=w", or 
w~77n +3; 
an impossible form for squares (art. 46). 
Again, suppose #=n7n+2; then 
(7p-+3) x (7n+2) + 7qu'=w*, or 
49pn + 2in+ 14p+6+7qu =u", or 
7(7pn + 3n+2p+ qu’) +6=w*, or 
| wa7n+6; 
an impossible form, by the same article. 
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(7p +3) x (7n+4)+ 79 =w", or 
49pn + 21+ 28p+ 12+ 7qu'=w”", or 
7(7pn+3n+ 4p + qu’) +12=w’*, or 

wea7nt+ 5; 


an impossible form. 

Therefore, the first equation is impossible under 
every form of ¢*, ¢ being prime to 7. 
In the second equation, 


(7p + 5)P + 7qu =u", 
by assuming ¢* successively of the three forms 
7n+1, 7n+2, 7n+53, we are led to the following 
results. : 


(7p+5) x (7n+ 1) 47g = ws 


P-7n+1, then ' rw +53 


@sx7n+2, then { (7P+5) * «25 ahaa 


[nN +3; 


f7n+ 4, then : (7p +5) x Sigs She nqut se 9 we 


all of which are impossible forms: and, conse- 
quently, the secord equation, , 


(7p+ 5)P+7quv=w*, 
is always impossible, g being prime to 7. 
In the third equation, 
(7p + 6)\P + 7qu?=w*, 
by assuming, as before, & of the ferms 7n i I, 
72+2, 7n+3, we have 


Te Teeny Seen) ee Tee ee a 
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#&a7n+1, then | (7p +6) x (7a+ 1) + 7gu = wis 


fa7n+ 2, then Dea % 


fn7n+4, then { ( 


which are likewise impossible forms : 


7p +9) x 


Tn’ +6; 
(7n+2)+ 7qQu = 1" 
Tn +5; 
(7m +4) + 7qu = wee 
nN +3; 


and, conse- 


quently, the three given equations are all impossible, 
when g is prime to 7. — @. E. D. 


Cor. 


This proposition furnishes us with the 


following particular cases, which, like the fore- 
going, may be extended to any length. 


BE + Fae = wy’, 
5P + 7u =’, 
6? + 7 =w", 
10f 4:70 =u", 
107° 4+ 7a =v 
130 +7v =u", 
Se... Se. Ke. 


30+ 14u’=w’ 
5P+ 14u°=—w’*, 
62+ 14°=w", 
10@ + 14u°=w’, 


1284140 =w", 


130 + 140 =w’, 
&c. &e. &ec. 


Scholium. If we examine the impossible forms 
of the foregoing propositions, it will be readily 
observed, that the multipliers of ¢ are all impossible 
forms, with regard to that particular prime mo- 
dulus to which they are referred: thus, — 


3p+2, to modulus 3; 
5p+2, to modulus 5; 
Ipt3, 
7pt+ 5, to modulus a 
ip +6 


And hence we are led to an inference, that the same 
is true for any other prime modulus; that is, the 
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Equations 
(lip+ 2)@+1lqw’=w", 
(lip+ 6)@+ 1igu*=u"*, 
(lip+ 7jP+1lqw=w’, 
(lip+ 8)P+1lige=w", 
(lip+10)@+ ligw@=w’, 
are all impossible, while g is taken prime to 11. 
Also 
oe (13p+ 2)P4&13qu?=w*, 
(13p+ 5)Pck13gu’ =w*, 
(13p+ 6)413qu°=w*, 
when q is taken prime to the modulus 13; 


And 

(17p + 3)P417quv =w’*, 
(17p+ 5)Ps179u° =2*, 
(17p+ 6)P4179quv =x", 
(17pt 7)P R17 qu =w*, | 
when gq is taken prime to the modulus 17; 


Likewise, 
(19p+ 2)@+ 19gu? =u, 
(19p+ 3)f+19quv=w*, 
(199+ 8)f+199quv’=w’, 
(19p + 10)2 + 19qu° =0' 
(199 + 12) + 199u° =w 
(199+ 13)#+ 19gu?= 
(19p + 14) + 199u° ii , 
(199+ 15)f + 199u*? =’, 
(19p + 18)# + 1ogw’=w*, 
when q is prime to 19; are all impossible forms of 
equations in rational numbers. 
These latter forms are only deduced Erbin ob> 
servation, upon the supposition that the product of 


P: 
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a possible and impossible form is also of an im- 
possible form; which property is, however, ri- 
_ gorously demonstrated in the two following pro- 
_ positions. 

_ With regard to such. moduli as are not prime 
~ numbers, they are evidently reducible to others 
‘that are prime, by means of the_ indeterminate 
letter g. | 
a PROP. VIt. 

51. Let a@ be a prime number, and ¢ any number 
‘prime to a; then, if the series of square ip ona 


al 


g, 2°97, 3°¢°, 4°¢", —&e.,; ae )e% 


‘be divided by a, they will each ace a different 

positive remainder, 

- For if it be possible, that any two of these 

“squares, when divided by a; can leave the same re- 

‘mainder, let them be represented by m’¢", and n'¢” ; 

| that i is, let m*g*:nap+r, and n°¢’=aq+r, r being 

_ the common remainder of each; then, it is evident, 
‘that the difference of those squares, 


aM 
mg? — nig? = (ap +r) — (aq +r) =ap—aq, 
| will Ae divisible by a; but this is impossible, for 
m¢?—n'o°=9* x (m+n) x (m—n); 
Band since both m and 7 are less than 4a, their sum 
(m +n) <a, and, consequently, prime to it, because 
ai is a prime number, and the same is evidently true 
| of the factor (m—n); also ¢° is prime to a, by the 
9 pothesis; and, therefore, the three factors, ¢’, 
(m+n), and (m—n), are each prime to a; and, 
"consequently, their product ¢°(m’—n*) is so like- 
. Vise (cor. 1, art. 11): hence, then, the squares m*¢*, 
a VOL. 1. on 


ty 
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and n°¢°, cannot be of the forms pa+r, and ga+73_ 
that is, they cannot have the same common re- 
mainder. Since, therefore, no two of those squares, 
to modulns a, can have a common remainder, these 
remainders are all different from each other. | 

Qa. Dd 

Cor. 1. The same is also true of the negative re- 
mainders, of the same series, to the same modulus, 
by taking the quotient in excess; that is, if the: 
series of squares, ' 


q°, 2*¢", 3°¢°, 40%, as Sula 


be divided by a, and the quotient be taken in excess, 
so that the remainders may become negative; then 
will these negative remainders be all different from: 
each other. The demonstration of which is exactl 
the same as that of the foregoing proposition, by 
making mo’: par, and n°o°*snqa—r; —r bein i 
supposed the common negative remainder. : 

Cor. 2. Since, in the above demonstration, it is 
only necessary that $* should be prime to a, there- 
fore, all that has been proved of the series 7 
squares, 


$, G', SE, AB, - ~ - 


is equally true = any other series ri tye 


| ‘at 
OT ar: Aen, ” 
9 3 


providing z* be prime to a; and the remainder of 
this last series will be exactly the same as the ree 
mainders in the former series, except that thein 


order may be changed. For it has been de- 


a—1 
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monstrated (art. 44), that the forms of all square 
numbers, to any modulus a, are the same as those 
of the squares 


Bae | a—1\* 
I’, 2°, 3°, 4, &ce., ---( 2 oy 


the number of forms are, therefore, limited never to 
a—1 


exceed : and, consequently, ‘the same re- 
mainders will recur in any series, and only the 
order of them will be changed: and hence it follows, 
that, whatever remainder any square $° may leave, 
another square m'’x* may be found, that will leave 
the same remainder; and, therefore, if sm?—* be 

- divisible by a, then sm*— im’ =m’? x (s—7°*) is also 

- divisible by a, and likewise s—z*, because m® is 
supposed prime to a, 


PROP. VIII. 
52; The multiplication of a possible and impos- 
sible form of square numbers, to the same modulus, 
_ always produces an impossible form. 
Let a be aity prime number, and let 


3 Fes Fs Pg &e:, 
_ be the remainders arising from dividing the series 


4 


_ of squares, 

: 7 | a—1? 
Pi, 2°"; 3°¢*, Ad*, &e., ( 9 Ne 

by the modulus a, then will ie, Bae 

4 pans ap+h, apt+nr, &e., 

_ represent all the possible forms of square numbers, 


to modulus a (art. 44); and, since the number of 
: H 2 


\ 
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these remainders 7,; 7, 17, &c., never exceeds — 
are. see aks : | 
——, it follows, that there are the same number of 


impossible forms; which may be represented by 
agt+8,, aq+s,, dqg+8,, &c.; | 

and it is to be demonstrated, that any one of these’ — 
unpossible forms, being multiplied by any of the above | 
possible forms, will produce an impossible form. 
For let m°¢* nap +r, represent any possible form, 
and aq +s, any one of. the impossible forms; then, | 
if (ap+r,) x (aqg+s,) produce a possible. form, — 
m°d* x (aq + S,)=agm'd’ + s,m'>° will be the same; — 
or, s,m°$°, because the first part agm*$* is divisible _ 
by a; but if this be a possible form, that is, if, i 
when divided by a, the remainder be found in the — 
series of possible remainders, 4 


Ts hi Past 0g Maas aes } 
let it be represented by r,, then it is evident, that. ; | 
the square v°$*, whence this remainder is derived, ~ 
being of the form ap + r,, and s,m°$* being supposed 7 
also of the form ap’ +?r,, we should have 4 

8,0? v8 = (ap’ +r,) — (ap+r,y= 
(ap — ap) divisible by a; 

and, consequently, 

(s,m°p* — v°d*) = O*(s,m° — v’) divisible by a3 
but ¢° is prime to a, therefore it must be 

; (s,m° —v*) a. 

But, whatever remainder the square v® may give to d 
modulus act another istic mn, may be os 
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(sn? — mr) be a; but (s,n%-: mex’) = (8, — 7°), 
and m is less than a, and, therefore, prime to it; con- 
sequently, if m*(s,—z°) be divisible by a, (s,—7") 
must be so likewise; that is, * divided by @ must 
have a remainder s,, or 7 ap+s,; but. this is an 
impossible form of squares by the hypothesis, there— 
fore, (s,—z°) is not divisible by a; that is, the 
product (ap+r,) x (aq+s,) cannot, when divided 
by a, leave for a remainder any number in the series 
of possible remainders, 
Try Tey 39 Vay &e. ; 
and, therefore, the remainder of this product must 
fall in the other series : 
Sig Sop S39 Sus Sie. ; 

and, consequently, (ap+7r,) x (aqg+s,) is always 
an impossible form; that is, the product arising 
from a possible and impossible form, is itself 
also an impossible form, — @. E. D. | 

Henee we have demonstrated the truth of what 
was deduced from observation in the. scholium 
(art. 50). 


PROP. IX. 

53. To ascertain the possibility or ieegy 
of every equation of the form 

ax’ + by’ =cz’. 

‘The rule for this purpose is deduced immediately 
from the foregoing proposition ; viz. that a possible 
form multiplied by an impossible form always pro- 
duces the latter: for from hence it follows, that 
ax* is always of the same form as a, with regard to 
possible or impossible; and, in the same manner, by* 
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is of the same form dsb, and cz* of the same form 
as c. Now ax*s:na, therefore cz*— by? must be 
also of the form na; and, consequently, cz* must 
leave the same remainder, when divided by a, as 
by’ does when divided by the same: it is evident, 
therefore, that these remainders must be both of 
the class of possible remainders, or both impossible, 
for otherwise they could not be equal; but these 
remainders will be of the same classes as c and 0 are; 
and hence it follows, that, if cand @ are both found 
among the remainders to modulus a, or neither of 
them are found there, the equation may be possible, 
but if one of them is found there, and the other not, 
the equation is certainly impossible. And, in the 
same manner, if a and c be both found among the 
remainders to modulus b, or if neither of them be 
found there, the equation may be possible; but if 
one is found there, and the other not, the equation 
is certainly impossible. And, for the same reason, 
a and — b, or, which is equivalent, a and c— b, must 
be either both found among the remainders of modu- 
lus c, or neither of them, if the equation be possible, 
Having thus shown the principle of the rule, it may 
be delivered more briefly thus: 

Find the forms of all squares ta modulus a, or, 
which is the same, the remainders arising from di- 
viding the squares, 


1°: 2°,.3°, 4, Cy (201, BY G; 


and, if 6 and c are both found in this series of re- 
mainders, or if neither of them be found there, the 
equation may obtain; but if one of them be found 
there, and the other not, the equation is certainly 


Fee et see ee ee 


PONS ee SAT CE TC eae Te eed ep EeeNe ew TEMAS Ste we SUOUME Lege ceUME.\etemeT egret ar ae Ce een ar ty Raye 
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impossible, and it will be needless to proceed any 
farther in the investigation. But if one of the two first 
‘ire have place, then find the remainders of 
a es eee tthe, vioeed DY Os 
and Pili remainders must be submitted to the same ~ 
test, with regard to a and c; and if one of them be 
found there, and the other not, the equation is im- 
possible, and we need proceed no farther in the in- 
vestigation. But if this be not the case, find the re- 
mainders of 
: I”, 2°, 6, 4, ac., (20), mivided by ¢; 
and if a and (c—b) be both found in this series, or if 
neither of them be found there, the equation is 
possible, supposing | the same to have had place in 
the other two series; but otherwise the equation is 
certainly impossible. 
_ It is to be observed, that, when any one of those 
three quantities is greater than the modulus, with 
the remainders of which it is compared, it must be 
divided by the modulus and remainder used, instead 
of the quantity itself. It may be also farther ob- 
served, that, if any one of the three quantities, a, b, 
or c, be unity, only two trials will be necessary, and, 
pat two of them be unity, but one. 
-. These operations will be considerably abridged 
_by means of the following table, which exhibits the 
remainders to every modulus, from 2 to 51, ex- 
cepting only those numbers that contain square 
factors, because a, 6, and c, contain no square 
factors (by art. 47); and hence the possibility 
or impossibility of any equation, in which the co- 
efficients do not exceed 50, may be ascertained by 
Inspection. 


— 
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Table of the Bao of Reaiiiecl to Cai 
Modulus, from 2 to 51. 


Moduli.js  ~ Remainders. A 
cc A... ‘i a 7 
2 1 tite g 
3 1 
; \ 
5 1% 
6 13 
" 2 9A0%8 : 
10 t 4° 5 pe 
11 1: 8:44) Loe 
13 t $9: 42°30 0. 
14 1:.2 2642-7)" Bae 
NS bee. O76 8 ao 
17 12478 Soe om 6 
19 E60) 52 Bh PE OAS. te are 
21 1.45, 4'4 9.25 460748 
22 3 SO 8 OPE Aes 14 AS eee on 
93 1°22 (3 Bae Bt 9 ae AS ee 
26 S147 9D BUC TS AB I6eAT Be 237" 25 
99 1.45.5 6:6 9 (194465190 22 293: O495:. 28 
30 1 & 96 59 10. 18:16 4972) Oe os 
SD ee a ee Oe te 16 16 419 SD oe 
33 1B GRD IRIS 16 Re ob ot "Si 
34 1695 Bi 9 18 0S) 116 a8. 110.) 21 85 86 
32 33 
85 149011" Te 15 16 21 25 29 50 
37 VBE WE) BPANLAY AV AG 21-25 67 OF 98 
33 34 36 
58 14S 8 1 = OCA 10 Oe aS 
_ 28 30 35 36 ) 
39 1.3 4.9 10 12.13 16, 98 85 27 30. 36 
bl TR a 8B 8 ID 16 ewe Bi ee 25. 5) 
3 33: 36 37 39 40 . brag 
_ &2 LB Ta DAS 16: AB Rg SA BG 88. 90 36. Bt 
43 La 6 9810 “At AS 18 we 10 T7131 +83 8 
$1 35 36 38 40 41 | 
4G lL 2 3. 46.8 (2 4g 6 18 23° 96.95 
27 29 31 32 35 36 39 41 ; 
at 3388 7 BS 1h - 16 «11 Be 
2 2 27 28 32 34 36 37 42 
5 1°4 9 19 15°16 18 19° 21 93 95 30 34 36 
2 43 49 : ; 
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Ex. 1. It is — to ascertain, Whethie the 
equation 70° + 11y°=132* be possible or impossible. 
11h7n+4, and 13%7n+6. 

Now 4 is found in the table to belong to modulus 7, 
but 6 is not found there, whence the equation is 
impossible. 

Ex. 2. Find whether the equation 

7x +11y*?= 232" be possible or impossible. 

llw#7n+4, and 237n+ 2. 

And 4 and 2 being both found to belong to mo- 
dulus 7, the equation may be possible, 

asa | : ! 

, 7e11n+7, and 23:11n+1. 


‘Now one of these remainders, 1, belongs to mo- 


dulus 11, but 7 does not, therefore the equation is 
scupeattie! 

Ex. 3. Find whether the equation 

142° + 6y° =172° be possible or impossible, 
614n4+6, 17414n+3. 

And neither 6 nor 3 belongs to modulus 14, there- 
fore the equation may be possible, 

Again, 

“  446n+2, 176n+ 5. 
And neither 2 nor 5 belongs to modulus 6, the 


equation, therefore, may still be possible. 


Also, 
1447n+14, and 17—6#17n+11. 


And neither 11 nor 14 belongs to modulus 17, 
therefore the equation is possible. In fact, 


M01 LE 17 10". 
‘These examples will be quite sufficient for ex- 
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plaining our operation; it may not, however, be 
superfluous to add, that, when an equation appears 
under the form ax*—by’=cz*, it is immediately 
transformed to the sort of equation we have been in- 
vestigating, by writing it cz*+ by*=az*. The cases, 
in which one or two of the coefficients become 
unity, are evidently involved in the general form 
above given, and, therefore, need no examples * 


PROP. X, 

54, The equation 4° —y? =az° is always possible 
in integers. 

For, if we resolve «* — —y° into its factors x+y, 
and «—y (which are the. only two literal factors 
that the formula admits of), and also az° into any 
two factors amt’, and mu’, we have, by comparison, 

r+y=amt*, ) r+y=mu 

2 yma } oe yes Voge 
which, ay inultiplicaiion, becomes a*—y' =am’t’u', 
or «° —y’ =az’, by making z= mtu, 

Now these equations give, 


amt? + mu amt? — mue 
it; #= ei, and y= : 5 
mu’ + amt* mu —amt | 
aa: a “ollie and y= Pipe Bib 


On making m=2, in order to clear the ex- 
pressions of fractions, they become, 
Ist, v=aél’+w, and y=at’—w’; 
2d, r=w>+at®, and y=u’—at*: 
therefore, the equation is always possible in in-. 
tegers.— Q@. Es D. 


* See pany u. chap. iii. prop. 5. 
! 
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We may also take m=1, or any odd number, 
only observing, that if a be odd, we must have ¢ 
and wu both odd; for, otherwise, ¢ and y would 
not be integers, And if a be even, then w must be 
even likewise. | 

Cor. 1. If a be a prime number, the solution 
above given is the only one the equation admits of 
in integers, for a+y and «—y are the only literal 
factors of a°—y’; and amt? and mu’ are the only 
factors of az*, with regard to form; and, conse- 
quently, one of the two equalities must obtain; but 
the quantities # and y being indeterminate, they 
will furnish an infinite number of numerical solu- 
tions. But if a@ be a composite number, then the 
equation may have, beside the two solutions given 
above, as many different literal solutions as there are 


different ways of producing a by two factors; thus, 
if a=bc, we may have 


oe pecan lah Vo ti teipdabd: fad 


v—y=muU, y=amt 3 


od, —— =bmt*, hos —. 


L—y>=cmu x—Yy=bmt°. 


Cor.2. The equation 2°—y*=az* inchides the 
two forms wv°—az'=y", and x +az°=y’; for, by 
transposition, the first of these becomes x* — y’ = az’, 
and the latter y*—a°=az", which are evidently both 
of the same form. 

Therefore, if it be required to make x + a= y? 
a square, we may have x=al’—u’, or =w—at’, 
and z=2tu; whence 2° +azs=(af?+u‘°); or we 


Q 2 
r at ene dt . - hd 
may have.r= <3 and z=fu, which give 
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° Ob IONE cis | 
ee kd ae a | 


And to make 2°—az’=y’* a square, we may 
assume «= at? +u’, and z=2tu, which give 


a —az'=(al—v’)’, or =(w— at)’; 
pr we may take | 
ab + 


ilk 0%, and <=¢u. 


Cor. 3. But if a=1, and the equation becomes 
°42%= y*, then we may haye indifferently =f — wv’, 
ands = 2tu, or r= 2tu, andz =f — uw’, unless there be 
any thing in the nature of the equation that limits 
these forms: as, for example, if it be necessary 
that one of the quantities, x or %, be even; then it 
is obvious, that the even SRT must have the 
form 2tu. 

With regard to the equation 2°—2°=y"*, it gives 
either c=?°+2°, and s=2tu, or x=f’—u’, both 
of which values of % answer the required conditions 
of the equation. 

_ Ex. Find the values of 2, y, and %, in the equa- 
tion 2” — y¥° = 302". 
Here the following substitutions may be made, 


1. tty= mt”, oe x+y=30mt?’, 
a—y=30mu',” lL e-y= mu. 
5. eee Smt’, 0 J V+Y¥= 10m, 
x—y=10mu’, x—y= 3mu’. 
3. J tty= Ime”, o e+ y=15me’, 
T— y= lomu’, c—y= 2mu’, 
a, Stty= 5me, . Sety= Om#’, 
x—y= b6mu, r—y= 5mu. 


And alan. in each of these, = 2, in order ta 


ee 
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avoid fractions, we have the following general in- 
tegral values of x and y: 


1. et © SOU, | r= 30+ w, 
— 30u", y= 300° —' wu’. 

». = 3f + 102°, t= 108 + 3w’, 
we 3f— 10", °” 1 y=108— 3u’. 
peor +ise, | c= 15F + 2a’, 
y= 2B —15u', y= 150 — Qu’. 
x=5P+ Gu", oy a bt? + 5u’, 

4 y=5t— bu 60-5 
y= ths y= uw. 


In which formule, ¢ and w may be any integer 
numbers whatever. 


Oe PROP CAT. 
55. The two indeterminate equations, 
Y+y=2, and a&—y’=w', 

cannot both obtain, with the same values of x and y: 

For, in the first place, x and y may be con- 
sidered prime to each other (art. 47), and, there- 
fore, x and y both odd, or one even and one 
edd; and we see, immediately, that it is y that 
must be even: for if a®4n+1, and y4n+1, 
then 2°+y°s24n+2, which cannot be a square; 
and if a°s:4n, and y’sh4n+ 1, then 2° —y'sh4n+ 3, 
which is also an impossible form; therefore x is 
odd and y even. 

Hence, then (cor. 3, art. 54), we must have, 


: ay? = 5, r=f+u', 
a rs 2rs. | 2d, a 


Which furnish the following equations: ath 


TS eee SI: 
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Now, in these equations, r is prime to s, and 
¢ prime to u; for otherwise, « and y would have 
a common measure, which is contrary to the 
supposition; and, farther, as x=r°—s° is odd, one 
of these quantities, r or s, is even, and the other 


odd; and the same is also true of .¢ and u, because 
#+u°?=-2 is an odd number. 


e e TS ° e 3 7 e | : 
Again, since 7 = wis an integer, either r or 8; 


or both, must contain the factors of ¢; for other- 
wise the quotient would not be an integer: we may, 
therefore, make ¢=ab, supposing a, b, to be its two 
factors, which may always be done, because, in the 
case of ¢ being a prime, we have only to make one 
of these two factors equal to unity: and, since these 
factors are also contained in rs, we may write r=ar’, 
and s=6s’, whence w=?"s’; and now, substituting 
these values for r, s, ¢, and wu, the above equation 
becomes 3 


By /2 = ab? v% rs ‘2 


And here, since r is prime to s, and ¢ to us Tv’, 8, a; 
and 8, are all prime among themselves, as is evident ; 
for if we suppose any two of the quantities to have 
a common measure, as, for example, a and 6, then, 
since a and 6 enter, either separately or connectedly, 
into three of the above quantities, the fourth, r’s’, 
. must have the same common measure, that is, = ab, 
andu=r’s’, would have a common measure, whereas 
we have seen that mney are prime to each other; 
and, consequently, 7’, s’, a, and 6, are all prime to 
one another. 


Now, by transposition, this Ptition becomes 


RY 

‘ 
‘é 

> Y 
eT 
a 
ay 
s. ‘ 
SN 
Sa 

. 
on 
* 
a: 
mye 
ee 
A 
aes 


i 
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ar? — sor = = ab? +s°b*, or 
(a? — 8)r? = (a°+s”)b°, or 
ers F* 
as? ob 
And here, since a’ is prime to s”, a +s” is prime’ 
to a —s”, or they have only the common measure 
2 (art. 8); and we have, therefore, these two cases 
to consider separately. First, suppose a’+s” and 
a’ —s” to be prime to each other, then the fraction 
as” yr? 
7g il8. I its lowest terms, as is also 7>-, because 
a—s b 
r’ is prime to b; and hence, the two fractions being 
equal to each other, and in their lowest terms, we 
must have, as resulting from the first supposition, 


a+s?=r”, 

| a—s°=6*. 

Again, let.a*+s” and a’—s” have a common 
measure 2, then | ; 

aa eC}, te 

a? — 8”) a? — 8” Te 


Ra? 
the first and last. of which fractions are in their 
lowest terms, and, ere kel 


i(@+s°)=r° ay s* =: ee 
i(a?—s) =B, or * = 2b; 
the last of which gives | 
i @=r°?s+b', 


sar? — BF, 


Now these two results in both cases are exactly 
similar to the original equations, only here the 
quantities are much smaller than in that, at least 7’, 


s’, and 6, a, are less than y, because y=r’s’ab. 
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Hence, then, it follows, that, if the equations 


Au ead 
x — — yf =wW, 


were both possible, with the same values of « and 
¥, it would also be possible to find similar equations, 


x” ate = ane we . 
a? —y?=w” 
which would also be possible, ue in which 7’ < y. 


And, in the same manner, if these last were possible, 
we might still find pene 


where 7” < y, and so on of others, ad infinitum. 
But it is impossible for a series of positive integers, 


hog 
V9 pd) oo Md ogs eees 
to go on decreasing to infinity, without becoming 
zero; in whicli case our equations ate 


eae ° 
pT eR 
r= a 3 ] 
And, consequently, the two proposed equations can 


never obtain, with the same values of w and y, ex+ 
cept when y =o; that is, the double equality 


xv + y= 2, 
ef faw, 


is impossible. — a. E. D. | 
Cor. 1. Hence, also, it appears, that the two 
equations, 


\ 


a 4+ y? = 22", 
e—y=2u*, 


are impossible, with the same values of x and eL 
for these may be reduced to 
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y” = 2° wy; | 
and the two last being impossible, the former are 


impossible also. | 
Cor. 2. The two equations 


20° + y’ ae ; 
| 20° —y?” =", 
are both impossible, with the samie values of « 
and y. 
For we may consider x and y as prime to each 
_ other; and, therefore, both odd, or one even and 
one odd; but they cannot be both odd, for then 
ba? +y° =2(4n+ 1) + (4n’ +1) 4043, 
‘which cannot be a square. Neither can a be even 
and y odd, for then 
2a° = y? = 2(An) — (4n’ +1) 4K + 3, 
_ which is an impossible form. And if y were even 
_ and # odd, then 
‘ 2u° + y?=2(4n+1) + 4n’ An + 2, 
: _ which i is also impossible ; and, therefore, the two 
_ given equations cannot both obtain. 
Cor. 3. And this again shows the san opie 
of the two equations 
| . + oy" = 22%, 
— 2y° OI ae 


: a ax" + (2y)*=(22)%, 
' — (2y)* = (20)*; 
which we have seen are impossible, 
= VOL. I. at 


114 ~— Forms of Square Numbers. 


‘PROP. XII. 
56, The two indeterminate equations, 
Fhe + 2y° — er, 
IW sw", 
are impossible, with the same values of x and y. 

As, in the foregoing proposition, we may con- | 
sider # and y as numbers prime to each other, also, 
as in that, w must be odd and y even; and, there- 
fore, we must have (cor. 3, art. 54), 


7 — 28%, r=2s—7r, 
ae Bi 278, bor ae 2rs. 


2d, | med + 2u’, ‘ Therefore, 


y= tu. 
r—2°=+4+ Qu’, or 28° —1* =f + Qu*, 
rs = tu; ‘ 


and it is to be demonstrated, that these twe equali- 
ties cannot obtain at the same time. . 
Now, for the same reason as in the foregoing | 
proposition, 7 is prime to s, and ¢ to uw; also, as in 
that, we may make r=ar’, s=bs’, t=ab, and 
u=r's’; which four quantities are all prime to each 
other, for the same reason as in the foregoing pro-_ 
position; and these values, being substituted for 7, 
s, t, and wu, give, | 
Ist, r°a’ —25"6' = a'b" + ors". 
2d, 25° x9? ee + Or"s*: 
which, by transposition, &c., become . t 
re + 25”) =Bi(a +28”), 
b*(2s" — a’) tee) 
and, by division, 
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Gik 28?) wee 2s? te. BF 
Ast, 2s" Bb? od, ? 95 _ 94? a 173) 

Now, since s* is prime to a’, the numerators of 
these two first fractions are prime to their re- 
spective denominators, or they have only the 
common measure 2; for if a?+2s”, and a®—2s” 
have any common measure, their sum 2a° will have 
the same; but 2a’, and @ + 2s°, can have no other 
common measure than 2, and this can only be 
when a is eyen; for, if a° be odd, a? +2s° is odd, 
and is, therefore, not divisible by 2; and, if a be 
even, s must be odd, because they are prime to 
each other: also in this case we may make a= 20’, 
whence our two expressions become _ 

: Ba’, and 4a” +28” 
and, after dividing by 2, we have 
| Ad”, and 2a" + 8”, 
one of which is even and the other odd, aad they 
are, therefore, in this state, prime to each other} 
because s” is prime to Be . ‘There are, therefore, two 
cases to consider separately : first, when the nume- 
rators and denominators are prime to each other; 
4 and, secondly, when they have the common mea- 
sure 2; 
In the first case, we must have, 
2 ID i nal f2 2 tu, £2 

To oe ee CL are 
The second supposition gives, 
let Se Aasy. od SE ltishas! 

? a’ — 2s" = 2b; 25 — a? =2r". 
Now the second and third of these forms are im- 
12 
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possible (corollaries 2 and 3 of the foregoing pro- 
position); and the fourth, being doubled, is similar 
to the first, being 


(2s')* + 2a° = (2b)*, 
TE 8(Qsy' ~ ga? (29 )*. 


And, therefore, if the original equation, 


x + 2y°? = 2%, . 
x bute 2y" =w*, 
‘be possible, it is also possible to find a similar 
equation, 
yk G+ 2s se"; \ me ee 2? + 2y" = 2, 
; 25)? ax Fu bv, —2y” =— w”, 
in which s or y’<y; becanae y =abrs. 
And, in the same manner, if this last were pos- 
sible, we might find another still less, 
ig Pt 2 22 —— gf12 
eee gaits 
in which y” < y’; and so on of others still less, ad 
infinitum: whence we conclude, the same as in the 
foregoing proposition, that the two given equations, 


x + Oy? =2", 
xv — 2? =w*, « 


are impossible, with the same values of « and y. 


Q, BRB, D. 
Cor. Hence again, the two equations, 


ox +4 = 92% 
22° — y* = 2w’*, | 
are impossible; for, if we multiply these by 2, they — 
become y 
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(2u)’ + 2y* = (2z)", 
(2x)* — 2y*° = (2w)’; 
and this being impossible, the first is so likewise. 
Schohum. As, in the following propositions, 
we shall have occasion to refer to the several im- 
possible cases demonstrated in the two foregoing 
articles and their corollaries, it will not be 
amiss to collect them together under one point of 
view, as follows; viz. | 
a a+ y= 2°, * e+ yf? = 22°, 
: e- y= wv’. ’ x y=2Ww’. 
or + y= 2, Se x + 2y* = 22°, 
22°- y= wv", : x — 27° = 20”, 
G+ ayi= 2%, ¢ 20° + y= 22", 
ot © Uae — y= 2’. 
All of which are impossible forms when taken in 
pairs, and similar impossible forms in pairs might 
be deduced from like investigations; such are the 
following, the demonstrations of which may be 
made to serve for) practical exercises for the 
student, 


1 e+ y= 2", P ; Ps y=, 
. xe a Qy” ant Fa ° x — ay" = w*, 

e+ pee r- zoe? 
P Lesaytenh some Sahat sy met 

~ al x + 2y° = 2", 6 a —'2y°='s", 
sone a+ 3y=w", oY PH 3y° =, 
Fe por : e+ par’ 

i | a + spew’ “4 1 x — af =u, 

§. toe es gg agate ponigt 
e+ 4y°=w’. xX — AY =U". 
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is e+ yf =e, a e— fa. 
. e 7s 3y" = uw, e Fi + 3y” = Ww’, 
Ne x > 3y° = ee 4 x nan 3y” = 2% 
; a+ 4y=w. , v—Ay’ =v", 


And, generally, the pair of equations, 


Sets, 
op oe y = w*, 


are impossible, if the two equations, 


m + cn’ =(e—1)p’, 
m+ n "== (c—1)g' 


be impossible ; ‘ise: conversely, if these last two be 


possible, so also. are. the former; the possibility 
or impossibility of which two last equations may 
be ascertained By inspection, from the ble at 
page 104, 


PROP. XIII. 


57. The difference of two biquadrates cannot bé 
equal to a square, or the si apa a — me 4 = 2° Is 
impossible. 

For a*—y' = (a° + y’)(a— y’); and since we may 
suppose’ x and y to be prime to each other (art. 47), 
it jollows, that a°+y’ and 2*—y’ are either prime 
to each other, or they have only the common 
measure 2 (art. 8); and, therefore, since their 
product is a square, we must have either 


for otherwise their product would not be a square, 
or the factors would have a greater common mea- 
sure than 2. 
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But each of these pair of forms are impossible, 
being the same as the forms 1 and 2 of the fore- 
going scholium; and, consequently, the equation 
whence they were derived is impossible also. 

: Q. Ey Das, 

Cor.1. Ina similar way it may be demonstrated, 
that the equation a* + 4y*= 2° is impossible. 

For, in this case, we must have (cor. 2, art. 54) 


{ r=yr’—s°, | 
2y°= 2rs,. or y’=rs. 
And, since x is prime to y, 7 is also prime to s; 
and, therefore, because rs=y’, 7 and s must he 
both squares; or r=2”, and s=y”, and these 
values, being substituted for 7 and s, become 

xr = at — y’, 
which form we have shown to be impossible in the 
above: proposition. 


Cor. 2. Hence again the equation 2° + y' = 22° 
impossible, ! 


iy \ ety \? 
For 2°= =, or v=( a ; and, conse- 


airs yf" 2 : 
quently, 2*—a*y*= ( ) ; that is, the difference 


) 2 
of two biquadrates is equal to a square, which is im- 
possible (art. 57). 


PROP. XIV. 

58. The sum of two biquadrates cannot: be equal 
to a square, or the equation a*+y'=2° is im- 
possible. 

For, first, if a*+y' be a square, we must have 
(cor. 2, art. 54) 
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x= fi; } a pede. 
7 us Qtu, 

which are two similar expressions; and it will, 
therefore, be sufficient for our purpose to consider 
either; and as we may suppose 2 and y as being 
prime to each other (art. 47), it follows, that ¢ 
and wu are also prime to each other; and, conse- 
quently, since 2¢u=y’, one of these quantities must 
be a square, and the other double a square (cor. 4, 
art. 17): let, then, ¢=2z2”;- and u=y”, whence 
f@—u?=4ar'—y'; that is, 2 =4a*—y”: or, mak- 
ing t=w", and u=2y”, the equation becomes 
a’ =4"*— sy; andwe have, therefore, to investigate 
the two expressions, | | 


a” = ay =a", 
Ax’* ea y* =f", 
one of which conditions must obtain, if the original 


equation be possible. 
Now these are resolvible into the factors 
Ist, a*—Ay"*=( a” +2y")( x?—2y"). 
ad, 4a"— y= (20+ y*)(20"— 9%). 
And, since x is prime to y, and ¢ to u, it follows, 
also, that «’ is prime to y’; and, therefore, these 
factors are either prime to each other, or have only 
the common measure 2 (art. 8); and, consequently, 


since their product is a square, we must liave 
{as in art. 57) either 


faz tage ; ee ee 4 
£ — 2y” oe me DS 


m the first case ; fees 
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2a” + y? =r" bo noes a v= ar", 
oat 


22° — y= 5s" > »— y= 28”, 
‘n the i 
But each of these forms, taken in pairs, has been 
demonstrated to be impossible (scholium, ait. 50); 
and, consequently, the original equation whence 
they were derived is impossible also. 
Cor. 1, Hence it follows, that the two equations, 


x — ay, = ? 
At— y= 2", 
are impossible, as is evident from the foregoing de- 
monstration, 


PROP. XV. 

59. The area of a rational right angled triangle 
cannot be equal to a square. 

For if it were possible, and x, y, and z, were made 
to represent the two sides and the hypothenuse of 
such a triangle, we should have 
a+ yp =z > 

Ary: =w*, 
Or, 
a+ 2ry+y?=2 + 4w*, and «°— 2ry+y?=2' — 40"; 
that is, | 
7 24 4w'=(r+y)*, 
— 4w'=(2—y)”. 

But these expressions cannot be both squares at 

the same time (art, 55); and, consequently, the 


area of a rational right angled triangle, cannot be 
_ equal to a square.— a. E. D. 


Cor. 1. Since, in order to have a aw right 
angled triangle, we must have x*+ y’= 3°; it follows 
(from art. 54), that 
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prey? sy 
y= Irs. 


; ; SC as 
e e e T —§ 
And, consequently, if in the fraction Be 4 OF 


27s ue 
ae the numerator and dendminater be taken for 
the sides of a right angled triangle, it will be a 
rational one; and in these expressions We may give 
any values at pleasure tor and s. If, in the second 


ul 
fraction =— Ty» we make.r.+54 1, it becomes 


Qs" +98 ae, hed 
Wtkho +1” 
and in this expr ession, by making aeeey 
oh... 4, &e., | 
we have the following remarkable series, 


lL Se Et ale see shakin 2 
2Q= 57) 49 5 63 &e.; 
each of which expressions, reduced to an improper 
fraction, gives the sides of a rational right angled 


ag 


=] 


ey 3’ 


triangle. And if in the fraction we make 


s=1, and r=2n+2, our expression becomes 


An? +8n+8 AN+3 
AN+A4 a "anew? 


and here, making n=1, 2, 3, 4, &c., we have 
this other series, 


ig Saba gh oll aib 49 523g oe 
Att 4.2.8 .°:12.,. 18, 2 2348 ar, 


which has the same property as the fornter. » 


* 4 98 


CHAP. Y. 


On the possible and impossible Forms of Cubes 
and Higher Powers. 


PROP. I. 
60. All cube numbers are of one of the forms 
An, or 4n+ 1. | 
For évery number is of one of the forms 
4n, 4nt+1, or 4n+2. 
And the cubes of these formule are 
(4n)°  =64n ch 4n, 
(An+1)°= 647° + 487° + 1O9N4+ 14nt T, 
(An+ 2) = 647° + 961? + 48n + SH 4n. 
Therefore, all cubes are of one of the forms 
sake An, or 4n+1. Q. E. D. 
Cor. 1, No number of the form 4n+2 is a 
cube. 
Cor. 2, As in these forms ” must be either even 
- or odd, that is, of one of the forms 2n’, or 2’ +1, 
the above formula may be again subdivided into 
the following: ) 
: 4h. 8 
i nom, { An + an, 1. 
An : 
ag hee Bae / 4n+ ae <a 
But, since 87 +4 is divisible by 4, and not by 8, 
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this form cannot contain a cube; and, therefore, all 
cubes to modulus 8 are of one of the forms 


8n, 8n+1, or 82+3. 
Cor. 3. No numbers of the form 8n+2; 82+ 4; 
or 82 + 6, are cubes, 


PROP. Il. 


61.. All cube numbers are of one of the forms 
(ny or (nt 1. 
For every number is of one of the forms 
72, (R41; JR his 

_ And the cubes of these formule take the fol- 
lowing forms; viz. 
786 P io a ai 
(7nt+1PH=7wW+3. +3...  ynt Le7nt1, 
(72+ 29 =7'4+3.2,7N°+3.2? Jnt BHIN+1, 
(7n+3PH=7N 43.3.7 43.3. 7n+2747N+1. 

Therefore, all cube numbers are of the forms 

qn, or 7n+1. | Q. E. D. 

Cor. 1. No numbers of the forms 7n + 2, 7n +3, 
7n+A4, 7n+5, can be cubes. 

Cor. 2. If a cube number be divisible by 7 » itis 
also divisible by 7°.. And, conversely, if a number - 
be divisible by 7, and not also divisible by 7°, that 
number is not a cube. . 

Cor. 3. As, in the above forms, must be either 


even or odd, we may subdivide these into the 
following: 


in. *e1An’, 


nn’ 
" 2 7nm+1sRlAn’+1, 


Forms of Cubes, and Higher Powers. 125. 


Tn 8% SiVAW AAT, .° 
7n+ 1x 1lAn’ +6. 
Therefore, all cubes to modulus 14 are of one of 
the forms, 147, 14n+1, 14n+7, 14n+6. And, 
conversely, no numbers of the form 14n+ 2, 14+3, 
14n+4, 14n+5, 14n+9, 14n+10, 14n+11, 
142412, can be cube numbers. 


Ne2n’ +1, 


PROP. III. 
62. All cube numbers are of one of the forms 
On, or On+1. 


For all numbers to modulus 9 must fall under 
one or other of the following forms, viz. 9n, 
On+1, 9n+2, 9n+3, 9n+4; the cubes of which 
give 


Ct ee a ee OM, 
(Qn+1)"=Q''*'+3. Q’n'+3. Qn+t 1IHON+I, 
(9n+ 2)? =9'n°+3.2.9'n°+3.2°.9n+ BHON+1, 
(098 te 3)? a= Qn’ £3. 3.9'n’+3.3°.9n+ 27 +9n, 
(Qn+4)= Q°n +3. 4.9'°+3.4°.9n+649n+1. 
Therefore, all cubes are of one of the forms 
On, or 9n+1.— Q. E. D. 
Cor. 1. No numbers of the form 9n +2, 9n +3, 
Qn+4, 9n+5, 9n+6, 9n+7 can be cubes, 
Cor. 2. By applying here the same reasoning as 
In the corollary above, we shall find, that all cube 
_ numbers to modulus 18 are of one of the forms 
18n, 18N+1, 18m+8, 18n+9; and, therefore, 
conversely, no number in any of the forms 187 + 2, 
182+3, 18n+4, 18n+5, 18n+6, 18n+7, 
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18n+11, 187+12, 18N+13, 182+14, 18N+15, 
182+ 16, can be a cube. 3 


PROP. IV. 
63. All cube numbers are of the same form te 
any modulus a, as the cubes 
O°, 1°, 2°):3%y Rees (a 1)’ 
For every number n may be represented by the 
formula an+r, in which r<a (art. 11): But 
(an+ry=a@n + 38an’r + 3anr+r> 
a(a’n’ + 3an’r + 3ur’) +7", 
and is, therefore, of the same“ when conipared by 
modulus a, as the cube r*; because all the other 
part of the formula is divisible by a; but since r< a, 
it must be one of the terms in the series 
1, 2, 3,4, &e., (a—1); 
and, consequently, all cubes are of the same form 
to any particular modulus a, as the cubes 
Or, 1°, 2; 3°, &e., {a= T)% a. E. De 
Cor. 1. Hence, in order to ascertain the forms 
of cube numbers to any given modulus a, we need 
only find those of all the cubes less than a; that is, 
of the series 
10%, 1°, 2°, B's &e., (a— 1) 
and hence a table of those forms might be readily 
constructed; but as, in many cases, the number of 
forms would be equal to the number expressing 
the modulus, no advantage could be derived from 
the classification, because no numbers are in these 
cases excluded; thus, to modulus 10 we should 
have the ten forms 10n, 10n+1, 102+ 2, 10n+8, 


re 
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40n+4, 10n+5, 1074+6, 10n+7, 10n+8, 


102+9; so that ne number is excluded with this 


modulus; and hence it appears, that cube num- 


bers may terminate with any of the digits, whereas 


in squares we have seen (cor. 5, art. 43), that they 


always terminate in 0, 1, 4, 5, 6, or 9. 


PROP. V. 


64. All cube numbers, with regard to modulus 6, 
are of the same forms as their roots. 

For all numbers are of one of the forms 6n, 
6n+1,6n+2, 6n+3, 6n+4, 6n+5; and the cubes 
of these formule will evidently take the following 
forms: 


(6n + 0)°,) ! ro’ sh 6n +0; 
(62 +1)’, 3 sh 6n+ 15 
(6n +2), 61 +°2; 
(6n+3)°, . the same form as < Hike Owe 3s 
(6n +4)*, | . | A On+4; 
(6n+ 5)’, L5°sh6n+ 5: 


which are manifestly the same forms as the cubes 
that they represent. 

Cor. Hence the difference between any integral 
cube and its root, is always divisible by 6. 


| PROP. VI. 

65. The equation (4p + 2) + 4qu’ = w’ is always 
impossible in integers, while g is prime to 4. 

For (cor. art. 47) the three cubes ?, uw’, and 
w’, may be considered as prime to each other. 
Also all cubes are.of one of the forms 4n, or 4n+1 
(art. 60); and, since 4gu’ is always of the form 4n, 
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_ whatever may be the form of wu’, we shall have, int 
the first place, by making #=.4n, 
(4p + 2)4n + 4quw = w An’ ; 
that is, @ and w* both of the form 4n, which is 
absurd, because they are prime to each other by 
hypothesis. 
Again, if f4n+1, we have 
(4p+2)(4n+1)+4qu =w’', or 
16p+ 8n+4p+2+4qu=w", or 
4(4p+ 2n+pt+qu’)+2 =w”"; that is; 
w+4n+ 2, 
which is an impossible form for cubes (cor. i, 
art. 60); and, consequently, the equation 
(4p +2)P + 4quv =u", 
is impossible, while qg is prime to 4.— a. E. D. 
The condition of ¢ being prime to 4 is evidently 
necessary; for if g had the form 2q’, then the equa- 
tion would become (4p+2)P+q’.(2u)’=w’, and 
the possibility or impossibility would depend upon 
the form of g’, and would, therefore, require a dif- 
ferent mode of demonstration;. hence, in this, 
and also in the following propositions, g must 
always be taken prime to the respective modulus 
with which it enters. 
Cor.1. By means of the general formula above 
given, we derive the following particular cases, 
which are all impossible in —— q being taken 


prime to 4. 
2h +4u=w'*, at° + Lo =U, 
66+ 40 = w’, —«/*6F + 120° = w’, 
1OP+40=w*,- | | 10¢° + 12° = w’, 
&e. «6&ke « &e. &e. &e. . Kc. 


Forms of Cubes, and Higher Powers. 129 


“And it is obvious how these may be extended to 
any length at pleasure; and others may be found 
_ by taking g=5, 7, 9, &e. 


PROP. VII: 

66. The two general equations, 
(7pEQWELTQU=w*, 
(7pt3)P+7qu=w', ; 

are impossible in integers, while 4 is pine to 7. 
: For we may, as before, consider #, uw’, and wu”, 
as prime to each other. And since it has bean shown 
(art. 61), that all cube numbers are of one of the 
forms 7n, or 72-+1; and, because 7qu is always 
of the form 7n, we need only give to & the two 
‘ forms 7n, or 7n+1, to ascertain the possibility or 
’ impossibility of the above equations: But in the 
case of #:7n, it is evident, that w’® would then 
have the same form 7n; so that @ and w’, being 
‘both of the form 7n, would not be prime to 
each other, which is contrary to the hypothesis; 
and, therefore, if the equations be possible, it 
‘must be when #®27n+1: let us, therefore, in- 
vestigate the equations upon this supposition. 
_ Suppose; then, #72 +1; whence the first equa- 
tion becomes 
(7p+2)(7n+1)+7qw =w", or 
- AQpn+ 14n+7pt2+7qQu=w’*, or 
7(7pntantpt+quv)+2 =w’, or 
, Wwe int 23 
Ewhich we have seen (cor. 1, art. 61) is an impossible 
“form for cubes; and, Eonnéeitietatly. the first equa- 
tion is impossible. 
VOL. I. K 
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In the second equation, by giving # the same 
form, we have 


(7pt£3)P+7qu =w’, or 
(7p+3)(7nt1)+7qu’ =w", or 


AOpn+ 21n+7p+34+7qu’=w", or 
W(7pnt3ntp+quv)+3 =w", or 

: wae 7n+ 3, . 

which is an impossible form (cor. 1, art. 61); and, 


therefore, both the original equations are impos- 
sible. — a. E. D. 


Cor..1. By means of these general Sovinditie are 
readily deduced the following particular cases: | 


f+ 7e=wW, 2/ +140 =w"*, 
3P+70=w", Se ¥ l4u'=w', 
AP + 7H=w", 46+ 140=wW ? 
5F +70 =u’, 50 + 140° =U", 
Of + 7u=w, Of + 140 =", 
10f + 7v=w, 102+ 140 =w’, 
é&ec. (Ke. &ex &e. § &e. fcc. 


Which are impossible forms for cubes, and the , 
may be farther extended by giving other values to 
p and g, observing to take q prime to 7. 


PROP. VIII. 
67. The three general equations, 


{ (Op + 2)# + 9quv=w’", 


(9p + 3) + qe =w’, 

(Qp+4)P + 9qu’ =u", | 

are all impossible in integers, g being taken prin 
to the modulus 9. 

For here again we may suppose ?@°, w°, and w’, 

being prime to each other; also, 9qu’* is always of 

the form 9n, whatever be the form of 2: it is, ther - 
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fore, only necessary to investigate the possibility or 
impossibility of the three given equations, under 
the different forms of #; viz. when &9n, and 
PweOn+ 1. 

Now, with regard to the first, viz. f9n, we 
see immediately, that in all the equations, w’ would 
have the same form Qn; and, therefore, @ and w* 
would thus have a common divisor, which is con- 
trary to the hypothesis, as all the three cubes are 
prime to each other; and; consequently, if the 
equations be possible, it must be when Ce 9nt 1. 

Now, this form being substituted for ?, we have, 

First equation, , 

(op + 2) + 9qu* 2.46%, of 

(9p + 2)(Qn+1)+9qu? = =w, or 

8ipn+ 18n+ Op+ 2+ 9g? =w*, or 

Q(Qpnt n+ p+qu)+2 =wW, or 

. Ww On + 2, 

which is an impossible form’ for cubes (cor. 1, 
art. 62); and, therefore, the first equation is int 
possible. | 

The second equation gives 


(Op x 3)F + Ogu’ =’, or 
(Qp+3)(Qn+1)+9qu =", or 
Slpn+ 27n+ Op+3+9que=w*, or 
O(Qpn+3ntptquy+3 =w’, or 
| we 9n + 3, 
_ which is likewise an impossible form for cubes: 
(cor. 1, art. 62); and, therefore, the second equa- 
tion is impossible. : 
In the third equation, we have; 

K 2 
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(Qp+4)P+9qwv =w*, or 

(9p +4)(9n+1) + 9qu =e tor 

Slpn+36n+9p+4+9qw =u", or 

Q(9Qpn+4ntpt+qu)+4 =w", or 

Ww On + 4, hee 
which is also an impossible form for cubes (cor. 1, 
art.62); and, consequently, the third equation, as 
well as the first and second, is impossible.—e. E. D. 
Cor. The above three general equations furnish 
the following particular cases of impossible forms 
of cubes: 


2f + 18u=wW', 


2f + Ou =u", 

86 + 9u° = a 3+ 18 =w’, 
4? +90 = es 4? +180=w’, 
5F +9u =H", 5P +180 =w*, 
62 +9v = ws 6f + 18° =w"’, 
4O+9W Saw, . 70 +18e=w’, 
11? +90 Sw’, 11f+ 18° =w’, 
Sc.) Rie. pete Ke. ae, &C. 


Which, like the other tables m4 impossible forms, j 
may be carried to any length at pleasure, by giving 
different values to p and qg; observing always, that 
g is prime to modulus 9. 


PROP. IX. 
68. If there be any case in which the equation ‘ 


a —y'=x be possible, the following conditions — 
must obtain; viz. y 
(Yer, 

L— ZS, 

YER | 

or two of these quantities will be of the form lere q 
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given, and the other of the form 9°, which resolve 
into the four following cases; viz. 


Lye 7, “v—yr9Or’, 
1st L—-SkR Ss, od, L— Sor s’, 
yte2nr &, Ytsr e, 
Lr—ye rr, B-ys r, 
3d, < r—s# 98°, Ath, ‘i s, 
y+onr &. yt+osnr9e. 


And it is to be demonstrated, that one of these four 
conditions must obtain, if the equation x’ — ¥° = 2° be 
possible; where 7’, s°, and , may be any numbers 
whatever, indicating aly that r—-y, ©—2%, Y+2, 
are complete cubes, or that they are of the forms 
there given, 

In the first place, we may consider a, y, and z, 
as being prime to each other (cor. art. 47); and 
since «> y, put x=y+d; then, because # is prime 
to y, dis prime both to x and y, for if y and d had 
a common measure, x would have the same, because 

=y+d; and if x and d had a common measure, 
y would have the same, because y=x—d; and, 
therefore, since x and y have no common measure, 
d is prime both to a and y. 

Now, substituting y + d instead of wx, in the given 

equation, it becomes 

(y+dy-y¥ = 2°,.0r 

3y'd +8y@ +d =z, or 

d(3y° +3yd +d’)=2°. | 
And here, since d is prime to y, it follows, that the 
first side of this equation is divisible by d once, and 
after that, neither by d nor by any factor of d, 
unless 3 be one. of its factors, in which case it is 
divisible by 3d once, and after that, neither by ¢. 
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nor by any factor of d. For of the three terms 
(3y° +3yd+d°), which form the quotient, two of 
them have d enter into their composition, and are 
therefore divisible by d; but in the other term, y* is 
prime to d, and, consequently, the whole quantity 
taken collectively is also prime to d, unless 3 be 
one of the factors of d, in which case, as we have 
said above, the first side will have 3d for a divisor, 
but after that, the quotient will be prime to d; and 
whatever is true of the first side of the equation is 
evidently so of the other side 2°, because they are 
equal quantities; and, consequently, 3° is divisible 
by d once, and after that neither by d nor by any 
factor of d, unless 3 be one of its factors; in which 
case, it is divisible by 3d once, and after that neither 
by d nor by any factor of d: and, therefore, d in the 
first case, and 3d in the second, must be complete 
cubes (cor. 1, art. 16); that is, we must have either 
dar, or d=9r’, in order that 3d:3°r°: or, since 
d=x-—y, it follows that «—y=7", or 97°. 

Now if the i pe ior a — “y =z be possible, so 
likewise i is—2e=y’, and it is evident, that, were 
we to consider the equation under this form, the 
result would be exactly similar to that obtained 
above; viz, a—x must be of one of the forms s’, 
gr 93°. é' 

Again, the same equation, by transposition, be- 
comes 

y 4m a’. 
And making ¥+z=m, or yam z, we have 
(m—z)+2=2", 
where m is prime both to z and y; a if mand z had 
a common measure, y would have the same, because 


) 


; 
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_m—x=y; and, if m and y had acommon measure, 


z must have the same, because m—y=2%; and, con- 
sequently, since y and z are prime to each other, 
it follows, that m is prime both to y and x. Now, 
by cubing (m—z) in the above equation, it be- 
comes | 

m —3m°s+3mz° =.2°, or 

mm — 3mz + 3z°)=2°. 


And hence, by exactly the same chain of rea- 


soning as that employed in the foregoing part of 


the proposition, it follows, that mis of one of the 
forms @, or 9f; or, since m=y+2%, we have 
y+ze0,or gf. And hence it follows, that, if 
there be any case in which the equation 


YY =e 
be possible, the following conditions must ob- 
tain; viz, 


e—ysar, or Or’; 
Y—ZtkS, or 95°; 
yt+2uF, or 9, 

But since x—y, «—%, and y+ 2%, are respectively 
the divisors of the three cubes 2°, y’, and 2’, and 
these quantities being prime to each other, their 
divisors are also necessarily prime to. each other ; 
and, therefore, only one of these quantities can be 
of the latter forms above given, for if two of them 
were of the second forms, they would have a com-. 
mon measure 3, which is impossible, since they are’ 
prime to each other. Consequently, if the equation, 

P-y=e ' 


be possible, we must have, 
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L—yar, 
L— THs’, 
Yt, 


Or two of these quantities must have this form, 
and the third the form 99°, which evidently resolves 
into the four following cases, one of which con- 
ditions must necessarily obtain, if the equation 


ya? 
be possible; vez. 
$i Ae that ‘wl yngr, | 
Ist, < r— ses’, ed): eerie Tl 
yrs F, Lyte &, 
: L-ya 7, cigs sy, 
3d, < 2 +298, Ath; < wisn: a’, 
ytse &, yt sro. 
@. E, D. 


We have only considered the equation a —y'=2°, _ 
but this evidently includes the more general form _ 
x +y°=2°; for if the ambiguous sign be taken +, 
it becomes 2° +y°=2°, or 2 —y’ =a’, which is the ; 
form that has been investigated, the only difference — 
being the change of the letter < for 2. 


PROP. X. | 

69. The sum or difference of two cubes cannot 

be equal to a cube, or the equation 
ais jas 

is always impossible, either in integers or fractions. 

First, from what has been observed above, it will 
be sufficient to consider the equation under the 
form 2° —y=2°, which involves the two forms 


NY 
e 
‘ 
Be 
: 
| 


position that 
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except in the change of one letter for another; we 
shall, therefore, only investigate the equation under 
the limited form #—y =x, which, beg proved 
impossible, will necessarily involve the impossibility 
of the general equation a +y'=2°. New by 
the foregoing proposition, if the equation be 
possible, one of the four following conditions must 


obtain * ; viz. 


v—y= 71, x—y=9r", 
jst, < £—S= §, AG 6 Meo Ss 
yte= FP, Y+2z= PF. 
Lys Tr, L—-y= 7, 
sd, < @©—2=9s’, Ath, < r@—z= 8’, 
yt+s= F. Yts= =9t". 


But at present it will be sufficient to consider one of 
those cases; for example, the first; and in onr re- 
sult, by substituting 9r° for r’, Qs’ for s°, or 9¢ for 
#; we shall evidently have the results in each of 
the four cases, 

First, then, let us endeavour to ascertain, 
whether the equation be possible, upon the sup- 


‘ se a 
r—ysr, 
Yr % 


Now from these’ three inlene we obtain the 
three following ones; viz. 
re Hh+(s i hhe. 
yatit +r) 
g=1iP-(s—r)}. 
And; consequently, since 


“e—y=, or ®=y+2°, we have. 


* Since the above quantities are of these forms they may be 
made = 7%, 3°, &e. 
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(s +(s° ett < + (s°— my eS =(8- aN 
= —_ a ’ * 
: ey Sy et 
Or, 


{8+ (8 t+r)Pslhe(S—r)Ph+{P-W-ry)}. 
Again, | | 

y 209 6/3 3 3/3 Q 
{fO+(s+r)} x +38 (s + 21°) +3 (s + 7°) +: 


(+7). 
a + 38 (S —9°) +38 S—ry+ 
{P+(s—r) hs | e Aion ) ( ) 
_f ®-38(8— 7) + 3#(8—r 
ele pal ae 


And subtracting the first equation from the sum 
of the two latter, to which it is equal, we have 

2 — 3f(s +) +30{ a(s'—r)—(¢+r°)?} — 
(+7°)=0; or 

P—38(8 +7) +3F(8 +r yP—(e4+r)yPs 
24% s°r°, because , 
2(s°— 7°)? + 887? =2(s°+7°), whence 

(EO —(s +7’) Ps 24h s'r°. 


And here the impossibility of the equation is 
manifest, under the present supposition; because. 
we have got an integral cube, equal to three times 
another integral cube, which is absurd. But by 


substituting 9r° for r?, 9s° for s°, and 9# for #, the | 


impossibility is not so immediately obvious; for, in 
these cases, by putting 9° for 7°, we have 
. \E&—(s°+9r’) = 216#'sr’ = (6¢sr)’. 
Again, writing 9s° for s’, we obtam 
{f — (9s° + r)\*= 216 s'r° = (6¢sr)’. 
And 9f for # gives 
(9 —(s' + 7°) |= 2162s'r° = (Gfsr)’. 


ea Re eee See a 
Se eS Eee S AE 
aa . i. rs ade 


= ee RES ee Fee See wee ee 
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And it here remains to ‘be shown, that these 
equalities cannot subsist. | 
Now these equations, by extraction, become, 
ist, £— ¢—9r =Cisr. 
od, £-—98 — 7’ =6tsr. 
3d, 9° — s~— r=Ctsr, 


Whence, again, by division, we have 


Rr s or? 
Age oer dp saad 3.) 
meee A 4 
2d, Boe oin Fo g: 


And one of these equations must be possible, if 
the equation whence they were derived be so. 

But, since r, s, and ¢, are prime to each other, 
each of the above fractions is in its simplest 
form; and they each contain a factor in their de- 
nominator, that is not common with the other de- 
nominators; and, therefore, these fractions cannot - 
any how combined be equal to an integer (cor. 2, 
art. 13). | 

Having therefore shown, that if the equation 
a°—y’=z were possible, one of the above ex- 
pressions must be equal to the integer 6; and 
having also demonstrated, that these fractions can- 
not be equal to any integer whatever, or that the 
above equalities are Lapousbla sink therefore ne- 
eessarily follows, that the equation whence they 
were derived is so likewise; that is, the equation 
a*—y’=2 is impossible: but the impossibility of 
the equation a’—y’= 2" involves in it the impos- 
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sibility of the general equation 2° + x =; and, | 
consequently, the equation | 
P+yp=az 


is impossible i in seh numbers. — a. E. D. 
Cor. nay x + y' = 2° Is impossible, so likewise 


g | 
+ ie eee , for this may be reduced to. | 


dade = “Ee, 
where the latter cube must be an integer, which we 
have seen is impossible; therefore, the equation | 
cannot obtain, either in integers or fractions. 


PROP. XI. : 
70. The third differences of consecutive cube ] 
numbers are constant, and equal to 1.2.3 =6. 
For let (c—1)', 2°, (+1), (e+ 2)’, represent 
any four consecutive cubes, then 
(vc—1P=a°—32°+ 3x-1, 
xv ee it 
(vn+1)$=a°4+3a°+ 3€4+1, 
(w+ 2) =a°+6a°+1274+8. 


3x°—32+1, 
Ist differences, < 32°+32+4+1, 
32° + Or + 7. 
A 8S: 6x 
us 
2d differences, ' a 


3d _ difference, =6=1'..47 3: . Q:-k, D. 

Cor.1. In the same manner it may be shown, 
that the third differences of cubes, the roots of 
which are in arithmetical progression, are equal to 


/ a 
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1.2.3.d', where d is the common difference of 
the roots. : . 

Cor. 2. The second differences of consecutive 
squares are equal to 2; or to 2d’, if their roots 
form an arithmetical series, whose common dif- 
ference is d; which is readily demonstrated on the 
same principles as those employed above. 


PROP. XII. 
‘71. Every complete biquadrate, or 4th power, 
is of one of the forms 5n, or 5n+1. 

This is evident, for every square number is of 
one of the forms 5”, or 52+1; and a 4th power 
being the square of a square, we have 

(5n . )?=5°n? RON, 
(5n+1)?=5'n?+10n+15n4+1; 
therefore, every 4th power is of one of the forms 
Sn, or 5n+1.— @. E. D. : ) 

Cor.1. If a 4th power be divisible by 5, it is 
also divisible by 5*. And, conversely, if a number 
be divisible by 5, and not by 5%, that number is not 
a 4th power. 

Cor. 2. No number of the form 52+ 2, or 5n+ 3, - 
or 5n+ 4, is a biquadrate. 

Cor. 3. Every 4th power-being of one of the forms 
5n, or 5n +1, we have, by supposing n even and odd, 
the four following forms to modulus 10; viz. 

woh { 5n + 10x’, 
Rene 5n+1m%10n aS: 


5n + 107’ +5, 


re “3 a 5a +110’ +6; 


: and hence every Ath power terminates tah one of 
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the digits, 0, 1, 5, or 6. And, conversely, no 
number terminating in 2, 3; 4, 7, 8, or 9, is a 
biquadrate. | | 
Cor. 4. Since it is demonstrated (cor. 2, art. 42); 

‘that all even squares are of the form 47, and all 
odd squares of the form 87+ 1, we have for the 
squares of these 

(4n  )*=16n* . 2 160’, 

(82+ 1)°=64n? + 167+ 116m’ +1. 
And, consequently, every complete 4th power is of 
one of the forms 167, or 16n+1; that is, every 


even 4th power is of the form 16”, and every odd 
4th power of the form 16n+ 1. 


~ PROP. XIII. 

#9, All 4th powers are of the same form with 
regard to any number a as a modulus, as the 4th 
powers 

oO”, fy OM, Sy Ky Gear, 
when a is even; and as 


ee a—1\* 
OS. ae 3 &e., ( . y, 


when a is odd. , 
For every number whatever may be represented 
by the formula an+r, where r never exceeds 1a 
(art. 10). But 
(an+r)'=a'n' + 4a’n’r + Ca'n’r? + Aanr’ +7r*; 
and all the terms, but the last, of this expression, 
being divisible by a, the whole quantity is evidently 
of the same form, with regard to a as a modulus, as 
the last term 7*; but 7 never exceeds 1a, therefore, 


ee ee ae ge eee a ee ee ee ee ee Se a ee 
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every 4th power to modulus a is of the same form 
as the 4th powers 
O°, 1°, 2*, 3°, &c., (4a)*, when ais even; and as 


e—3 
or, 3, ee. ( 


) , when a is odd. 


: a Dp. 

Scholium. By means of this proposition, we 
readily compute the following table for 4th powers, 
which exhibits all the possible forms to every mo- 
dulus, from 2 to 12. 


Table of the Forms under which all 4th Powers 
are contained, to every Modulus, from 
2 to 12. 


A 


Qn =ant+l 
3n —-3n+1 
4n 4n-+1 
Sn Sn-+1 
6n 6nt+1 6n+3  6n-+4 
in+1 7n-+-2 7n-+-4 
8x 8n-+l 
9n On-+1 On--4 On--7 
10% 10n+1 10n+5 # 10n-+6 
lin lin+lI lin+3 bin+4 lin--5 1In--9 
12n 12n4+1 12n+4 12n4+9 . 


oe) ‘ 
-Ooown +o &@ Fo bw 
a] 
= 


pod 
o 


And hence, by way of exclusion, arises the 
following 
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Table of impossible Forms for Biquadrates, or 
Ath Powers. 


Moduli. Impossible Forms. 
we 


3 3n+2 

4 An+2 4n+3 

51 Sn4+2 5n4+3 5n+4 

6 6n+2 6n+5 | 

7 7n+-3 In4+-5 Fn+6 

5 Snt+2 8n+3 Snt4 Snt5 Sn+6 8n+7- 
9 9n+2 9n+3 On+5 9n+6 On+8 

10 10n+2 10n+3 10n+4 10n+-7 10n+8 10n+9 
11} Vim+2 lint4 lin+6 11n$7 11n4+8 11m-+10 


1g | §12n+2 12n+3 18n45 12n+6 12047 12n48 
7 12n4+-10 12n-+-11 


These tables are sometimes useful in ascertaining 
the possibility of equations of the form 2* + ay*=2*. 


PROP. XIV. 
73. The two indeterminate equations 
j yt ns yt = 2, ‘. 
a+ ay’ = + 
are both impossible. ea 
For we have seen (arts. 57 and 58), that the 
equation 2° + y’=<* is impossible in integers; and, 
therefore, a fortiori, the equation a* + y' = 2* is also 
impossible. 
Again, we have, by transposition, in the second 
equation, 
at — ot = ( ay’)*, 
which is also impossible (art. 57); and, - conse- 


quently, the two given equations are impossible i im 
integers. — @. E. D. 
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Cor. Hence it follows, that the equation 
ie Be 
is impossible, because we have demonstrated (cor. 1, 
arts. 57 and 58), that a*+4y*= 2° is impossible. 
Also the equation a* + y*= 2z* is impossible (cor. 2, 
art. 57). 
On similar principles it is evident, that both the 
equations 
97* — y' om roe 
Ag* —y' = “ 


are impossible ; by the same arts. and cors: 


PROP: XV. 
74, The three general equatioris 
(5p + 2) 5qu =u, 
(5p+3)@t5qu=w’*, 
(5p+4)f+ 5qu=w', 
are impossible, g being taken prime to 5. | 
_ For, in the first place, we may always considet 
‘#, uw’, and w*, as prime to each other (cor., art. 47). 
_ And since all 4th powers are of one of the forms 
5n, or 5n+1, we shall have, by giving to ¢* these 
forms, the following equations: 
If f5n, 
(5p+ 2) x 5n5qu‘'=w* bn’, 
1. < (5p+3) x 5ne5qu=w' bn’, 
(5p +4) x 5n+ 5qut=w* bn’. 
q And if f= 5t+ 1, 
{eps 2) x (6n +1) 5qu*=wtsbn+ 2, 
2. 


(5p +3) x (n+ 1) 5qut =w'se bn 3, 
(5p + 4) x (5n+1) + 5qut=wisbn+4. 
a 


Tres aiacige sp aaa cain por 
$ if 


arenas tee 


146 Forms of Cubes, and Higher Powers. 
Now, in the first set of these equations, in which — 

it is supposed that fs25n, we have evidently, also, 
ws: 5n’, whereas it has been seen, that.t’, u’, and 
wv*, are prime to each other; ther efore, thie equations | 
are impossible, whenf5n, 
Also, in the second set of ‘equations, in Ww hich - ' 
t#5n+1, we have : 
winint 2, 
son a 


witKo5n+43 


which are all impossible forms for 4th powers 
(cor. 2, art.71). ‘Therefore the equations 3 
(5p+2)@p5qu=w*, 
(5p +3) Bbq =w", 
(Sp +4)t + 5qeu' =w*, 
are impossible, either i in integers or fractions. 
a. E. D- 


PROP. XVI. 
75. The general indeterminate equations 

(16p+r )i+ 2 =a", | 

(16p 4-7’ Sid Sr, 

(16p + 7°) + 4a =v", 

Bhs Me &e. . 
are impossible, » being any number >T and. less 
than 14; that is, #< 14) 7°<13, P’<12,&ce. 

For ¢', wu‘, and w*, being prime to each other, ant i 
all 4th powers, being of one of the forms 16n or 
16n + 1 (cor. 4, art. 71), it follows, that either ¢ and 
u' are each of the form 162+1, or one of them f 
of this form and the other of the form 16”; which 
suppositions furnish the following cases: - ' 


| 
a 
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‘Ast, AH16n+1, and wt16n' +1. Then 


4 (16p +r) (16p +1) + 2(167/ +1) Sw 
L T6n E+ 2, 
i (16p +7") x (16p + 1) + 9(160 +i)=0's: 
ee 16n” rT +3, 
(16p +7”) x (16p + 1)4+4(16n’ + 1)=w'= 
16n% +77 + 4. 
&e: ‘ke. &e. 


3d, te160, and 12:16n’+1. Then 
-(16p+r )x 1604 2(16n' + 1)=wt16n” + 9, 
2 (16p +7") x 162+ 3(16n’ + 1)=w*16n" +3, - 

(16p + 7°") x 16n + 4(16n' + 1) = wth 160” + 4: 

3d, #416 + 1, and uw 16n. Ther 
(16p+r )x (t6n+ 1)+ 16n’= wt 16n" +r ; 
4 (16p +r’ ) x (160+ 1) + 16n’ =w* ee 16n" +7’ ; 
(16p +97”) x (16n4 1)+ 16n’=w*16n" +7”, 


~ Now, in the first set of these equations, we have 
16n”’ + r+ 2, 16H” + “+3, 16n+r’+4; and since 
PED WK FB Ps ts, it is evident, that each of 
these forts +16 +, some quantity greater than 1, 
and less than 16; and, therefore, they are all im-. 
possible forms, by the converse of cor. 4, art. 71. 

And the second set of these equations are evi- 
dently impossible, as are also the third; because r, 
r, r’, &c., are each >1, but <16. And, con- 
sequently, all the equations in these forms are im- 
possible. — @. E. D. 

Scholium. The above set of forms bitches an in- 
finite humber of impossible formule for biquadrates, 
or 4th powers, and various others might have. been 
found; but as all those given for squates are 
equally applicable to 4th powers, it would be useless 

L 2 


- 
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to multiply them by other particular cases, as the 
methods which have been explained, the reader will 
easily apply to any particular case that may occur; 
and as he is thus furnished with so many cases of 
the impossibility of equations of the forms 

ax’ + by’ =2*, ax’ + by’ =2°, and ax*+ by =2*, 
whigh might have been carried to a much greater 
extent; it will always be proper, when any equa- 
tions of these forms are proposed, to examine, 
first, whether they be possible or impossible ;, 
as, in the latter case, much unnecessary labour 
will be avoided. But it may be necessary to 
caution the young practitioner, that though an 
equation may fall under a possible form to one mo- 
dulus, it may be impossible under another; and, 
therefore, that it is not so easy to show that an 
equation is possible, when it really is so, as to show 
the impossibility in those cases that are impossible. 
In short, there are no means of showing that an 
equation, which exceeds the 2d degree, is possible, 
but by solving it; but the impossibility may be fre- 
quently demonstrated by the methods above taught. 


ol 


PROP. XVII. 

76. No triangular number, except nity, is @ 
biquadrate. 

For, if possible, let 

: x(x+1 

ee) =y', or r(x+1)=2y'; 

now, since the two factors x and x+1 differ from _ 
-each other only by unity, they are necessarily prime — 
to each other: but if. 2y* be resolved into two — 
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factors prime to each other, they must be 2m* x n'; 
for it cannot be otherwise resolved into factors, that 
are prime to each other, and this leads to the fol- 
lowing equations: 


.t farsi, 
hee picseheain ad, PO ie 


The first gives *—2m*=1, and the second 

2m‘ —n*=1., 

The latter of these equations, by transposition, 
becomes 1 +*=2m*, which is impossible (cor. 2, 
art. 57); and, from the first, we derive 

m>+n*=(m*+1)*, or (m’)*+n*=(m*4+ 1)’, 
which equation is also impossible (art. 58); there- 


fore, no triangular number, except 1, is a bi- 
quadrate, 


PROP, XVIII. 

77. The 4th differences of consecutive 4th 
powers are constant, and equal to 
1x2x3x4=24, 

For let x—2, x—-1, w, +1, £+2, represent 


_ the roots af: any five consecutive 4th powers; then 


(x + 2)*=2* + 82° + 242° + 324+ 16, 
(v+ 1)* sat + 42° + od 4¢+ 1, 
(x+0)* =a", 

(vx—1)*Sa*—42°+ 6a°-— 4e4+ 1, 
(a — 2)*=a* — 82° + 24a°— 3244+ 16. 
Ax’ + 182° + 284% +15, 

4+ 64°+ 44+ 1, 

4x°— 62°+ 4¢-— 1, 

4x’ — 184° + 284-15. 


Ist diff. 
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/ | 122° 4+24¢4+ 14, 
| od. diff. < 12¢°+ Or+ 2, 
12x” — 247 + 14, 


ey ree eR 
ad dis get ie 


4th diff, =24=1,2.3.4. 


Aud if the common iad of their roots be d, 
then the 4th differences will be 1.2.3.4. d'. 
| Q@. E. D. 


PROP. XIX. 


78. Every 5th power is terminated with aie 
same digit as its root. Or all 5th powers are of 
the same form, with regard to modulus 10, as the 
roots of those powers: 

For all numbers to modulus 10 are of one of 
the following forms: , 


(102° , R10” ee 10n", 
(107+ 1)'s2107" op 2100’ +1, 
(102+ 2)? 10n’ + 2°: 10n” + 2, 
(107 + 3)’10n’ + 3°10n” + 3, 
(102 + 4)’ 10n’ + 4° 10n” + 4, 
(107 + 5)’ 10n’ +5°s 100” +5, 
(107 + 6)’ 10n’ + 6° 10n” +6, 
(102 +7) 10n’ +7 ‘100 +7, 
(102 + 8)’ 10n’ + 8° 10n” + 8, 
(102 + 9)°s210n’ + 9°210n” + 9. 


Where the latter formule are evidently the same — 
as the first; and, consequently, the powers have 
the same forms to modulus 10 as the roots of those 
powers, or they are terminated with the same di- 
gits. —@. E. D. | | 


ee ee ee ee ee 
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Cor. It has been demonstrated (art. 64), that all 
cubes havethe same forms as their roots to modulus 6 ; 
and, in the above proposition, that all 5th powers 
have the same forms as their roots to modulus 10; 
and the same is universally true for prime powers; 
namely, that they are of the same form as their 
roots to modulus double the exponent of the power ; 
viz. all 7th powers are of the same form as their 
roots to modulus 14, and 11th powers of the same 
form as their roots to modulus 22: and so on for 
any other prime powers, : 


PROP. XX. 


79. The 5th differences of consecutive 5th pow- 
ers are constant, and equal to 


1.2.3.4.5'=]20.: 


For let @-—2,°2—-1, x, v+ hy) 2+ /9) 2+ 3; 9eé 
present the roots of any six consecutive 5th powers, 
then 


(e+ 3) aa? + 154° + 90a’ + 2702* + 4054 + 243, 
(V+ 2) 2+ 102+ 402+ 802°+ 80r+ 32, 
(v+1i)=ar+ 52% + 108° + 10a°+: 5@+ 1, 
(x+0)=2’, 

(r¥—1y=2°~- 5a°+10¢°— 10a*+  5e-— 1, 
(x— 2) =2°— 102* + 40%°— 802°+ 80xr— 32, 


{ 50*+ 500° +1902? + 3252x4211, 

5a* +300 + 70x + 75x+ 31, 

Ist dif, < 5a*+10x2°+ 10a°+ 524+ 1, 
5a*—100°+ 10a°— 57+ 1, 
5a*—3Or'+ FO — T5x+ 31. 
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fsuetl gate "ie shag! 
: 2027+ 602°+ 70r+ 30, 
ad diff. | 202°+ O2*+ 10%+ 0, 

202°— 602°+ 7Or— 30, 


602° + 180z + 150, 
3d diff. 60x°+ 60r+ 30, 
60z*— 60r+ 30, 


conf 190r 4 200; 
ath diff. pee 0. 


iene #12044 .2,.9.4. 5. 
* @. Me 2. 
And if the jects of any set of 5th powers form 
an arithmetical progression, the common difference 
of which is d, then will their 5th differences be 
equal'to 1.9.9. 4.5 (a. | 
Scholium. It is also undoubtedly true, that the 
nth differences of consecutive nth powers are con- 
stant, and equal to1.2.3.4.5.6, &e.m; but 
it is difficult to demonstrate this on pure ele- 
mentary principles. ‘The demonstration appears — 
to rest on the following theorem; viz. the product. 


lV. 994.5 one 
n(n—1) , mn—1)(n— 2) 
CM A gan a aa 


a, (n—3)"+ &e. 
which is readily deduced from the Differential Cal- 
culus; but a demonstration, founded on those prin- 
ciples, could not, with propriety, be introduced 
into an elementary work of this kind. 


i ae EATS eer age 
. 
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CHAP. VI. 


On the Properties of Powers in General. 


PROP. I. 

80. The difference of any two equal powers, of 
different numbers, is divisible by the difference of 
their roots; that is, 7 

a—y'=M(a—y)*. 

For make «—y=d, or r=d+y; then a"—y" be- 
comes (d+y)"—y"; and we have to demonstrate, 
that this expression is always divisible by d, or 
ry. 

Now, by the developement of (d+y)", and 


writing for the coefficients of the respective terms, 


1, 8, Res P, Se., 4,1, we. Mave 


, (d+yf-y'= 


d" +nd"~'y + md*-*y? + pd" *y? aoe = ndy"~' _ 
d(d"=' + nd*~*y +md"~°y? + pd"~*y? be Marek oe rar"); 
which latter form is evidently divisible by d; and, 

consequently, the equal quantity 
(d+y)"—y', or ey" 
* The abridged expression m(x—y) indicates a multiple of the 


quantity within the parentheses, and may be read_ either 
a™— y" equal a multiple of x—y; or x"—y" divisible by x—y. 
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is divisible also by d, or by x—y, since +— = =d; 
that ig. 
a*—y"’=mM(x—y). Q. E. D. 
Cor. 1. When x is prime to y, then d=x—y is 
prime to both x and y (cor. 1, art. 7); and, con- 
sequently, the above quotient 


qd’! +nd*~*y +md*->y? + pd*-ty’ 2 Sie ny" * = 
d(d"~* + nd"-*y + md"~*y? + pd**y? + - --) +ny""" 
_is prime to d, unless the power 2 be equal to d, or 
some multiple of d; for all the terms, except the 
last, are divisible by d; but the last ny*~' is prime 
to d, unless 2 be a multiple of it; because we have 
seen that dis prime to y, and, therefore, the quo- 
tient is not divisible by d, except in the latter case 
and hence we conclude, that a”*—y" is always di- 
visible by x—y once, but after that, the quotient is 
not again divisihle by #— Y, unless N=L—Y, OF 
a= some multiple of s—y, 

Cor.2. If 2 bea prime number, ne the co- 
efficients of the expanded binomial d+y may be 
represented by : 

1, n, na, nb, &c., nb, na, n, 1 (cor. 1, art. 12), 
- in which case . 

(d+y)*—y" becomes 
| fit nes yma y +nbd"*y’, --- nad’y 
ndy"~" 
. { d(d*-' + nd"~*y + nad" i - - - nady"-* 
+ny"~'), alae ce 
which, being divided by d, gives for a quotient 
f d(d’-? +nd*~*y + nad’~*y’ + nbd"~*y’ a = Wiad } 
+ ny"™', 
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which is evidently not again divisible by d, unless 


n=d; for since n is a prime, it cannot be a multiple 


of d. But this quotient my be divisible by 2, if n 
be a factor of d; for if we make d=nd’, the above 
becomes 
uth (nd’)"~* + n(nd’)*~*y + na(nd’)*- ty + Oo ee 
nay"~°\ +ny"~’ 


which is evidently divisible by n, giving for a 


quotient 


d’\ (nd’)"~* an(ndy™ y+ na(nd'’)""*y + = - - 
men? ) ays ee 


but this quotient is not again divisible by ; for, 


since ” is a factor of d, and dis prime toy, y""' is 
prime to m; and, since all the first part of this 
quotient is divisible by m, but the other part, o's ‘is 
prime to n; therefore, the whole quotient is hed 
prime to n, And hence we conclude, that the 
difference of two powers, 2*—y" (when z and y are 
prime to each other, and 7 is a prime number) can 
only be divided once by x—y; and after that, nei- 
ther by x—y nor by any factor of x—y, unless 
n=x—y, or some factor of e—y; in which case, 
x" —y" is divisible once by n(a—y}, but after that, 
neither by x nor by {vy—y), nor by any factor of 
LY. | 

Cor. 3. The quotient really arising from the 


division a” — “y' by a—y is 


ey n—3 " rn 3 
ae Tee yt ay + arty’ + --- xy" 
+f 


which quotient, therefore, from what has been 
shown above, is always prime to a—y (« and y being 
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supposed prime to each other); except when 7 is _ 
equal to x—y, or when it is some multiple or factor 
of «—y. | 


PROP. Il. 

81. The difference of two equal powers is always 
divisible by the sum of their roots, when the ex- 
ponent of the power is an even number; that is, 
x*—y"=M(«+y), when n is even. — . 

For make x+y=s, or =s—y, then x*—y" be- 
comes (s—y)"—y", which we have to. prove is 
always divisible by x+y or s. 

Now by the developement of (x + y)", and writing 
for the coefficients of this expanded binomial, 

], My My Dy, BOC. Why Maids 

it becomes 
(s—y)"-y" = 

palace lapel ie i ‘y? + Cero + ms*y"-? 

nsy"~'; 

because, since ” is even, the last term of (s—y)’, 
namely 7”, will have the sign +, and will, there- 
fore, be cancelled by —y’. 

Now this quantity may be put under the form 

« P 1 ~ 1S *y + ms"” ‘y? — ps’ *y? + So, + msy"~ -3 
an ny"! 
which is evidently divisible by s; and, consequently, ) 
the equal quantity (s—y)’—y’, or a"—y" is alsa : 
- divisible by s, or by a+ y; that is, 
Bie y= M (x 2 y); 
when 7 is an even Le —@.E. D. 

Cor. It may also be demonstrated, by the same 

reasoning as that employed above (cor. 1, art. 80), 
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that, if x and y be prime to each other, then 2"—y" 
can only be divided once by «+ y, unless n be equal 
to x+y, or some multiple of x+y. 


PROP. III. 
82. The sum of two equal odd powers is is always 


divisible by the sum of their roots; that is, 


Py =M(e+y); 
when the exponent » is an odd number. 

For make x+y=s, or x=s—y, then a"+y” be- 
comes (s—y)"+y"; which we have to demonstrate 
is always divisible by s, or x+y. 

Now by the developement of (s—y)", and writing 

1, ”, m, ‘OCs, Me 1, 
for the coefficients of the expanded - binomial 
(s—y)", we have ; 


(s—y)"+y°= 


Cie? Se ee eee 


nsy"~', 
for since n is odd, the last term of the expanded 
binomial (s—y)", or y”, will have the sign — , and 
will, therefore, be cancelled by + y’”. 
And this expression may be put under the form 


a =r ye ‘Yy — “a y+ --- +msy"*” 
which is ace divisible by s; and, therefore, 
the equal quantity (s—y)"+y", or a*+y", is also 
ware by s, or by x+y; that is, 
u'+y'=M(e+y), 
when n is an odd number. — a. E. D. 
Cor..1. It may also be demonstrated, by the same 
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reasoning as that employed at cor. 1, att. 80, that 
if x and y he prime to each other, then 2” +2" eart 
only be divided by x+ ¥ once, unless n= (x +d), or 
some multiple of («+ d). 

Cor. 2. And ifn be a prime tiumber, and a and 
y prime to each other, then a” + y” can only be di- 
vided by a+ y once; and after that neither by r+y 
nor by any factor of x+y, unless n be one of its 
factors, in which case it may be divisible by 
n(x+y) once, but after that neither by 2 nor by 
(x+y), nor by any factor of (x+y); as is evident 
from the same reasoning as that employed at cor. 2, 
art. 80. 

Scholium. By means of the three for egoing pro- 
positions, and their corollaries, we may draw the 
following general conclusion with regard to the 
divisors of the formula a’ +y"; viz. 

1. If n be even, or of the form 2n’, then (x"*—y"), 

or (x —y") =M(x+y); and M(x-y). | 


But if « be prime to y then will 2°” —y” be di- 
visible only once, by each of those quantities, 
unless Qn’ =x+yY, or X--¥, or some niultiple. of one 
of those quantities. ; 

2. If n be odd, or of the form 27’ rat then 


(x —y"), or (a+ —y"*') =u(a—y); and 
(at sy"), or (at + yf) = aay). 

But if in these formule.2 and y be prime to cach 
other, then each of those quantities are only di- 
visible by: their respective divisors once, unless 
on’ + 1=x—Yy, or some multiple of x—y, in the first 
case; or 2n’+1=2£+Y, or some multiple of a+y, 
in the second case. And if in these two last forms, 


ore wie 


wf llc’ Ss laa SR EEN A Rack cee 
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w and y be prime to each other, and 2 be a prime 
number, then, in the first form, 2*—y" is divisible 
by 2—y once, and after that neither by «—y nor by 
any factor of («— y) , unless 2 be one of its factors ; 
in which case a*—y" is divisible n(a—y) once, and 


after that neither by 7 nor by (x—y), nor by any 


factor of (a—y). 


And in the second form, (2"+.y") is divisible by 
«+y once, and after that, neither by (x+y) nor by 
any factor of x+y, unless 2 be one of its factors ; 
in which case it is divisible by n(a+y) once, and 
after that neither by x nor by (w+y), nor by any 
factor of a+y. 


By means of the above propositions, we are also 
enabled te ascertain the divisors of the sum or dif- 
ference of unequal pewers of the same root; viz. 

-(@"—a")=m(e—1), and m(a+1), 
when m—n is even, or of the form 27’, for 
ue" — =a" x (a"-"~1), 
and since m—n:2n'’, therefore, 
(a"-"— 1) =(2"—1") =M(v—1), and m(w+ 1); 
and, consequently, _ | 
a” x (#"-"~ 1) =(e"—-2")=m(a—1), and m(x+1). 
Again, if n—m be odd, or of the form 2’ + 1, then 
“(a — a") =u £); and 
—(a" +2") =M(e+ 1). 
For Se 2 
(a" — a") = 2" x (2™="— 1), and 
(x +2") =a" x (a™"" +1); 
also, since m—n-e2n' +1, therefore, 
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(x™-"~1) = (a+! — 1+) =u(2—1), and 
(a"-" +1) = (a4? 414!) =M(a+1)3 
and, consequently, 
a" x (2"-"— 1) =(x2"~ 2") =M(a#—1), 
x" x (a™"-" +1) =(a2" +2") =M(a4+1). 


Lemma. 

83. In demonstrating the impossibility of the 
equation 2"+y"=2", it will be sufficient to consider 
m2 as a prime number. For suppose ” be not a 
prime, but equal to the product of two or more 
prime factors, as 7=pq, then the equation becomes 

vr +”! = zis Crt} + (y?)? = (37) 

being a similar equation, in which the power g is a 
prime number; and, therefore, if the equation be 
possible when 2 is a composite number, it is also 
possible for a prime power; and, conversely, if the 
equation be impossible when the power is a prime, 
it is also impossible for every composite power; we 
shall, therefore, in what follows, consider 7 as a 
prime number. 

Again, we may always sappose X,Y, and 2%, as 
prime to each other; for it is evident, in the first 
place, that two of these numbers cannot contain a 
common divisor, unless the third contains the same. 
Suppose, for example, that 2" and y” contained any 
common divisor, as ¢, and that’2" did not contain 
the same, then, in the equation 2"+y"=2", we 
should have 2"*+y" divisible by $, but the equal 
quantity 2* not divisible by it, which is absurd; 
and the same may be shown if any other two of 
these quantities are supposed to have a common 
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divisor which the third has not. And if they 
have all three the same common divisor, as 
x=or’, y=oy’, and <=’, then the ~~ 
- becomes 


"x Frid £ ory’ = os”, 

or, dividing by the greatest common divisor; 

| a” + y= 2! 

if, therefore, the equation 2"+y"=2" be possible, 

when x, y,; and z, have a common divisor, it is 

also possible after being divided by that common 
divisor, and in which latter equation the three re- 

sulting quantities, a’, y’, and 2’, are prime to each 
other; and, conversely, if the latter be impossible, 

the former is impossible also; we shall, therefore, 
only consider the cases in which v2, y, and x, are 
prime amongst themselves. 3 
It willalso be sufficient to consider the ambiguous 
sign + under either of its forms + or —; for if 
“the equation x"+y"=2" be possible, so also is the 
equation 3"—y"=2"; and if the equation be im- 
possible under the latter form, it is likewise im- 
. possible under the former. 
_ We shall therefore limit our demonstration to 
‘ the equation «"—y"=2z", in which n is a prme 
“number, and x, y, and z, numbers prime to each 
other; the impossibility of which, from what is 
said above, involves with it the impossibility of 
the general equation 2"-+ y"=2", when x, y, and 2, 
are any numbers whatever, and any number ex- 
cept 2, or some power of 2. Now, with regard to 
“n= 2, we know, that the equation is not impossible, 
but the case of m equal 4 has been demonstrated to 
: M 


’ 
a 
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be impossible (art. 73); and this latter case involves. 
that of every higher power of 2, thus 


x + = 2° — (x”)* + (y*)* — (32)*5 
which being impossible in the latter form, is ne- 
cessarily so in the former ; and, in the same manner, 
the impossibility of the equation for any higher 
power of 2 may be shown to be involved in that of 
m=4: it is evident, therefore, that our equation, 


together with that of x=4, involves every possible 
value of 2 greater than 2. 


PROP. IV. 

84. If the equation c°—y"*=2x" he possible (7% 
being a prime number, and x, y, and z, prime to 
each other), then one of the four following con- 
; ditions must obtain; viz., 


e—ysr", | x easily vs 
ts, < <—Ses, od, < £—Z2 es", 
: Y+ sat’. Yt See, 


L—-YRr, L—ywar, 

3d, jiaten, 4th, {en 3 
“Lot sat". y+ scan 't", 
Where r, s, and ¢, may represent any numbers. 4 
whatever, indicating only, that (r~y), (r—2), : 
(y+), &c., are complete nth powers, or that — 
they are of the form 7”, s", #. ‘This follows — 
from what has been demonstrated cor. 2, art. 80; _ 
viz. that a*—y" is divisible by x—y once, and — 
after that neither by x—y nor by any factor ~ 
of x—y, unless m be one of its factors, in — 
which case 2"—y" is divisible by m(a—y) once, and — 
after that neither by 2 nor by a—y, nor by any 
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factor of x—y; and the same must necessarily be true 
of the equal quantity 3"; viz. that it is divisible by 
x—y once, or by 2(e—y) once, when 7 is a factor 
of x—y, but after that it is neither divisible by 2 
nor by x—y, nor by any factor of x—y, and, 
therefore, (cor. 1, art. 16) e—y, in the first case, 
and n(xv—y) in the second, must be complete nth 
powers; that is, 
r—yr, or nx—y) rn; 
‘but the latter of these forms, since ” is a prime 
number, must be 
na—y)en'r", or 2—yren"'r; 

and, consequently, if the equation 
) x” — y" = 3" 
Ibe possible, we must have «—yshr", or n"'r". 
~ But the equation 2*—y"'=2x" may be put under 
‘the form x"—"=y"; and, consequently, we have 
falso the same result as to the difference x— 2; viz. 


— 8", or n"~'s". 
And again, by writing the equation thus, 
) i a i 
we shall, by means of cor. 2, art. 82, and the same 
Feasoning as that employed above, find, that 
i ytsut, orn f, 
~ Hence, then, if the equation 
vy" = 2" 
be possible, the following conditions must ob- 
tain ; viz. 
te The difference of the roots «— yr’, or n"~'r". 
a The difference of the roots 2— Scrs", or n"='s", 
. T he sum of the roots. y+xen¢", orn" '2". 
i. M 2 
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_ But since (x-y), (w—x), and (y+), are re~ 
spectively divisors of the three nth powers, 2", y", 
and x", and since these three quantities are prime 
to.each other, their divisors must also be prime 
to each other; ‘and, consequently, only one of 
these can be of the latter form above given, as they 
would otherwise have a common divisor 2. There- 
fore, if the equation be possible, we shall have 


either | 
L—YywBr’, 
L— BRS", 
Yt euR?, 


or two of these quantities will be of this form, and! 
the third of the form 2"-'¢", which evidently re~ 
solves into the four following cases, one of eal 
must necessarily obtain, if the ppaien an — yf" = x" 
be possible; viz. | 


f BY “e2—ysen'r’, 
Ist, teers 2d, {ante 
y+ set". Ytsat 
o> YR, L—Yar, 
$d, tae 4th, ae 
Ytsuk. Y+ Scant" 4 
ee @. E. De 


REP A ae 


~ 


PROP. ¥. 

85. The equation x*—y"=s" is impossibl! 
in integers, ” being any prime number greate’ 
than 2. ag 
We have before observed that x, y, and z, maj 
be considered as prime to each other, and by t 
foregoing proposition it is demonstrated, that, if th 
equation be possible, one of the four followin 
conditions must obtain; vz. 
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te r-—y=r",* x y= n> ye" 
ist, ‘fae 2d, \* Maris, 
y+s=l” yt sal’. 
L—y=r", x—y=r", 
3d, ‘Caer Ath, oss 
ytsst.. Lyt+s=n"?t. 


But at present we shall only consider one of those 


_ cases, for example the first, and in the result, by 
' substituting n’-'r” for 7°, n"-'s” for s”, &c., we 


shall arrive at all the possible cases. First then, let 


us ascertain whether the equation w"—y"=2" be 


possible, on the supposition that 


x—Y=?r", 
£—Z=s", 
yt+s=l. 


Now from these three equations we derive the 
three eee we 


S=1{t"—(s*—7")}, 


_ And, consequently, since 2*—y"= 2", or 2"=y" +2", 


we have 


S ay (as aah acca 


me (s*+r")}"= (2 —(s"— 91") f+ {+ ("=r") 
Now 


{+ (s” oe ee "(st —7") + nat °"(s" — ‘\ 
r")* + nbt™-°"(s"— 1")? &e. : 


* See note, page 137, 


166 Powers in General. 
{ "a (s" ae r) i= ae nt'-" (s” ah r") “e nat" *"(s" Ae 
r’)? — ROE OS ih “ath x one &e. 


f {er (s” +r") pe = + nt" (s" +7") ak nat™~*"(s" 4. 
| 1 ry)? + nbt™-*"(s" + r*)?— &c.*¥ 


And here, since the sum of the two first expressions 


is equal to the third, it is evident that the latter, — 
subtracted from the sum of the two former, is equal | 


to zero. But in adding the two first together, the 
2d, 4th, &c., terms cancel; and, consequently, in 
subtracting the latter from that sum, the 2d, 4th, 
&c., terms will remain the same, except that the 
signs will be changed from + to —. And as to 
the 1st, 3d, &c., terms of the first two equations, 
and the same terms of the third, we shall have, 
by observing that 
(s*— 7")? = (s*+ 7")? — 45"7", 
ie rs ie (s” 4 ryt me 8(s"7" i rey, 
(s*— 9")? = (s" +7") — 1259 — 408" — 128", 
~ &e. &e. &e. 
for the sum of the two 
Ist terms 27”, 
3d terms 2nat™~*"(s" + r”)?— Qnat™-°" x As"r”, 
5th terms 2nct"™~*"(s" + 7")*— 2nct™-*"X 8s"r"(s" +97"), 
7thterms, &c. | 
And, consequently, subtracting from those sums 
the Ist, 3d, &c., terms of the third line, namely, 
ist: term 7™, 
3d term nat™>*"(s"+7")°, 
5th term net™~*"(s" + r")*; 
the remainders of these particular terms will be, 


Re PMT Ti ee eh ee Te 


oi 
: 
; 


* By writing 2, na, nb, nc, &c., for the coefficients of the bino~ f 


mial, cor. 1, art. 12. 


Powers in General. 167 


ist rem. =f", + 
“3d rem. =gat""*"(s" + 7")* — 2nat™-™ x As pe 
/ 5th rem. =nct™~*"(s" + r")* — 2nct™~* x 8s"r n(s + 
7threm. &e. &e. 


In short, the whole of the reniindlet which is 
equal to zero, will be expressed by 


: j { ‘if (s* +7”) }"— (2nat™-™".4s"r") — (2nct™-™ , 85"r") 


se” oh rn) — &c, 


And here it is only necessary to observe, that all 
the terms on the latter side of this expression are 
divisible by ?’s’r", so that, for Foperepienity sake, we 
may write it thus, 


*fP—(" +7") }"—ts'r’a=0; 
and, consequently, 
fe (9 97) }" =e hs 


and here, since the first side is a complete nth 
power, the latter side, which is equal to it, must 
be so likewise; and, consequently, a must be a 
pepe nth power, or A =A"; that is, 


{t*— (s" +r) at's ah 
and, therefore, 
Las =tsra’: 3 
or, dividing by érs, we have 


— f gees | ana 


which must necessarily be an.integer.. But these 
three fractions are in their lowest terms, be- 


cause r,s, and ¢, are prime to each other, and. 
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each of the denominators contains a factor that is 
not common to the other two; they cannot, there- 
fore, be equal to an integer (cor. 2, art. 13); and, 
consequently, the equation is impossible under the 
first condition. And in order to arrive at the re- 
sults of the other three conditions, we have only to 
substitute 2"-'7" for 7”; 27's" for s”; and 2"~'t" for 
t’, whence we draw the four following conclu- 
sions ; 


2d, —--—-- =a’ 
Pape tr st ; 
n-1 m-1n-1 Rim | 
t me sc U EAN 3° S 
Ts tr St 


Ath th Dhitae ton erdeae ee Be 
ee | tr gt ; 


according as we assume the 1st, 2d, 3d, or 4th, con- 
dition. Inwhich expressions we ought to have one of 
the quantities a’, a”, a’, a’, an integer number, 
if the given equation were possible; but since in 
each of these expressions we have three fractions, 
in their lowest terms, and the denominator of 
each contains a factor not commen to the other two, 
therefore (cor. 2, art. 13) they cannot produce an 
integer number. : 
Having shown, therefore, that, if the equation 
x" —y" =z" were possible, one of the quantities a’, 
a’, a’, or A””’, would be an integer; and having 
also demonstrated that no one of these quantities 
can be an integer; tt follows, that the equation 


ra 


Se Pe on A en re a ee 


OE EE 
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whence they were derived is impossible; that is, 
the equation 2"—y"=2" is impossible, when 7 is 
a prime number, 

We have also demonstrated, art. 83, that the 
impossibility of the equation «*—y"=2", when 2 
is a prime, involves with it the impossibility of 
every equation of the form 


ety" = Kg, 2 


in which 2 is any number whatever except 2, or 
some power of 2; and we have likewise shown 
that the impossibility of the equation, when x is 
any power of 2, is involved in that of «*—y'=2", 
which particular case has been demonstrated to be 
impossible (art,73); and, consequently, the equation 


x” +y*= gn" 


is always impossible, when 7 is any integer number 


whatever greater than 2.— a. E, D. 


Cor. Since the equation 


yh ty" = * 
is impossible, so also is — +;=-,, for this is the 
Me ane, PD 
: < 2" p" 
same as v”+ y"=———: and, therefore, the equa- 


tion is likewise impossible in fractions. 


PROP. VI. 


86. If m be a prime number and x any number 
not divisible by m, then will the remainder arising 
from the division of x by m be the same as that — 


from the division of x” by m. 
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For make r= 2’ +1, then we have 
x" = (a +1)"=2'" + ma" 4 maa" "+ ---mrt+. 

‘And since all the terms of this expanded bino- 
mial, except the first and last, are divisible by m 
(cor. 1, art. 12), it follows that the remainder 
from the division (x’ +1)" by mis the same as that 
from the division 2’"+1 by m; which, by rejecting 
the multiples of m, may be expressed thus: 

a= (a +1)"= a" +1. 

Making now v’=2" +1, we shall have, on the 
same principles, 

ao = (xe 1)" De (a + 1)" 4 Dee 2, 


a+? 


Again, let 2”’=2’’+1, and we obtain 

eee a + oH a + S-. 
And thus, by continual substitutions, we have 

at al EL a! + oe B= Re: 3 ory 
| | x™= (w—1)"+1= (#-2)"+2=(4~3)"+9' he 
(e—x)" +2, | ; 

the Jast of which terms is equal to 2; whence it 
follows, that the remainder arising from the di- 
vision of w by mis the same as that from the di- 
vision of x” by m.— 4a. E. D. 


PROP. Vil. 


87. If m he a prime number, and a any num- 


ber not divisible by m, then will the formula 
x”-*—1 be divisible by m, or, which is the same, 
(a™-'—1) =m(m). 
For, by the foregoing proposition, the remainder 


‘pm 


ot Pi the same as the remainder of ra and, con- 
ne ; , 


arse Tae ee. eat wee? a 


Powers in General. 171 


sequently, the difference «”—w is divisible by m. 
But 2”—x©=2(«""'—1), and since this product is 
divisible by m, and the factor x is prime to m, it 
must therefore be the other factor (v"~'—1), that 
is divisible by m (cor. 5, art. 11).—@. E..D. 

Cor. 1. Since «”~'—1 is always divisible by m, 
if x be prime to m, and m itself a prime, there are, 
necessarily, m— 1 values of x less than m, that satisfy 
the equation 


ant y d 
Tg ae oa 88 integer ; 


that is, 2 may be any number in the series 
1.9). 3, 4,75, docs) m1, 


because all of these numbers are necessarily prime to 
m; and, since m—1 is an even number, we shall 
have also m—1 values of x, comprised between the 
limits —1m and 4m; that is, x may be any num- 
ber in the series 


21; 42, $3, +4 °~ 900 


so that, in both cases, we have m— | values xr< mM, 
that render the equation 
Cate 


=e, an integer. 
m : “Ss 


Cor. 2. Since 2"~-'—1 is always divisible by m 
under the limitations of the proposition, therefore, 
x"~'s:am+1; and, consequently, every power, 
whose exponent plus.1 is a prime number, as (7), 
will be of the form am, or am+1; and thus we 
may ascertain the forms of many of the higher 
powers : aos 
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xv‘ 5n,.or.. bn+1; 
v°se Yn, or Fr+1; 
x’ lin, or 1ln4+1; 
r°13n, or 13n4+1; 
&e. Be &e. 
Again, since m is a prime number, if it be 
greater than 2, it is an odd number; and, conse- 
quently, m—1 an even number; and, therefore, 


ae oa, 7  41)* G —1) 


and, since this product, 


m—1 m-1 
(S41) Fai) 


is divisible by m, and m is a prime number, one of 
these factors must be divisible by m; that is, 


m= 1 
x amatl; 
and, consequently, every power, the double of* 


whose exponent plus 1 is a prime number, as (2), 
is of one of the forms 


am, or am+1; 

and hence again, we derive the forms of many 
other higher powers; thus, 

v*s- 7n, or Jn+1; 

x°cse1lin, or lln+1; 

£°13n, or 13n+1; 

x *cte17n, or 17n+1; 

x°+19n, or 19N+1; 

L'=23n, or 23n+1; 


&e. &e. &c. 


And hence we have the following forms of all 
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powers from 2 to 12, the 7th powers only excepted, 
which cannot be introduced into these forms, be- 
cause neither 7+1, nor 2.7+1, is a prime num- 


ber. 


Table of the possible Forms of Powers, from 
2 to 12. 


e*se 3n, Or -3n+1-5n,‘or: 6n+1,; 


POR a aR ee A a Or. Feb beg 
eon $n, or Sat ie Ke a) e- 
@’ os + + + R1Ie, or lint 1; 
z°s: Yn, or Jn+1xk13n, or 13N+1; 
RT RS a ee Rae ae! Ci 
RO mm me aR A: OF Ln + 3B; 
ged = lm om. 's, SRIQN,.or 19N+ 1; - 
gf’ ila, or lim+ise j-( = = j2 
Le ee ems SB Se, a ee 1s. 


v’te13n, or i3nt+1s - - - - - 


Scholium. By means of the foregoing table of 
formule, we may frequently satisfy ourselves of 
the possibility or impossibility of equations of the 
form ; 

ax” + by" = dz". 


And also whether any given number @ is a com- 
plete power or not, without the trouble of extracting 
its root: it is to be observed, however, that a given 
number may be of a possible form, though it be not 
a complete power; but if it be of an impossible 
form, then we are certain, without any farther 
trouble, that it is not a‘ complete power. 
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PROP. VIII. 


88. If m be a prime number, and p be made te 

represent any polynomial of the nth degree, as 
P=2 + ar '+ bese? + --- 4g, 

then, I say, there cannot be more than z values of 
x, between the limits +m, and —-1m, that ren- 
der this polynomial divisible by m. 

For let & be the first value of x, that renders P 
divisible by m, so that . 

am=IK? + al?-'+ bk’ + ck’? + --- q; 
then, by subtraction, we have 
{ p—am=(2" — kh") + aft ~ -') 4 b(a-* — ey + 
e; : 
But the latter side of this equation, being divided 
by «—k (art. 80), we shall have for a quotient « 
polynomial of the degree »—1; which, being re-~ 
presented by p’, gives 
P—am=("%—k)p’, or p=(x—k)p’ + am. 

Let now i’ be a second value of x, that renders 
_ P divisible by m, then it follows, that (a—k)p’ + am 
is also divisible by m; and, consequently, (a—k)p’ 
divisible by mm, but the factor «—hk, which now 
becomes (k’—k), cannot be divisible by m, because 
both /’ and /: are less than +m; therefore, p cannot 
be divisible a second time by m, unless p’ be divi- 
sible by 7. : ia : 
~The polynomial p is, therefore, only once more 
divisible by # than the polynomial Pp’; and, in the 
same manner, it may be shewn, that p’, of the de- 
gree n—1, is only once more divisible by m, than 
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pr”, of the n—2 degree, &c.; and hence it follows, 


that, Pp being a polynomial of the » degree, there 
can be only x different values of x, comprised be- 
tween the limits +1m and —1m, that render it 
divisible by m.— a. E. D. 

Cor. We have seen (cor. 1, art. 87), that if m be a 
prime number, the formula 2”-'—1 has m—1 
values of a, between the limits +1m and —tm, 
that render it divisible by m. Now, this being put un- 


der the form G 1 :). G y it follows, that 


each of Pha factors A a 


ANI of 2, betw een 


the limits +1m and —tm, that render them di- 
visible by m. For neither of them can have more 


Pe | “ 
than — such values, by the foregoing propo- 


sition; and, since their product has m—1, it is 
obvious, that they have each the same number of 
values of x between the above limits, and that this 


- - m—1 
number is saa 
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On the Products and Transformations of certain 
Algebraical Formule. 


PROP, I. 

89. The product of the sum and difference of 
any two quantities is equal to the difference of 
their squares. 

For, ° , : 

: (r+ y)(e—-y)=2°-y'. Q. E. D. 


PROP. II. : 

90. The product of a sum of two squares, by 
double a square, is also the sum of two squares; or 
| (v?+y") x Q2?sha? ty”. 

‘or, , 
(a*+y*) x 23°= (x Le + (v—y)*. 2%, 
which is evidently 22” + y”. 

Cor. Hence if a number be the sum of two 
squares, its double is also the sum of two squares. 
Also if a number nN be the sum of two squares, 2"N | 
is so likewise. 

Thus, for example, 

52+)"; bx 910427 + 
10 x 2=20=—4°4+ 2° 20x 2=46=6°+ 2° &c. 


af 


PROP. III. 

g1. The product arising from the sum a two 
squares by the sum of two squares, is also the sum 
of two squares; or 
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(x +4/°) (x +4") ea” re cok 


“~y 


For; 

BiSITpS O° Tke sg) eet vr’ + se — x’y)*, 
+99 | orlae-gy P+ oy Hey 
as will be evident from the development of these 
expressions ; and, saps ; 
TO) AY Re 

Cor. Hence the picehict” may 2 divided into 
two squares two different ways. And if this pro- 
duct be again multiplied by another; that is the sam 
of two squares, the resulting product may be di- 
vided into two squares four different ways; and, 
generally, if a number 8 be the product of 1 factors, 
each of which is the sum of two squares, then will 
N be the sum of two squares, and may be resolved : 


+y” @: Bip: 


* 
into two squares 2” different ways: 


For example; 5=2°+1° 


a 
uf 


s 


The product ! 


i3 =3° + 2° 


Then the product 65=8°41°, or #+ 4°: 
Again, - - wate 


1105 =32°+ 9° = 33° + 4°= 31% 4 12° 
eae ash ods 
_ And this resolution of the given product into square 
- parts, is readily effected by the regain theo- 
rem; for 
{ (8° +1)(44+1°)=(4. 84i)'+(8. 1—4.1)*= 
Y (4; 8—i)+(8.. F442 teen 
(7+4)(441)=(4.74+1.4)4+(4.4-7.1)= 
(Ae7 2. at Lae 
And in the same manner may any other product; 
arising from factors of this form; be resolved into 
its square parts: 
56 
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PROP. IV. 

92. The product of the sum of three sen 
by the sum of two squares, is the sum of four 
squares; or 

(x? +y° + Pah A ti + yf" \cnew’? + a!” +o? 412, 

For, 

(x+y? + 2)(a% +") = 
(xx + yy’)? + (ay! — yx’) + 22? + y2°, 
as will appear immediately, from the development 
of these formule; and, Pine ork 
(oe t+y?+2)(e? ty") sw? +a? ty’? +2 
Q. E. D. 


Soest 


For example, - 14=3°4+ 2°41? 
5=2°+1 


70= (3.2 + 2.1)* + (2.2—3.1)* 

+2°4+ 1°=8? 4+ 1°4+2°4+ 1°; 
and a similar decomposition may be effected on 
any other similar product. 


Then the product 


PROP. V. 

93. The product arising from the sum of four 
squares, by the sum of two squares, is the sum of 
four squares ; or 

(w+ ae ty? + Natty ts shay +a +’? 4 27, 

For, 

, + x°)(a" + y’) wss00” + a and 
(Cy? + 2)(2" by )Ry? +2”, 
by art. us and, consequently, 
(w+ a? +y°+ 2 ‘Yat + yf") 00" fatty ree. 
@. E. D, 
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PROP. VI. 
94, The product of the sum of ae squares, by the 
sum of four squares, is also of the same form; or 
(w+ a°+y?+2°)(we +a? ty? + 2%) 
‘ w’” of vy” a Cie of me ) 
Foti eesstn pe 
(2w* + rv +y° Ae 2°) (av 4+. 9”? +y” abe ye ma 
(ww’ + xx’ + yy’ + 22")? + (wa’ — ew’ + y2’ — zy’)? + 
(wy! — az’ — yu" + 22x’) + (we’ + ay’ — ya’ — zw’)’, 


as will appear immediately from the development 
of the above formule; and, consequently, the pro- 
duct in question cl be + tb 2) — @. ED. 
Cor. 1. As in this product, there are only com- 
* plete squares enter, we may change at pleasure 
the signs of the simple quantities; and, conse- 
“quently, there will result several different formule 
equal to the same product, and each equal to the 
sum of four squares; and in so many different ways 
may any number that arises from the product of 
- factors of the above form, be resolved into the sum 
of four squares. 
Cor. 2. This proposition may be rendered more 
general by the following @munciation: 
The product of the two formula, 
pie — bx — cy’ + bez*)(w” — ba” — cy’ + bez’) + 
(w’? — ba” — a + bez’), 
For, 
(w* — ba® — cy* + bez*) (w® — bar = cy” + bes’ is = 
* — ( (ww' + bea’ + cyy’ + bezz’)* — 
b(wa' + w'a + cys + cy’z)* — 
: c(wy’ — bax’ yw + bz’) + 
: AL be(ay’ —w2’ + zw’ Fy2’)’, 
N2 
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as will be evident from the development ; and, cori=_ 
sequently, the product in question is of the same — 
form as each of its factors. 


PROP. VII. | 

95. The product of the two formule (a*— ay*) : 
and (2 — ay”), is of the same form as each of them; — 
that is, ] 
(a° — ay’)(x” — ay”) ea’? — ay 

For, aie 

| A xx’ + ayy’)? —alxy’ +y2’\,- 
(at ata ay) ee ee 


: 
: 
1 : 


Be 


(war’ — ayy’) — alzy’ — ay’) 
and, consequently, 3 : 
(2° — ay?)(a* — ay") sa! — ay’. : 

@. Es, Beil 
Cor. The product of any number of factors, 
each of the form (y°— ay’), is always of the same! 
form. 


PROP. VIII. 
96. The two formule 
(2° +y° + 2°) and (a? + y* + 22°), 7 
are so related to each other, that the double of the’ 
one produces the other; that Is, 
(a +4? + 2°) x Qa? 4+ y? + 22”, and 
(2° + 9° + 232°) x Qe? ty? + 2”. 
For, 
2(2* + * + 2°) = 2a" + 29° + 22° = 
(c+y) + (x—y)? + 28a? + y” + 22”. 
And 
2(a* + y® + 22°) = 2a° + 2° + 42° = 
(ety)? + (a@—y) + 4risna® + y® +2". 
@. E. D. 


| 
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For example, 14=3°+2°+1* 


Mult, by A  & 
= 28 = (3 + 2)°4 (3—2)?+2.1° 
| The product ; 54 12+ 2. 
nd: ie 15 #3°+09°+2.1° 
Mult, by - 2 


bess _, §, =30=(3+2)+ (3-2)? +2 
Phe product } = 5° 4 1*4 9°, 


And the same of all other numbers of these forms. 


PROP, IX, 
97. The formula 2°— 2y* may be always trans- 
- formed to another of the form 27”-—y”, and this 
jast may be converted into the former ;_ that is, 
: { a? — 2y? = 2x” — yf”, 
t 24°— ase vw — 2y”. 
a | 
a — 2y°=9(r+ y)— (at 2y)*2x"—y”, and 
22° —y’ = (a+ 2y)—QAaet yaa — 2"; 


lied 


as is evident from the development of these 
formule; and, consequently, a number that is of — 
one of these forms is also of the other. — a. E. D. 
For example, 14=2.3’—2°=4*-2.1°, 
Also, - - 28=6°—2.2°=2, Fes 
And the same of any other numbers of either of | 
these forms. | 


PROP. X. 
| 98. ‘The formula «°—5y* may be always trans- 
_ formed to another of the form 52°—y”, and this. 
last may be converted into the former; that is; 
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4 bye? y”, 
5a? — ye Be? —5y”. 
For, 
x — 5y?=5(xt aye (Qe + 5y)?5a"—y”, and 
5x —y’ = (5@+ 2y)’— 5(Qety)* 2” — 5y”; 
and, consequently, any number that is of one of 
these forms is also of the other. 
For example 29 =7°— 5.2°=5.11°— 24°=5.3°—4° 
And - - 41=5,3°—2*=19°—5 .8°=11°— 5.4’, 
And a similar transformation may be made on 
any other number falling under either of the above 
forms. | 


PROP. XI. 

99. If abe any number of the form J? + 1, then 
will the formula x*— ay* be resolvible into another 
of the form ax*—y’; and, conversely, this last may 
be transformed into the former; that i is, 

j a — (b+ 1)y? (b+ 1)a”—y”, and 

(6 + 1)a°— yx? — (0+ 1)y”. 

For, | 
x (B+ 1) y= (0 +1) (wt by) — {bet (B+ 1) y}}, 
and 
(P+1)a a —y ={ (b+ 1) at by} — (BP +1) (br+y/, 
the first of which transformed formule is evidently 

ee 1)a"—y”; also the latter 
ce” —(b°+1)y”; and, consequently, 
v—ay’snax”—y”, and 7 
ax’ — yx” — ay”, when 
Geel. 5. # | 
Cor. These general formule furnish us with 


4 
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many particular cases, which have the singular 
property of being convertible from one to the other ; 
such are 


72 


! #—) 2m I? y®, 


PH) pre at — ay”. 

2 Q 72 2 
Bir OY ROE or Yi 
Se ae [a a by”, 


{ x —10y°=107"— sy”, 

102 yes? — 10y”. 

: e—1l7ysl7z"*— sy”, 

Ve yee ee —17y”. 
&e, &e, 


PROP. XII. 

100. Te m and n be the two roots of the 
quadratic equation ¢°—a>+b=0, then will the 
product of the two formule («+ my), and 4 + ny), 
be equal to 2* + ary + by’. 

This is evident from the actual multiplication of 
the factors (w+ my) and (x + my). 

For, 

(x + my) (e+ ny) =2° + (m+n)xy + mny’; 


and, since m and n are the roots of the equation 


o*—ap+b=0, we have, from the nature of equa- 


tions, m+n=a, and mm=b; and, consequently, the 


k 


Va 


above product becomes 
x + axy + by’. 
ae: Qa. E, D 
Cor. Hence, conversely, every quantity of the 
form a* + ary + by* may be considered as the pro- 
duct arising from the multiplication of two factors, 


(c+ my) and (@+mny), m and x being the roots of 
the quadratie equation 
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°° —ad+b=0; 


or, which is the same, m nd n being sch as to 
answer the conditions, m+n=a, and mm=b. 


| PROP. XIII. 
101. The product arising from the multiplication 
of the two formule 


x + ary + by*, and a” + ax’y’ + by”, 
is of the same form as each of them; that is, 
(0° + aay + by") (a+ aa'y’ + by”) = 
(x ot ax’y”’ a by’), 
For, 
a* + aay + by’ =(x+ my\(e+ ny), and 
a” + ax’y’ + by” = (a! + my’) (a + ny’) s 
and, therefore, the product in question is the same 


as the continued product of the four latter factors. 
Now, 


(2 + my) (a + my’) = aa! + may’ + xy) + meyy’, 
but since m is one of the roots of the equation 
¢—ag+b=o, 
we have m’—am+6=0, whence m’=am-— 6; and . 
substituting this value of m*, in the above formula, 
it becomes 
aa! — byy’ + may’ + ey + ayy’). 
And if, in order to simplify, we make 
x = aa" — byy’, 
¥ Say! + ye + ayy, 
the product. of the two factors, Z 
(x + my) (a + my’) =X + my ; 
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and, in the same manner, we find 
(v+ny) (a + ny’) =X + ny5 
and, consequently, the whole product will be 
(x + my)(X + ny) =x’+ axy + by’; 
that is, the product 
he (a* + wat by) (x? + aa’y’ + by/ Deed od 


742 4), tt 


$aat’y! + 


oe 1. Hence it follows, that the product of 
any number of factors of this form; as — 


x + acy + by’, 

a 74 ax’y’ uf by”, 
a”? +- axly” + by’”, 
rc. &e. 


will always be of the same form as those faetors, 

Therefore, if we make «=.’, and y=y’, we shall 
have x=4 by? » and y=2ry+ay’; and, con- 
sequently, 


(x* + aay + by’)? = X"+ axy + by’, 


And, therefore, if it were required to make a 
square of the aang 


we shall only Pive to give to x and y the pre- 
ceding values, whence we readily obtain for the 
root of the square required the formula 
a + ary + by’, 

where v and y may be any numbers at pleasure, 

Ex.1. Find the values of x and y in, the 
equation 

x” + Sry + Sy? = 2°, 
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Here a=3 and b=5, therefore, the general values 
of x and y are 
rz Phu’, 
y=2tut 3u’, 
where, for distinction sake, we write ¢ and uw, in the. 
above formule, instead of «and y. Whence, by 
assuming successively, 
$3, 4,5, 6, &e;. 
Ra ne Wey, Bil: Doig als 
we shall have the following corresponding values 
of x and y; 
, e=A, 11, 20, 31, &c., 
y=9, 11, 138, 15, &e. 

Ex. 2. Find the values of. « and y in the 
equation ; | | 
a — 7 ty + 3Y°= 2". 

Here, since a= —7 and b=3, the general values 


of x and y are 
= —3u*, 
y= eh 7. 


And making now 
i=4; 5, 6; (7, 8,..c0ihe 
u=1, 1,1, 1,'1, &e ae 
we obtain ies 
2=13, 22, 33, 46, 61, &c., 
y= 1, 3, 5, > 9; &e.. 
Each of which corresponding values of x and y 
answer the required conditions of the equation; 
and it is manifest, that an infinite number of other 
values might be obtained, by changing those of # 
and u. | 
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On the Quadratic Divisors of ¢ certain a elo nie 
Formule. 


PROP. I, 


102. If the indeterminate formula 
py + 2qys+7rz =, . 
the coefficients, p, g, andr, have not all three the 
same common divisor, and y and z be any numbers 
whatever prime to each other ; and if 2g > DP, OF > 7, 
this formula may always be transformed to a similar 
one, | 
py" + 2q'y's’ +r’ =o, 

which shall be equal to the same quantity >, and 
in which 2q’ shall not exceed either p’ or 7”. 

Let us suppose, first, 2g >p; and in the case in 
which also 2q>r, let p be the least of these fwo 
numbers p and r, abstracting from their signs. 
Now make y=y’— mz, m being an indeterminate 
coefficient; and substituting for this value of y in 
the given equation, we have 

ply’ — mz) + 293(y’ — mx) +r =>, or 

py” —2(pm—q)y’s + (pm’— 2qm+7)2° =. 
And here we may always take the indeterminate 
quantity m, so that + (pm —q) <p (art. 10). Calling, 
therefore, +(pm—gq)=q’; and (pm’?— sqm+r)\=r; 
the transformed formula will be 
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py” fe 2q'y'2 ee 1's? = @, 
in which 2q’ <p (chs sign not excluding equality), 
and in which —q°=pr—¢, for 


“= pre — 2pqm+ q’, 
vit =p’ reece rp, 
therefore, by subtraction, 


Pe Ry 
where these quantities will always have the same » 
sign. 

Now, since we have 2g > p, and 2q’ < p, it follows 
that q’<q. We have, therefore, now, an equation, 


py + 29's +2 = 9, 

in which the mean. coefficient 29’, does -not exceed 
the extreme coefficient p; and if at the same time 
it does not exceed the other extreme coefficient 7’, 
the formula is transformed as requir ed. But if 29’, 
though <p, be >, we. “mlay- proceed i im a similar 
manner to obtain a new transformation, in-which” 
the mean coefficient (which we: may represent by q) 
shall be less than q’, and'so on again. for others, in 
whith the mean coefficient 2q°” is less than: ce : 
But the series of integers 


EE, 0's 7"; &e., 
cannot go on continually decreasing, without be- 
coming finally less than the extreme coefficients ; 
and, therefore, by continuing these transformations, 
we must necessarily at last. arrive at that, which ad- 
mits: not; of any farther reduetions and which will 
he consequently such, that the mean: coeflicient is, 
less than either of the extremes, or at least not 
greater than the least of them; for with any 


4 
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formula, in which this is not the case, a farther. 
reduction may be made. Therefore, every formula, 


py’ + 2gyz +72"; 
in which the mean coefficient 2g exceeds either, or 
both, of the extreme coefficients, may be trans- 
formed to another, in which the miean coefficient 
2q shall be less than either of the extreme co- 


_ efficients, or at Jeast not greater than the least of | 


them, — a. E. D. 


Cor. In the successive transformation of the 
formula, | 
py?+27 4% +727, to 
py +27 yz +1's', to 
py? ue 24" y'% year’s s. &e.; 
we have always 
pr alt g° = st g” = pr’ on ide &e 
each of these quantities having the same sign; for 
we have seen this equality take place in the transe 
formation that we have effected, and it is evident, 
that the same would still have place in any farther 
reduction, the operations being all effected in the 
Same manner. 
The following example may be of some use in 
illustrating the foregoing proposition. 
Let there be proposed the formula 


35y* + 172yz +2102°=9, 


in which the mean coefficient 172 exéeeds the first 


35; and Jet it be required to transform this. to 
another eqoual and similar one, in which the 
mean coefficient shall he less, than either of the 


extremes. 


\ 
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First, put y=y'- mz, which value of y, ae 
substituted in the given formula, gives 


35y” — (70m — 172)y’2 + (35m? — 172m + 210)z*. 
And now, in order that 70m — 172 < 35, take m=2, 
which reduces the above to 

35y” + 32y's + 62°=¢, 
in which the mean coefficient 32, though < 35, is 
still >6; and, therefore, we must hedeetdl to an- 
other similar reduction. 
‘Let, then, z=2’— my’, and the second trans- 
formed formula will become 


2’ — (12m —32)y’x" + (6m? — 32m + 35)y”. 
And here, taking m=53 in order that 12m—32 <6, 
we obtain 
62” — 42’ —7y” =6, | 
and this last formula has the required conditions ; 
because 4< 6 and <7. 
And moreover, in these transformations, we 
have | ! 
o> Ope og pe ag; ot 
35 .210—(66)*= — 46, 
35 #6 —(16)"= — 46, 
—6. 7-( 2)°=—46, 
all equal, and: with the same sign, as observed i ie 
the foregoing ptt Se 


a cue 


f PROP. Il. “ 
103. Every divisor of the formula f+ ant, in. 
which ¢ and w are prime to each other, and a any 
integer number whatever, positive or negative, . is 
also a divisor of the formula g* ta, 
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For let p represent any divisor of the formula 
+ au’, so that 
t+ au’ = pp’, 
then it is evident, that p is prime to uw, for other- 
wise ¢ and « must have the same common measure, 
which is contrary to the hypothesis, because ¢ is 
prime to uw; we may, therefore, find two other 
numbers, g and y, such that t=py+qu, q being 
+ or — as the case may require (art. 40): and if 
now we substitute this value of ¢, in the above ex- 
pression, we obtain 


py + Ipqyu + (q? + a)u = pp’; 
or, dividing by p, we have 


2 + 
py’ + 2qyut+ (! ; Ve =p’ 5 


and, consequently, since p’ is an integer, (g°+a)u* 
is divisible by p, but we have seen that w is prime 
to p, and, therefore, it must be the other factor, 
(q°+a), that is divisible by p (cor. 5, art. 11); 
therefore, if p be a divisor of the formula ¢* + au’, 
¢ and w being prime to each other, it is also a di- 
visor of the more simple formula 9° + a.—a. E._D 

Cor. Hence, conversely, if p be not a divisor of 
the formula g*+a, in which there is only one in- 
determinate quantity g, it cannot be a divisor of 
_the more general formula ¢*+ aw’, in which there 
are two indeterminates prime to each other. — 


PROP. III. | 
104. Every divisor of the formula + aw’, in 

which ¢ and w are prime to each other, is of 

the form py* + Aqui t 7 , and in which formula 
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pr—g =a, and 29 <p and <7, or at least not 
greater than either of them. 

For, by the foregomg proposition; we have 


py + ogytl + ¢ ; oe =p’ § 


9 


Qo. =] 

vb a be . nt! Soe ee j “+4 sae te ; 2e 

and, since 4 is an integer, make 1 , =r; thet 
p 


the above becomes 
py + 2qyut re =p’; 
that is; the faetor 
p hyn’ + Wqyt + ru’ ; 
but p’ may equally represent any one of the factors 


or divisors of #+ aw; and, consequently, every 
factor or divisor of the formula + aw’ is of the 


f 


form 


py’ + Syyte + rat. / a 
sr; therefore, prog ate 


And we have seen. (art. 102) how every indeter- 
minate formula, ip 

| py bE 2gyu tre, 

may be transfermed to another similar: and equal 
formulas 


oO : 


= 


rg ae Stipe fn 
And again, since q a 


‘ py +2 Gye 9's, 

in which the mean coefficient 29’ <p! and <r’ (the 
sign < not excluding equality); and im which 
pr—g is always euill to the same constant quan- - 
tity a. And, consequently, every divisor of the 
formula f+ a2 has its ae isors nes in the 
formula | : 

a + oqyetee 
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and in which ag does not exceed p or r, and also 
such that pr—q?=a.— @. E. D. : 

Remark 1. Since 2q < p,and 2q <r , independently 
of the signs of these quantities, we have 4g° < prs and 
because pr —q° =a, it follows, that when a is tiega- 
tive pr is also negative; for otherwise pr— gq’ would 
not havé the same sign 4s a, which we have seen always 
takes place in every transformation; and hence we 
readily draw the following corollaries, according as_ 
a 18 positive or negative. 

Cor, 1. Every divisor of the forniula # + au’, when 
a is positive, may be represented by ché formula 


py? + 24qyz+re, 
in Which pi—gq?=a; 2¢<p and <#, atid, con- 
sequently, 4g°<pr; and, therefore, pr—g’=a, 


‘. 1 0 es < , j a ’ e 4 . : : . ‘ 4 
>3q°, or g< V/V =: this is evident, because when 


a is positive, p and r are both positive. 
Cor. 2. Every divisor of the formula ¢— au* may _ 
be represented by the formula 7 : 


py + 2Gyz— re’; 

in which — pr-g=-—4, or pr+q =a, because, 
when @ is negative, pr is necessarily so likewise ; 
and, consequently, one of these quantities, p or 7, is 
+ andthe other —, and it is indifferent to which we 
give the sign — ; aid here, since pr < 4q°, we have 


a 
| a> sq’; or bex/* 


Remark 2. We may have cases in which 
p=r=29q3. as, for example, when p=2, g=1, 
and r=2; for then 2q does not exceed either 

£ : a 9 
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Gtia hi ©. : ce eee = 

p or 7, neither are p, g, and r, divisible by the 
same number, which condition is, therefore, strictly 


within the limits of the proposition; and hence it 
follows, that we must not consider the sign < in 


Th AH Ge ‘a a 
the two expressions q < / rs and q< \/ ra to ex- 
clude equality. 


PROP. IV. 

105. Every divisor of the formula +2, ¢ and 
wu being prime to each other, is always of the same 
form y’?+2%. Or the sum of two squares, which 
are prime to each other, can only be divided by 
numbers that are also the sums of two squares. 

For by cor. 1 of the foregoing proposition, every 
divisor of the formula + au is included in the 
formula 


py? + 2qyz + 7x, 
t ’ wir 2 ‘ / a ; : : 
‘and in which g < \/ 3 and pr — q = 4. 


Now m the. present case a=1,_ therefore, 


I tee ; I 
~q< / 3? or g=0, there being no integer < \/ 33 | 


: and, since pr—g=1, we have pr=1, and there- 
fore p=1, and r=1; ne Coalaene: the above 


ie formula, which includes all the divisors of @ +2’, | 


becomes 
UY +25 


7 Bint 4 is, omy divisor of the formula f + x is of the. 


form y° ‘+2, or every divisor of the sum “of two 
squares, ‘prime to each other, is also the sum of: 
two squares, —Q. E. D. | 


| 


ee ak on td 


But in this case a= 2, therefore q< VA — 
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Thus, for example, 65=8°+1° can .only be 


| Wivided by 13 and 5, both of which are. the. sums 


of two squares. Ata 50=7°+1 have for divisors 
2=P4T, o= =2°+1°*, 10=3°+1°, 25=4°+3°. 
Again, 221 = 10° + 11°is only divisible by 13 and 17; 
which are both the sunis of two squares ; and the 
same for all other numbers included in the 
formula ¢ + 2°, ¢ and wu being prime to each other. 


PROP. V; 
106. ‘hy ery divisor of the formula f+ 2u’, ¢ and 
« being prime to each’ other, is of the same form 


ay? + 22%. Or the divisors of the sum of a square, and 


double a square, are also the sum of a square, and 


double a square: 


For every divisor 6f this formula ¢ + av is con- 
tained in the formula 


py + 2gqyzt+re, 
P cd , a cat aidieg age 
in which q¢ < re 3° and pr—g*=a (cor. 1, art. 104). 
3? or RES 0; 
sie since pr—q’=2, we have pr=2, whence 


_p=2, and r=1, or p=1, and 7 = 2 ; therefore, 
the above Ferute becomes 


ay" + =", in the first case, and 
y+ 22; in the second, 


which are two identical forms, by changing y into 3, 

and z into y; consequently, ,» every divisor of. the 

forinula ¢* + 22° is also of ‘the same form as itself. 
Cor. 1. With regard tothe .divisor,2,..it, cam 


. only,be of the form.y' + 22%, when y=0 and 2=13 
_ #0, that; in 'this.case,, we have 0+ 2. 1°. 


£ Set ee 
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As an example to this proposition, we may take 
99=1+2.7°, which can only be divided by 
3=1°+2.1°, 
o=142,9%, 
11=3°+2.1%, 
33=5°4+2.2°; 
and it is the same with every number that is con- 
tained under. the above form, — 


PROP. VI. 


107. Every divisor of the formula é—2w’*, ¢ and 


2 being prime to each other, is of the same form 
y°—2u’. Or the difference of a square, and double 
a square, can only be divided by those numbers 
that are equal to the difference of a square and 
double a square. 

For since every divisor of the formula @ — au’ is 
contained in the formula 


py? + 2qyz— 72", 


in which pr+q°=a, and also g< Jt or < \/ = 
(cor. 2, art. 104), it follows that g=0, whence 
also pr=2; and, therefore, p=2 and r=1, or 
p=1 and r=2; and, consequently, the above 
formula becomes either — 

oy*— 2°, or y?— 22°, 

_-which two forms are precisely the same, because 
ay’ — x= (ay + 2) 2(y +)"s 
therefore, every divisor of the formula ¢°— 2u* is 
also of the same form. Or the difference of a 
square, and double a square, can only be divided 


F 


» 
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by numbers that are also the difference of a square 
and double a square, 
For example, 98=10°—2.1° can only be 
divided by 
2=2°-2.1', 
iy Hpea 3? 2s 1?, 
14=4°—2.1°, 
49=9°—2.4'; 
and the same of all other numbers in this formula, _ 


PROP. VII. 
108. Every odd divisor of the formula ¢° + 5e° 
is also of the same form y* + 32°. ) 
For since all its divisors are contained in the 
formula : : 
PY + WqYys+re’, 
in which pr—qg’=a, or pr—q=3; and also 


3 
ge oT x 2 (Remark 2, art. 104), so that g=1, 


or g=0; therefore, in the first case, since 2q¢ is not 
greater than p or r, and pr—g?=3, we must have 
p=2, and r=2, which renders the above formula _ 
Qy? + Wys+ 2"; 

but as this is evidently an even divisor, it-does not 
belong to the case at present under consideration, 
which only relates. to the odd divisors of the given 
formula. — | 

In our case, therefore, g=0; and, consequently, 
 pr-g=3, or pr=3; therefore, p=3 and r=1, or 

p=land r=3; whence the above formula is ‘Te- 
— duced to . 

3y* + 2°, or yf + 33°, 
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two expressions which are identical as to thei 
form; and, therean every odd divisor of the 
formula f° + 3% is also of the form 7° + 32°. 

Remark, With regard to the divisor 3, it is 
obvious that we must have y°=0, and z=1; or 
3=0°+3.1°; but for all other divisors this ex- 
ception has not place. | 

For example, 5°+3. paneowan 7.19; and 


7=2°+3.2°, also 19 = Ae + . 1°, both of the same 
form. 


PROP. VII. 1 

109. Every odd divisor of the formula &— 52" is 
also of the same form y*— 52", 

For all its divisors are contained in the firvagha 
7 py? + 2qyz%—72", 
in which -—pr—q’=-—a, or pr + g=5, and 

fe pe 
g= or < / z and, consequently, g=1 or 0; but 
the first case gives only even divisors, the same as 
in the foregoing proposition; and the latter case 
of g =0 reduces the above formula to 

by? — 2", ory — 52", » 
wien are identical farms: because 
by? — 2° = (Sy + 2z)°— 5(2y + 2); 

and, consequently, every odd divisor of the formula 
¢?— 5u® is itself of the same form. 

As an example in this case, we may assume 
95=10°—5.1°, which 1s only divisible Oh 5 and | 
"19. Now 5=5°—5. 9", and 1g 2ye_5 ; and 
the same of all other numbers in the Fas. ible 

Scholium. From the foregoing propositions it 
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appears, that all numbers which are comprised in 
the following formule, viz. | 

?+uw, &+2u, &—2Qu’, &+3u’, and &— 52’, 

é and u being prime to each other, can only have 
divisors ines are of the same form. It is only ne- 
cessary to except those divisors of the two: latter 
forms, 
2+ 3u', and t— 5u’, 

that are double of an odd number; the reason for 
which exception is explained in arts. 108 and 
109. 

It frequently happens, that a number falls under 
two or more of the above forms, in which case its 
divisors are also of the same double or treble forms. 
And in some cases we have numbers that belong to 
each of the forms above given. ‘Thus 


241 3 19°4+44=13°42.6=21°-2.10=7°4+3.9' = 
| 31°—5,12°, 
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CHAP. IX. 


On the Quadratic Forms of Prime Numbers, with 
Rules for determining them in certain Cases. 


Lemma. 

110. Since all square numbers are of one of 
the forms 4n, or 82+1, we establish at once the 
three following theorems: 

1. Every odd number represented by the formula 
yt xeant+ 1. 
2. Every odd number represented by the formula 
y +22°8n+1, or 82+ 3. 
3. Every odd number represented by-the formula 
y? — 22° 8n+1, or 82+7. 

And from these three arise, by way BE exclusion, 
three others; viz. 

4. No number of the form 42—1 can be re- 
presented by the formula y*+ 2’. 

5. No number of the form 8x+5, or 8n+7, 
ean be represented by the formula y* + 22°. 


6. No number of the form 8+3, or 8n+5, 
can be represented by the formula 2 y? — 22". 


PROP. I. 
111. Every prime number of the form 4” + 1 is 
the sum of two squares, or is contained in the. 
formula y° +2”. 
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For let m represent a prime number of this form, 

or m=4n+1; then (art. 87) 

(v"-!—1) =(m), or (*—1)=m(m): 

But x” — 1 = (a+ 1)(v"— 1), and each of these fac- 
tors has 2n valnes of x contained between the limits 
+im and —1m, that render them divisible by m 
(cor. 1, art. 88), whence the factor v”+1 is di- 
visible by m; but 2+ 1 is the sum of two squares, 
and therefore its divisor m is also the sum of two 
squares; because every divisor of the formula é + a 
is itself of the same form (art. 105).—a. E. D. 

Cor.1. As the form 42+1 includes the two, 
8n+1 and 8x+5; therefore, every prime number 
contained in these two latter forms is also the sum 
of two squares. 

Thus, 5, 13, 17, 29, 37, and 41, are prime 
numbers of the form 4n+1, and each of these is 
the sum of two squares; for 5 = 2°+ 1°, 13=3°+ 2°, 
17 =4?+ 1,29= 5° + 2°,387= 6 + 1°, and 41 = 5° + 4°; 
and so on for all other prime numbers of this form. 

Cor. 2. We have seen (art. 91) that every num- 
ber, which is produced from the multiplication of 
factors that are the sums of two squares, is itself 
of the same form, and may be resolved into two 
squares different ways, according to the number of 
its factors; and hence we may find a number, that 
is resolvible mto two squares as many ways as we 
please, by multiplying together different prime 
numbers of the form 4n+1.- 


PROP. II. 


112. Every prime number 87+ 1 is of the three 
forms 9 44, gf +92", and ye" 
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For let m. be a prime number of the form 8n-+ 1, 
or m=8n+1; then, as this form is included im that 
of 4n + 1, we know, from the foregoing proposition, 
that my’+2°; and it therefore only remains to 
demonstrate the cat latter cases. 

Now. since (a™"'—1)=M(m), or (a"—1)= (72) 
(art. 87), we may put this under the form 

(c*” + 1)(a*"— 1) : 

and each of these factors will have 42° values of 
z<im, that render them divisible by m (cor. 1, 
art. 88), so that there are so many different values 
of x, that render the binomial a+ 1 divisible by m; 
but this may be put under the form (a"*— 1)? + 22, 
and m being a divisor of this formula, it is itself of | 
the same form y’ + 22° (art. 106). 

We may also put the same quantity "+1, un- 
der the form ("+ 1)*’— 22"; and m being also a 
divisor of this formula, is itself of the same form 
y°? — 22° (art. LOZ). © 
Hence, every prime number of the form 8n-+ 1 is 
of the three forms y’ + x*, y’ + 22°, and y*®— 22° 

Q. E. D. 
Thus Aven 534 4h 3940 1a =p 279% 
And 73=8'+3°=1°+2.6?=9'— 2.2%, 


PROP. IH. 
113. Every prime number 87+ 3 is of the form 
: y+ 22, 7 
For let m be a prime number of this. form, or 
m= 8n-+1; then we have (by art. 87) 
(c"-'—1)=M(m), or (x"**— 1) = m(m); 


and there are 8n+2 values of w contained in the 
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series 1, 2, 3, 4, &c., 8%+2, that render this. 
formula divisible by m (cor. 1, art, 87); and; cons 
sequently, (2°"*°— 1) = M(m). 

But 2°°*?—1 = (2"*'+1)(2"*'—1), and, there- 
fore, one of these factors is divisible by m; and it 
cannot be the latter, because this may be written 
2.2*—1, which is of the form 2f°— uw’, or # — 2u’; 
and, therefore, if m was a divisor of this, it would 
be itself of the sarne form (art. 107), or may’ — 22°; 
but this formula cannot represent any number of 
the form 8n+ 3 (art. 110), whence, since m cannot 
be a divisor of this factor, it must therefore be a 
divisor of the other factor 2*"*'+1. But 

gett 4+ y= 2. oe" + Pomel +y’; 

and, consequently, its divisor m is of the same form 
(art. 106); that is, my’ + 2z°.— a. E. D. 

For example, 11, 19, and 43, are prime numbers 
of the above form; and 11 = 3°+ 2.1°,19=1°+2. 3°, 
and 43 = 5’+2.3°; and the same of others. 


PROP. IV. 
114. Every prime number 8” +7 is of the form 
y? ~ 22". 
For let m be a prime number of this form, or 
m=8n+7; then we haye (by art. 87) 
(a"-'—1)=M(m), or (a"t°—1)=M(m); 
and there are 8n+6 values of x, contained in the 
series 1, 2, 3, 4, &c., 8v+6, that render this 


foinats viable by m (cor. 1, art. 87); and, con- 
sequently, 


(2°"*°_ J) = m(mz), 
But gent6 i= (git 4 i}iees —1); and there- 
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fore one of these factors is divisible by m; and, 
consequently, 2 will also be a divisor of one of 
them when doubled; that is, itis a divisor of one 
of the two quantities 


RIN? ey 1), or 1 hai 1), 
which two expressions thus become 
go) 1, and ow, 1, 


and m is necessarily a divisor of one of them. But 
it cannot be a divisor of the first, because this being 
of the form ¢°+2u*, if m was a divisor of it, we 
should have m=ny’ + 22° (art. 106); but m#8n+ 7, 
and no odd number of the form y°+ 22° is of the 
form 8x+7 (art. 110): since, therefore, m is not 
a divisor of this factor, it must necessarily be a 
divisor of the other factor 2*” —2.1°, which is of the 
form # — 2u’; and, consequently, its divisor m is also 
of the same form (art. 107); that is, m=y*— 22°, 

| | @. E. D. 

For example, 31 =7°—2.3°, and 47=7°—2.1°; 
and the same of all oe prime numbers in this 
form. 

Scholium. Sein the last four propositions, we 
may draw the following theorems: 

1. All prime numbers of the forms 8n +1, and 
82+ 5, are, exclusively of all others, contained i in 
the formula y + 3°, 

2. All prime numbers of the form 82+1, and 
8n+3, are, exclusively of all others, contained in 
the formula y’ + 22°. 

3. All prime numbers of the form 8+ 1, and 
82+7, are, exclusively of all others, contained in 


the formula y? — 22°. 5 
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4. All prime numbers of the form $”+1 are, at 
the same time, of the three forms 


yts’, y+ 22%, and y*— 22°. 


PROP. V. 


11622 To ascertain whether a given number of 
the form 4n+1 be a prime denier 

Since every prime number p of the form 42+ 1 is 
the sum of two squares, or p=a*+y’, it is obvious, 
that in order to determine whether a given number 
of this form be a prime, we have only to ascertain 
whether it can be resolved into two squares; and, 
if it can, in how many ways this resolution may be 
effected; then, if it happen that the given number 
may be decomposed into two squares, in ene way 
only, the number is a prime, but otherwise it is 
composite; and the object of the present propo- 
sition is to teach the easiest method of performing 
this decomposition. Now, because p=a2’>+y’*, and 
since these squares cannot be equal, it necessarily 
follows, that one of, them is greater and the other 
less than 4p; if, therefore, every square >-p and 
<p be subtracted from p, there onght to be found 
amongst the remainders one square number only, 
if the given number be a prime; and if there be no 
square remainder, or more than one, it will be a 
composite number. 

Thus the number of operations in subtraction 
will not much exceed those in division, by the com- 
mon rule; and the following observations will con- 
siderably abridge them, and, with the assistance of 
a small table of squares, render the method nearly 
as simple as can be expected, at least it is much 
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-easier than any rule I have ever seen: which a- 
bridgment depends upon the following considera~ 
tions. | 

_ Every prime number > 5 is of one of the forms 
10n+1, 3, 7, or 9; or, which is the same, it is 
temmbanidd by one of those digits. Again, all 
squares are of one of the forms 10”, 102+1, 4, 5, 
6, or 9; or they are terminated in one of the 
digits, 0, 1, 4, 5, 6, or 9; and therefore no num- 
ber terminating in 2, 8, 7, or 8, can be a square 
‘number ; therefore, | 

1. When the last digit of the proposed number 
is 1, we may omit all squares terminating im 4, or 
9, because these will give remainders terminating 
in 7; or 2, and; therefore, such remainders can- 
not be squares. 

2. When the last digit of the given number is 3; 
we may omit all squares that terminate in 0, 1, 5, 

or 6; because these would give remainders ter- 

-minating in 3, 2, 8; and’7; which, therefore, can- 
‘not be squares. 

3. If the last digit be 7; we may omit all squares 
terminating i in 0, 4, 5, or9, fer the same reason 
as above. 

4. Ifthe last digit be 9, we may omit all squares 
terminating in 1 or 6. 

By these remarks the number of operations in 
subtraction will be reduced, generally, about oné 
half, and will be considerably less than the num- 
ber of operations in division by the common role. 

Ex. 1. Let it be proposed to ascertain whether 
‘the number 10133 be a prime. | 
- Since this number terminates in 3, the only 
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squares between 5066 and 10133, that do not ter. 
minate in 0, 1,5, or 6, are the following ; viz: 


Given N°. Squares. Remainders. 
10133 — 5329 = 4804 
10133 — “5929° = 4204 
10133 = 6084 = 4049 
10133. — 6724 = 3409 
10133 ~ 6889 = 3244 
10133 - 7569 = .2564 
10133. .—-.7744. -=. -2389.. 
10133 — 8464 =. 1669 
10133 = 8649 = 1484 
10.193: (= cG400. ces. 0724 
10133 — 99604. .= .. 529 


Here the last remainder is 529= 237, and it is 
the only sqtare; therefore, the given’ number 
10133 is a prime. | 

Thus eleven operations in subtraction are made to 

‘answer the purpose of twenty-four divisions, and 
even this supposes all prime numbers under 100 
to be known; for otherwise the number of divisions 
would be much more considerable. 

Ex. 2. Js 7129 a prime number? 

Ex. 3. Find whether 47933 be a prime number. 

‘Ex. 4. Find whether 47881 be a prime number. 


PROP. VI. La 

116. To ascertain whether a given number of 
the form 87 +3 be a prime number. 

‘Every prime number p of the form 8+ 3 is s also 

of the form a°+2y°, or p=a*+2y*; and here 
wand y must be both edd squares, for. otherwise 
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x* + 2y° could not have the form 82+3; also y° is 
necessarily less than 4p; we must, therefore, sub-_ 
tract from p the double of every odd square < +p, 
and if amongst the remainders there be found one 
square, and no more, the given number is a prime; 
but otherwise it is not. 

These operations may be considerably abridged 
from the following consideratiens: 

We have seen, That all prime numbers terminate 
in one of the digits 1, 3, 7, or 9; and the doubles 
of square numbers terminate in one of the digits 
0, 2, or 8; therefore; 

1. If the given number terminate in 1, we may | 
omit all those squares, the doubles of which ter- 
minate in 8; because these would have remainders 
_ terminating in 3, which cannot be squares. 3 

2. If the last digit of the given number be 3 or 
7, we may omit all squares he doubles of which 
terminate in 0, because the remainders of these 
will terminate in 3 or 7, and, therefore, are not 
squares. 

3. If the last digit of the given number be 9, we 
may omit all squares, the doubles of which ter- 
minate in 2; because these will leave remainders 
terminating in 7, which cannot be squares. 

4, It may be farther remarked, that every odd 
square has the last digit but one even, and, there- 
fore, in general, all fins double squares may be 
omitted, that leave an odd digit in the last place 
but one of the remainder. : 

Ex. Let it be proposed to ascertain whether 
the number 11051, which is of the form 8+ 3, be 

a prime number. 
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Here, the last digit being 1, we may omit all 
those squares terminating in 9, because the doubles 
of these terminate in 8, and, therefore, the re 
mainders in 3. Hence the operation, 


Given N°. Double Squares. Remainders. 
1105%) =. (10082 =. 969 
0, PIOSH as 5 0809. oe 1499 
11051 — 8450 = 2601=51° 
i105} = 7442 = »3609 
11051 = 6962 = 4089 
11051... — ,,.6050- =. 500! 
DIGG Fy us BIOS A, 5849 
11051. —*. 4802.: = 6249 
11057. =) 4050 =. 7001 
11051). + © 9362 = 7689 
11061. =. 3042 = 8009 
11051 — 2450 =. 8601 
FHOGT (= " 0 90n9 oa OTO9 
11051 + 1682 =. 9369 
TIO6F = 1250 = 9801=99° 


Having thus found two square remainders, we 
may conclude with certainty, that the given num- 
ber is not a prime, and discontinue the operation. 
Remark. Our first rule extends to all numbers 
of the form 4n+1, which includes the two forms 
 8n+1 and 8n+5,; and the above applies to all 
numbers of the form 8%+3; but those that fall 
under the form 8n+7 are still excluded, nor can 
_ they be submitted to a similar test; for these num- 
- bers being of the form «*— 2y* (art. 114), there are 
ho limits to the values of x and y, nor to the num- 
| : P 


: 
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ber of ways in which a siven number may be re- 
solved into this form; for 


(a? — ay") x (a® — 2") 

may be resolved two ways into the same form 
(art. 95): and, since we may find «?—2y”=1, by 
taking «=3 and y=2, it follows, that this pro- 
duct is still =2°—2y’, that is, a number of the 
form 2° —2y° may be resolved into this form in as 
many ways as we please, whether it be a prime 
number er not, which is not the case with the 
two forms 2° +7? and 2° + 2y". | 


PROP. VII. 


117. If abe any prime number, and the series 


of squares 
ihe hte a—1 \° 
lj 2, eh cc ae ees ( “ ) 


be divided by a, they will each leave a different 
‘positive remainder. a 3 

This is in fact only a particular case of the ge- 
neral proposition demonstrated (art. 51); for, by 
making 6=1, the series of squares, 


$*, 2°¢", 3°9°, 4°9°, &e., (‘F ates 


becomes __ 
a—l 
5 Py aR oper wile (4 : y, 


each of which, when divided by a, will leave a 
different remainder, ‘ag is demonstrated in that 
article. q 

Cor. 1. And the same is evidently true of the 
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iégative remainders, which arise from taking the 
quotients in excés§ (cor: 1; art. 51): 

Cor. 2. Hence, also, we may see in what cases 
the positive and negative remainders are equal to 
each other; for then it is evident, that a will be a 
divisor of the sum of two squares, and we shall have 

r+s 


=, an integer number: 
Therefore, when a@ is not a divisor of the sum of 
two of these squares, the positive and the negative 
remainders are all different from each other, and 
include every muiiber from 1 to a—1. 

Cor. 3: Whe @ is not a divisor of the sum of 
two squares; that is, when all the positive and 
negative remainders are different from each other, 
then some of éach of those remainders are greater, 
and some less, than 1a. For all the consecutive 
squares under a will be found amongst the positive 
remainders, and some of these squares must neces- 
sarily be greater; and some less, than +a; and, 
since the positive and negative remainders together 
include all nunibers from 1 to a—1, the same is 
manifestly true for the negative remainders: 


PROP. VIIt: 
118. If a be a prime number; it is always 


possible to find four squares, w*, 2°, y°, 2° (the 
roots of each of which shall be less than 1a), such 


that their sum may be divisible by a, or the 


equation 
Pd + gta dal 
is always possible, a being any prime number 
whatever. 
P 2 


< 
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First, when the prime number a is a divisor of 
the sum of two squares, the proposition is evident; 
and it will, therefore, only be necessary to con- 
sider the case in which @ is not a divisor of the 
sum of two squares, and, consequently, when all 
the remainders of the consecutive squares are dif- 
ferent from each otlrer (cor. 2, art. 117). 

Now, in this case, we shall, find some of the 
positive remainders greater, and some less, than 
ia; and the same of the negative remainders (cor.3, 
art.117). It is, therefore, always possible to find 
two squares, such that each being divided by a, 
the positive remainder of the one shall exceed the 
negative remainder of the other, by unity: and 
also two other squares in the same series, such 
that each being divided as before, the negative 
remainder of the one shall exceed: the positive re- 
mainder of the other, by unity; that is, the equa- 
tions w'+a°—-l=ma, and y’+2°+1l=na, are 
always possible, which may be'demonstrated as 
follows: 

_ Let p be the least negative remainder, then p+ 1 
must be found amongst either the positive or negia- 
tive remainders; if it be found amongst the positive 
remainders, we have at once a positive remainder, 
‘that exceeds a negative remainder, by unity; and if 
it be not found amongst the positive, then p+ 1 is 
still negative: and p+2 must be either a positive 
or negative remainder; if it be positive, we have a 
positive remainder exceeding a negative one, by 
unity, but if not, p+ 2 is still negative, and p+3 
‘must be either positive or negative; and proceeding 
thus, we must necessarily (as some of each of these 
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remainders are greater, and some less, than 4a) 
arrive at that negative remainder p’, such that 
p’ +1 shall be a positive one; and, consequently, 
the equation w°+a°—1=ma is always possible: 
and, in the same manner, the possibility of the 

equation y +27 +1 = na may be demonstrated. 
Having thus proved the possi nitty of the equa- 
tions w'+a—l=ma, and y+2°+l=na, we 

have 

w+ 2° +4? +2? 

a 


=m+n, an integer; or 


we+e+y?+2=aa’ 
always possible. —@. FE. D. 

Cor. It is obvious, from the ferdeoitip demon- 
stration, that these roots w, x, y, %, are less than 
+a; because we have only considered the squares 
contained in the series 


= eae than Le 
pe a Sy aS &e., (¢ 2 yt 


But, independently of this limitation, it may readily 
be shown, that if @ be a divisor of the sum of any 
four squares, w'+a°+y*+2°, each of which is 
prime to a, that it is also a divisor of the sum of 
the four squares ) 


(w—aa)* + (w= Ba)? + (ya) + (2 — 3a)’, 


/ 


in which it is manifest, that «; 6, y, 8, may be 
always so assumed, that + (w—aa)+(«— fa), &c., 
shall be less than ta; whenever, therefore, it is 
demonstrated, that any number a is a divisor of 
_ the sum of four squares, we may always consider 
~ each of their roots as less than ae &. 
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PROP. IX. 


119. Every prime number a is the s sum of two, 
three, or four squares. 
For, by the foregoing proposition, the equation 


We +x 4+ ye +2 = aa’ 
is always possible, each of the roots of these 
squares being less than ta; and, consequently, 
each of the squares less than +.a°, whence we have 
aa’ <a, or a<a. Now, if a’=1, it is evident 
that | 
wWt+e+yt+s=a, 
and the proposition will be demonstrated. 
But if a’ >1, then, because a’ is a divisor of the 
formula 
w+ 2° + yf + 2”, 
it is also a divisor of the formula 
(w — oa’)? + (w— Ba’) + (y—ya')’ + (z—6a’)*, 
where each of the roots is less than +a’ (cor., 
art. 118); assuming, therefore, 
(w—aa’)’ + (x— Ba’) + (y—ya')’ + (x— 8a’) = a"a’, 
we shall have, for the same reason as above, 
aa’ <a”, or @°< a, 
Now, by means of the formula es 94), if we 


multiply together the values of aa’, and aa’, we 
shall find a product that is the sum of four squares, 
and of which each is divisible by a; and haying 


performed t this division, we obtain 


aa=(a—aw—Pe—yy— oz)’ + (au — Bw + yz — ey)” 
+ (ay —yw + Be— Bx)? + (ax —dw + Py— yx)’; 
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or, for the sake of ae this expression, 
we? +2? + y? +272 = 0a; 
4? 


and here we have a’ <a’. If now a’=1, the 


above becomes 

Weta + yy" +2°= 4, 
and the proposition will be demonstrated; but if 
a’, though <a’, be >1, we may proceed, in the 
same manner, to find a new Brent, 


es. gf? + yf" Pgs ght? aa: 


and in which a’ < a”; and by ec ncinnine thus die 
decreasing series of integers a, a’, a’, a”, a”, &e., 
we must necessarily, finally, arrive at a term a 
equal to unity, and then we shall have a equal to 
the sum of four squares. —a@. E. D. 


PROP. X. 
120. Every integral number whatever is either 
a square, or the sum of two, three, or four squares. 
This follows immediately from the foregoing 
proposition, and the formula (art. 94); fer every 
number is either a prime, or produced by the mul- 
tiplication of prime factors; and since every prime 
number is of the form 
(w+ ae +y? +32°), 
and the product of two or mere such formule 
being still of the same form (art. 94), it necessarily 
Elias that every integral namber whatever is of 
the form. 
(w* + x° + y+ 2°). 
But it is to be observed, that no limitation in the 
course of the demonstration of the foregoing pro~ 
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position was made, that could prevent any one oF 
more of these squares from becoming zero; there- 
fore, every integral number whatever is either a 
aquerhs or the sum of two, three, or four squares. 
a, E. D. 
Cor. All that has been proved in the foregoing 
proposition for integral numbers, is equally true of 
fractions; for every fraction may be expressed by 
an equivalent one having a square denominator; 
therefore, ove fraction is of the form 
w* + 3° +y + 2” wel : gi aban x 


; crit a ihe 
m “mM 


this curious property, fen ek: extends to every 
rational number whiatever. 

Scholium. The theorem that we have demon- 
strated, in the two foregoing propositions, forms a 
part of a general property of polygonal numbers, 
discovered by Fermat; which is this, “‘ Every num- 
ber is either a triangular number, or the sum of 
two or three isicalay numbers. A square, or. the 
sum of two, three, or four squares. A pentagonal, 
or the sum of two, three, four, or five pentagonals. 
And so on for hexagonals, &e. Or the same may 
be more generally expressed thus: If m represent 
the denomination of any order of poly gonals, then 
- is every number n the sum of m polyg gonals of that 
order; it being understood that any of these po- 
lygonals may become zero, — | 

Let, therefore, x be any given number, and 2, y, x, . 
indeterminate quantities; then the diffe ‘rent parts 
of the general theorem ope be detailed in the fol- ~’ 
lowing order: 
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Eby PY B42 
Pi Bee ! 

2 2 2 
2d, Newt ety? +2"; 
8u-u 3w'—w Bx —2 , 3Yy’—-y , 32°-x% 
3d, n=——- + Bu SBE a 
Jaa 2 Fate 2 al 


Ath, &c. &e. &e. &e. 


The second form which relates to the squares 
has been demonstrated in the foregoing pro- 
position, and Legendre has also demonstrated 
the first case, for triangular numbers; but all 
the other cases, past the second, still remain 
without demonstration, notwithstanding the re- 
searches and investigations of many of the ablest 
mathematicians of the present time, and of others 
now no more: amongst the former we may mention 
Lagrange, Legendre, and Gauss; and of the latter, 
Euler, Waring, and Fermat himself; the latter of 
whom, however, as appears from one of his notes 
on Dicphantus, was in possession of the .demon- 
stration, although it was never published, which 
circumstance renders the theorem still more in- 
teresting to mathematicians, and the demonstration 
of it the more desirable. : 

We have demonstrated the second case, but this: 
carries us no farther, whereas, if we had demon- 
strated the first, the second would flow from it as 
a corollary; and it may not be uninteresting to 
show in what manner these different parts of the 
same theorem are connected with each other. 

First, let us suppose the possibility of the equation 


ist, N= 


Be PhP BRS 
n= as 
2 2 2 
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to haye been demonstrated, from which may be - 
drawn this, 

(8N4+3 = (2u+ 1)" + (2y +1)? + (2841), or 
8N4+3=2°+y°%+ 2", or | 
8N+4=27%+y742741; 

and since these four squares are all odd, the num- 
bers a’ +y’, a’—y’, 8’ +1, and z’=1, are all even; 
and hence we have, in integers, : 


AN+2> 


Eee) Ca) 


or, for the sake of abr idging, 


AN+ 2 we? + a +” + 85 
of which squares two are even and two odd, for 
otherwise their sum could not have the form 
4N+2; we may, therefore, write 
AN+2=47° + 49°+ (Q¢+ 1)? + (Qv4+1); 
from which we deduce 
2n+1=(r+s)?+(r—s)’+ (E+v4+ 1) + (f—v)*; 
that is, every odd number is the sum of four 
squares, and the double of a number that 1s the 
sum of four squares is itself the sum of four 
squares, for 
2(m° +n? + p+ @?) = 
(m+n)? + (m—n)? + (p+q)? + (p—q)’; 
and, therefore, every number is the sum of four 
squares. i 
If, therefore, the case which relates to triangular. 
numbers was demonstrated, that which relates to 
squares would be readily deduced from it; but the. 


Quadratic Forms of Prime Numbers. 219 


converse has not place; that is, we cannot deduce 
the first case from the second. 


The third case gives 
3u’—u 3u°—wp 3a°—-2 By’—Yy 32-8 
es” cg ioe 2 a oats 2 tm Se 5) + 2° 
24N+5>= 
(6 — 1)’ + (6w— 1) + (6a—1)? + (6y—1)°4(6z_1)*. 


So that the enunciation of this particular part re- 
turns to this, 

Every number of the oe 24N+5 is the sum 
of five squares, of which each of the: roots is of 
the form 6n—1, ; 

The fourth case returns to this, 

Every number of the form 8n+6 may be de- 
composed into six squares, of which the roots are el 
the form 4n—1, : 

And, in general, the proposition is always re- 
ducible to the decomposition of a number into 
squares, and all the partial propositions that we 
have considered are included in the general form, 
San + (a+ 2)(a—2)?= 
(20x —a+2)’+(2ay—a+2)*+ (Qaz—a+2)*+ &e. 


Or 


the number of squares on the latter side of the 
equation being («+ 2), 


. 320° 


CHAP. X, 


On the different Scales of Notation, and their 
Application to the Solution of Arithmetical 
Problems, 


PROP. I. | 
121. Every number n may be reduced to the 
form ge : 
N=ar'+ br’! +cr’? + &e. pr’+qr+w, 
where 7 may be any number whatever, and a, 6, c, 
&c., integers less than r. 

For let n be divided by the greatest power of 
contained in it, as 7", and let the quotient be a 
and remainder Nn’, so that ) 

N=ar+n‘. 


Divide again n’ by the next lower power of r, as 
r"-*, and let the quotient be 6, which will be an 
integer or sie according as N’> or <?r”"', and the 
remainder nN”, whence , 

N=ar" + br*' +N”, 
Dividing again n” by r’~*, and supposing the 


4st 


quotient c, and remainder n’”, we have 
N=ar" + br"! + cr? +N” 

And by thus continually dividing the remainder 
by the next lower power of r, we shall be evidently 
brought finally to the form 

N=ar"+ br’! + cr*-? - - - pr’ +qr+u; 
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in which expression, as a, b c, &c., are the quo- 
tients arising from the division of a number by the 
highest power of r contained in that number, it 
necessarily follows, that each of those coefficients, — 
a, b, c, &c., is less than r.— a. E. D. 

Cor. If r=10, then a, b,c, &c., are the digits 


3 by which any number is expressed in our common 


method of notation; thus, 


76034=7 .10°+6.10°+0.10°+3.10+4, 
18461=1.10°+8.10°+4.10°+6.10+1, 


which form is always understood in enumerating 
the value of any number proposed; that is, we give 
to every digit a local, as well as its original or 
natural value: thus, in the number 76034, the 
second digit from the right is 3, but we consider it 
as representing 30, on account of its local situation, 
being in the second place from the right; in the 
same manner, the 6 represents 6000, and the 7 
70000, so that the value of each digit is estimated 
according to its local situation and its original. 
value, the former indicating the power of 10, and 
the latter the number of ehibsd powers that are in~ 
tended to be expressed. 

Cor. 2. It is evident, from the foregoing pro- 
position, that a number may be in the same man- 
ner represented by any other value of the radix 7, 
and hence arise the different scales of notation, 
which receive the following particular denomi- 
nations according to the value of the radix r. 


If r= 2, it is termed the Binary scale. 
r= 3, - - - - Ternary. 
ro 4, - - = = Quaternary. 
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If r= 5, it is termed the Quinary. 


f= 6, - = +. Senary. 
y=10, = = - = Denary,orcommon scale: 
r=12, 2 + + = Duodenary. 


And since, by the foregoing proposition, a, b, c; 
&c., are always less than 7; the radix of any 
system into which they enter; therefore it follows 
that for every scale we must have as many cha- 
racters, including the cipher, as are equal to the 
number expressing the radix of the system. Thus, 
the only characters are; for the 


Binary scale, = = 06, 1. 

Ternaty,° 2-05 00, 45.2: 

Quaternary, = = 0, 1, 2, 3: 

Senary,  -) -.) - 30,41 By By a 

Denary, or com- 
ie cue 0, I, 2; 3; 4, 5, 6, i> 8, g. 


And hence it follows, that in the daodenary 
scale, we must have two additional characters for 
representing 10 and 11, and as these characters 
may be assumed at pleasure, we shall, in what 
follows, express 10 by the symbol 4, and 11 by =, 
whence the digits of the duodenary scale will be 


0; 1, 2; 3; 4, 5; 6, (3 8, 9; Q; co 


PROP. II. 
122. Having given the equation 
Nar Or? er as or FOr s wy, 
in which n and r are given nuinbers, to find the 
unknown coefficients, a, b, c, &c., and the ex- 
ponent ». Or, which is the same, to transform a 
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number from the denary to any other seale of no- 
tation. 


It is evident that this may be done by propo- 
sition 1; namely, by dividing N successively by the 
highest power of r that is cpatoesan | in it; but it is 
more readily performed by dividing N successively 
by r; thus, if 

N=ar"+br'"'+cr"? - - = pr'+qr+w 
be divided by r, the quotient will be 
ars + br®-* + cr®~> 5 ag ee pr + 43 
and the remainder w. 

This last quotient being again divided by 7 gives 

for a new quotient 
art s* phy cr? 4 od tea ee DP 


and a remainder g. And this quotient, divided by 
r, gives a quotient | 

ay? + br*-* + er", 
and a remainder p. 

Whence it is evident, that the successive re- 
mainders will be the coefficients w, g, p, &c., or 
the digits that express any number in the stale of 
which r is the radix. 

Ex. 1. Having given the equation 

17486=a.6"°+6.6""'+¢.6"" - «= @, 
to find a, b, c, &c. Or, which is the same, let it 
be proposed to convert 17486 from the common to 
the senary scale. | 


224 Different Scales of Notation. 


Here, by the foregoing proposition, 


Therefore, 17486, in the denary scale, 


6)17486 


6)485 + 


6)2914 rem. 


ee SD ees 


pressed by 212542 in the senary. 
Ex. 2. Transform 1810 into both the binary 


and ternary scales. 


2)1810 


2)905 rem. 


ert 


2)452 


(Ree 


2)226 


eee 


2)113 
2)56 


2)28 


2)14 
2)7 


2)3 - - 


t 
' 


t 
‘ 


2)1 


O-- 


3)1810. 


| 3)603 rem. 


3)201 


3)67 


3)22 
3)7 
3)2 


tee 


0 


OP iy, 
Is €x= 
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| Therefore, 1810=11100010010, in the binary 
Scale; and 1810= 2111001, in the ternary scale. — 
Ex. 3. Transform the two numbers, 844371 
and 215855, from the denary to the duodenary 
scale. 


12)8445715 | 12)215855 
12)70364 rem, = 3, 12)17987 rem. eb La se 
.fa}nd6g Li Ss {a)iabe 282 "4B 
12)488 --- 7 12)124 -- - 10=¢ 
Ve 8 Wid = + =! “gee 
-12)3 --- 4 j (Aaa 
@-22 3 


Hence 844371 =348783 i in the duodenary scale. 


and 215855 = d4o77, 

And thus a umber is readily transformed from 
the denary to any other system of which the radix 
is given, and hence we find 1000 is expressed in the 
following manner according to the value of the 
radix r. | | 

Ifr= 2, 1000=1111101000; 
3 


= 3, 1000= #1101001; 
y= 4, t000= 33220; 
r= 5, 1000=*. , 13000; 

ors. 6,.1009= 4344; 
r= 7, 1000= 2626; 
f=28,. LOO0 =. 1750; 

r= 9, 1000= 1331; 
r= 10, 1000= =. ".~ 1000; 
r=11, 1000= 82d; 
r=12, 1000= 694. 


a 
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Hence it is evident, as it is indeed from the na- 
ture of the subject under investigation, that the 
greater the radix is, the less will be the number of 
digits necessary for expressing any given number ; 
but the operations of multiplication, division, &c., 
will be the more complex; and, therefore, in 
judging of the advantages and disadvantages. of 
different systems, we ought to keep both these 
circumstances m view, as also. a third, which is 
the number of prime divisors of the radix; and, on a 
just estimate of the whole, the radix 12 will be 
found preferable to any of the other systems: but 
on this subject we shall add a few remarks at the 
conclusion of this chapter. 


PROP. III. 


123. To transform a number from any other 
scale of notation to the denary, or common scale. 

This proposition is the converse of the foregoing 
one, and it is readily effected by the reverse opera- 
tion. 

For let 


ar” + by**! + er"? = = = pré+or+w 


represent a number in any known scale of notation, 
whose radix is 7; then, since a, 6, c, &c., are also 
known, we have only to collect the successive values 
of the different terms, and their sum will be the 
number transformed, as required. 3 
Ex. 1. Transform 7184 from the duodenary 
to the common scale of notation. | 
First, 
(184=7.12°4+1,12°+8.1244. 
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Therefore, we have, 
7. 12°=12096 
Pies) > t44 
8:12= 96 
4 = 4 


Duoderiary 7184 ; = 12340 Denary scale. 


Ex.2. Transform 1534 from the senary to the 
ilenary scale: 


1534=1.6°+5.6°4+3.644 


1.6°>=216 
5 .6°=180 
8.6 = 18 


ee 


Seriary 1534 = 418 in the common scale. 


Cor. By means of the two foregoing propositions 
a number may be transformed from one scale of 
hnotation to another, neither of which is the denary, 
by first transforming it from the given scale to the 
common. scale; and then into the particular one 
required. 


PROP. IV. 


_ 124. In évery scale of notation, whose radix is 7, 
the sum of all the ia expressing any number, 
when divided by r—1, will leave the same re- 
mainder as the re ele divided by r—1; 
that i is, if 


N=a7" +br*\+r"* - - - pr +gr+m, 


then will n-~-(7—1), leave the same remainder, as 


(a+b+e- = - p+q+w)+(r—-F). 
a2 
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For make r—1=?", or r=r’+1, then” 
r+ (r—-1)S(r'4+1)"+7r 
Ww All leave a remainder 1, because every term of 
the expanded binomial ( +1)" is divisible by 7’, 
except the last, which is.1; and, consequently, 
(r’+1)"+7’, or r’+(r—1), will leave a remainder 
i, and this property is entirely independent of the 
value of 2; and hence it follows, that every power 
of r divided by r—1 will leave a remainder 1, ar 
the powers 7", r’~', r*~*, &c., are all of the form 
m(r—1)+1; that is, an a 1)+1, whatever 
integer value is given to n’. 
And hence it follow s, that 
ar’ sam(r—1)+4, 
br bm’/(r—1) +b, 
cr =em’ (r—-1) +6, 
&e. See. 
pr spm’ (r—1) +p, 
qr sgm(r—1) +4, 
Vie ~ e w. 
And, consequently, 
Naam (r—1)+(a+b+c+--- pt+gtw); 


and, therefore, when divided, by r—1, it will | 
evidently leave the same RE as the sum of | 


its digits (a+b+c, &c. w).—a@. B.D. 


Cor. 1. Hence, if the sum of the et. in any 4 
system of notation be divisible by r—1, the whole — 
number is divisible by r—1; therefore, in the com- — 
mon scale, if the digits of a number be divisible by E 
9, the number ieelf | is divisible by 9, and if there 
be any remainder in the former, there will also — 
be the same remainder in the latter; and if the 


sum of the digits be even, and divisible by 9, “then 4 


Herma 
SS rs 
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will the number itself be divisible by 18; because, 
if an even number be divisible by an odd number, it 
is divisible by double that number (cor., art. 5). 

And since 3 is a factor of 9, the same property that 
has been shown to belong to the number 9 belongs 
also to 3; namely, if the sum of digits of a number 
be divisible by 3, the number itself is divisible by 3, 
and if the sum be even also, then wiil the number 

be divisible by 6. 

Cort is “upon this obvious principle that 
our rule for proving the truth of operations in mul- 
tiplication, division, &c., is founded, by dividing 
by, or casting out the 9s contained in the two 
factors, and in the product; and what remains of 
this last ought to be equal to what remains of the 
product of the two former remainders divided by 9, 
if the work be right. } 

For let a biid: b eke ie any two pant and 

make 


a=9gn+a, 
b=9m+b’. Then 
ab=9(9nm + ma’ + nb’) +. a'b’; 


= 


and, therefore, ab-9 leaves the same remainder as 
ab’ divided by 9: but the remainder of a+9 is 
the same as the digits of a by 9, and the remainder 
of b +9 is the same as the digits of b+9, and the 
same of the product ab; and hence the reason of 
the rule. . 

The same is oby Roady true for any othier system 
of notation, by taking the number next less than 
-. the radix for the dieiioes Thus, for example, 

- we have. seen. that 215855=4¢rm7 in the duo- 
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denary scale, and 215855+11 leaves a rez 

mainder 2: but 
$+4+¢9+7+7=10444104+114+11=46, 


which, divided by 11, gives also a remainder 2. 
Suppose it was required to multiply ¢4¢ar by 
$>4, the operation and proof would stand thus: 


Operation, Proof by 11. 
$4Gam7 rem. 2 ><e 
 GG4 rem. 2 Pees 

357778 
881172 
881172 


95088918 rem. 4 


It is unnecessary to observe, that in this operation, 
as in all others in which the radix is 7, we must in 
multiplying, dividing, &c., divide by the radix; 
that is, by 12 in the above example, and set down 
the overplus, instead of dividing by 10 and setting 
down the overplus, as is done in the common scale. 


PROP. Y. 


125. In any scale of notation whose radix is r, 
the difference of the remainders of the sum of the 
Ist, 3d, 5th, &c., digits by r+ 1, and the sum of the 
ad, 4th, 6th, &c., digits divided also by r+ 1, is 
equal to the remainder of the whole number divided 
by r+1. 

Let : 

N=ar"+ br""'+ cr"? - - - pr’+qr+u, 
then, Isay, the remainder of (w+ p+ b&c,) + (r+ 1), 
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‘minus the remainder of (¢q+c+a &c.) + (r +1), i 
equal to the remainder of N+(r+ 1). 

For make r+1=7’, or r=r’—1, then it is evident 

r— 1 ‘g . s ; 

that sia will leave a remainder +1, er —1, 
according as » is even or odd; for all the terms in 
the expanded binomial (r’—1)" are divisible by 7’, 
except the last, which is +1 or —1, according as 2 
is even or odd, independently of any other value of 


at 


7 
n; and, therefore, 
ita 


/ 


: will also leave the same re- 


mainder in the same cases; that is, every odd power 
of 7 is of the form m(r+1)—1, and every even 
power of r is of the form n(r+1)+1. 

Therefore, in the above expression, we have 


/ 


wo = +w, 
qr sqm (r+1)—4q, 


2 


pr’ spn (r+1)+p, 
cr"? seem’ (r+ hoe 
br*-* bn’ (r+1)4+0, 
ar" sam’ (r+1)—a, 


&e. &e. 
And, consequently, 
Nem” (r+1)+w—q+p—e+b—a; 
and, therefore, when divided by r+1, it will leave 
the same remainder as 
(w—g+p—c+b—a) divided by r+1, or as 
(w+pt+b, &e.)+(r+1)—(q+et+a, &e.)+(r+1). 
: Ge Babs 

Cor. t. Hence, in the common scale, if the sum. 
of the digits in the odd places be equal to the sum 
of those in the even places, or if one exceed the 
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other by 11, or any multiple of 11, the whole: num 
ber may be divided by 11. ) 

Cor. 2. ‘The abave proposition furnishes us mers 
another rule for proving the truth of operations in 
multiplication, division, &c., which, in the com- 
mon scale of notation, the radix being 10, ds. as. 
follows : : . 

7 rte the sum OE the digits’ in thelst, 3d, bith, bea 3 

places, subtract those inthe 2d, 4th, 6th, &c., places 
in both factors, and in the pr oduct; also reserve the 
three remainders, when each of those differences ‘is 
divided by 11; multiply the two former together, 
and cast out the 11s, which remainder ought to be 
equal to the remainder of the product, if the work 
be right. Vote, if the sum of the 2d, 4th, &c., 
digits be greater than the sum of the Ist, 3d, &c., 
11 must be added to the latter. 

Thus, for example, to prove the truth of the 
multiplication in the following example : 

741746 diff. of digits, 5 
3462 diff. of diate 8 


— 


1483492 11)40 
4450476 ve ) 
5. 8 
2225238 "~~ 


2567924652 diff. of digits,» 7/ 

aes method, though not so easily expressed, is 
nearly as ready in practice as the rule by 9s; and, 

being independent of it, we may conclude, with 

a very considerable degree ‘of certainty, that any 

example that proves right by both rules is really so 

in the operation. Ge the same rule is applicable 


, 
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to any other radix’ by making that radix plus 1 


the divisor.) «— 

‘Cor. 3. By means of cor.'1, art. 124, and cor. 1, 
art. 125, we are enabled to ascertain if a number i 
divjalbile by 3, 6, 9, 11, and 18, without attempting 
the operation, which. is useful in finding the com- 
mon meastre of two numbers, reducing a fraction 
to its lowest terms, &c. And to these rules we 
may add the following; viz. If a number terminates 
with 5 or 0, it is divisible by 5 in both cases, and by 
10 in the latter case; and if the two last digits of 
any number be divisible by 4, the whole famniee is - 
divisible by 4; if the three last digits be divisible 
by 8, the number is divisible by 8; and, generally, 
if the n last digits be divisible by 2", the whole 
number is divisible by QF. 

For eyery number ending in 5 or 0 is of one of 
rhs forms 10N+ 5 or 10N+0, both of which forms 
are evidently-divisible by 5, and the latter by 10. 

Again, every number may be expressed by 
Ax10"+B, where B represents the z last digits: 
thus, for example, 

7846144= (34014 x10+4+4= “8.461 x 10° + 44= 
| 7846 x 10° + 144, &c, 
And since 10 is divisible by 2,10"+2"; therefore, in 
the form »ax10"+8B, which may represent any 
number whatever, 10’+2" and B23" by hypo- 
thesis: therefore A x 10"+B is divisible by 2”, if B be 
so; that is, if the nv last digits be divisible by > gee 


PROP. VI. ) 
126. To perform duodecimal operations by 


means of the duodenary scale of notation. 


Transform the number of feet, if above 12, 


e 
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into the duodenary scale, by art. 122, and set the 
inches and parts as decimals; then multiply as in 
common arithmetic, except carrying for every 12 
instead of every 10, as In common operations. 
And, in the result, transform again the integral 
_ part of the product into the detsiry scale, 

_ Ex. 1. Multiply 17 feet 3 inches 4. parts, by 
19 feet 5 inches 11 parts. 


Proof by 11. 15°34=17 ft. 3in. 4” 
G 17:57 =19 § 1] 
aN. 13008 
: 7248 | 
G0r4 
1534 


Answer, 240° 9688 = 336 ft. 9° 6” 8” 8*, 


Ex. 2. Find the solidity of a cube, whose ie 
is 13 feet 7 inches 7 parts. 
ATT SIS, Tm, 2 


Se 
. Proof by 11. 
"has 3 
aon 
oes Pek 
1177 
1177. 
135°O761 De 
11-77 “gh 
9049867 
9049867 
13590761 
1359761 


1571°281417 = 2533 ft 2’ 8” 1” A yy 7 
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Remark. ‘This method, which I first published 
in vol. xxv. of Nicholson's Philosophical Journal, 
appears to me to possess considerable advantage 
over the common rule, both on account of the 
facility of the operation, and the accuracy of the 
result, as, likewise, that it is thus submitted to 
proof, the same as common multiplication, which 
it is not possible to apply to the old method. ‘The 
above examples are praved by 11, and they may 
also be proved by 13, according to rule, art. 125. 

And in the same manner any other arithmetical 
operation, such as division, extracting the square 
root, &c., is performed with as much facility as in 
common numbers. 

Ex. 1. Giving the area of a rectangle equal to 
174 feet 11 inches, and its length 15 feet 7 inches; 
to find its breadth in feet, inches, &c, © 


174 ft. 11 in. =126-m and 15 ft. 7 in. =13°7. 


13°7)126'(4"° 2841 
1235 
360 
272 
Proof by 11. nee 
) $G0 
De 948 
540 
524 
180 
137 
AD5 


The breadth is, therefore, 11 feet 2 inches 8’ 4” 1”, 
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As the above method of proving division is 
seldom or never given in books of arithmetic, it 
may not be amiss to say how it is effected, which is 
thus: from the sum of the digits in the dividend, 
take those in the remainder; then the remainder 
from the divisor and quotient, ought to be equal to 
that of the dividend thus reduced, if the work be 
right. The reason for which is evident, because 
the dividend minus the remainder may be. con- 
sidered as the product arising from the multipli- 
cation of the dividend and quotient. 

Ex. 2. Given the breadth and area of a rectangle, 
equal to 24 feet 9 inches, and 971 feet 10 inches, 
to find its length. | 

24 ft. Qin. =20°9, and 971 ft. 10 in. =682°h 

ia E 20°9)68%°(33°323 

623 


EER. | 689. 
623 
Proof by 11. a 

sas 670 


O ae 623 


A490 
A416 


oi neiatings 


760 
623 


139 
Therefore its length is 39 feet 3 inches 2’ 3”. 
And the same principles are equally applicable 
to the extraction of the square root, as is evident 
by the following example: 


s* 
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Ex. 3. Having given the area of a square equal 
to 17 feet 4 inches 6’, required the length of its 
side. 


15°46(4°2026 


| | 14 
—_—— . , Proof. . » 
82 [a Seas 
g 144 we 
fiat se eNO 
8402 20000 : 
Be 14804 
84046 737800 
674404 
47308 


Therefore the side is 4 feet 2 inches 07,2" 10". | 

And thus may any other numerical oper ation be 
performed with nearly as much ease as in common _ 
apithmetic. 


PROP. VII. 


127. Every number less than 2"*', is com- 
pounded of some number of terms in the series, | 
Po at os tot Ro. OF 
This is made evident by transforming any given 
number n<a"*' into the binary scale, which, from 
what has been observed at cor. 2, art. 121, will 
assume the form, 

N=4.2"+6.2""'+0.2""? - - - p.4+q.24+w; 
where a, b,c, &c., are each less than 2, and con- 
sequently either 0 or 1; and as every number less 
than 2"*' may be thrown into this form, therefore, 
with the above series, every number whatever, 
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within the assigned limits, may be compounded of 
some number of those terms. 

Cor. 1. What is said in the above demonstra- 
tion, not only proves the truth of the theorem, but 
also points out the method by which it is to be 
effected; and at the same time it is evident that 
there is only one way in which the selection can be 
made. | 

Cor. 2: In the above theorem; the greatest 
power of 2 is 2", and consequently the greatest 
number that can be formed is 2"*'—1; but, if the 
power of 2 be unlimited, so also will the number 
that may be coinpounded of those terms; that is, 
any number whatever may be compounded of the 
terms of the indefinite series, 1, 2, 2°, 2°, 2*, &c. 

Ex. Having a series of weights of 

1b. tb. Ub. Wb. Db. 

I, 2, 4, 8, 16, &e, 
it is required to ascertain which of them mast be 
selected to weigh 1719 pounds. 

First, 1719 in the binary scale is expressed by 
41020110111: the weights therefore to be em- 

ployed are, 
| Ib. he tei tes ia et bh 
14+24+2°+42'+2°+27+9°+2", 


; ‘PROP. VIII. 

128. Every number whatever may be formed 
by the sums and differences of the terms of the 
geometrical series, 1, 3, 3°, 3°, &c. | 

For, by transforming the given namber » into 
the ternary scale of notation, it will assume the 
form, i | : 

N= 43" + O03") +65"? - = - p3*+9g3+w; 
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where each of the coefficients, a, 6, ¢, &c., is 
less than 3, and consequently they must be cither 
2, or 1, or0. Now, in order to prove the truth of 
the theorem, it will be better to select a partial ex- 
ample, the reasoning on which will be evidently 
applicable to every other case. First, then, it is 
obvious, that, if no ene of these coefficients be 
greater than 1, the question is resolved agreeably to 
the conditions of the proposition: we need, there- 
fore, only consider the case, in which some one or 
more of the coefficients are equal to 2. Let, 
then, 


N=3"+2. Re a 140.3 Qtt- nf 99° 4'34- Cs Jat, satipen 
23°" °, Sax 


And, since | 
Siar a PRR PG BS Sa’ Sy 
the above expression is the same as 

(2.3" + 3°° ie eS han yt OF ce *) (31 43°55 + 3° = 
(3°t* + gr -2 a gate at ae °\ ay (3° + aa uy gent +3°~°\=N, 
agreeably to the conditions of the proposition — 
Q@. E. D. 

Remark. The latter part of the above demon- 
stration is only for a particular case, but it is evi- 
dent that the same reasoning will apply to any 
case, or even to the general form, but it would have 
only tended to lengthen and embarrass the demon- 
stration, and. at the same time would not have 
added to the certainty of the conclusion, for which 
reason, it was thought better to proceed as above. 
This demonstration, like that in the foregoing pro- 
position, has the advantage of pointing out the 


240. Different Scales of Notation. 

method of solution, at the same time it proves thé 
truth of the theorem, and, like that, also shows that 
there is only one way in which the theorem can be 
effected. . 


Cor. It appears from this theorem, that w ith a 
ser ies of weights, 
ib. Ibi tb. 6. Ob. 
13.63) Re eee 
any number of pounds whatever may be ascer tained, 
by placing some of those weights in one scale and 
~ some in the other, when the case requires it, OF 
only i in one scale when the given weight is com- 
pounded of any number if those terms.. The 
solution of ‘which problem is readily deduced from 
the foregoing demonstration. | 
Ex.1. Required in what manner the weights 
must be selected out of the foregoing series, to 
weigh 716 pounds. . 
First, 716 in the ternary scale is expressed by 


292112 
Add ees | 


222120 
Add 10 = $ 


222200 
Add 100 = 3° . , 4 


1000000 = 3° , 


therefore, 222112=3°—(3°+3+1); that is, 3° 
-must be placed in one scale, and the three weights 
3°+3+1 in the other scale, with the body to be 
weighed. : 

Ex. 2. What. weights out of the above 
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-series must be selected, to ascertain a weight of 
1319 pounds? | 
First, 1319 = 1210212 in the ternary scale. 


_ 1210212 
Add | ee ae | 
: 1210220 
Add 10 = 3 
1211000 


Add 100000'= 3° 


es a1 L000 
Add 1000000 = 3° 


10011000 = ' 3’ + 3*+3° 


And hence we conclude, that the weights 
37+3*+3° must be put in one scale, and the 
weights 3°+3°+3+1in the other scale, with the 
body whose weight 1 is to be ascertained. 

These curious numerical problems are mentioned 
by Euler at page 253 of his Analysis Infinitorum, 

and the possibility of any weight being ascertained 
by such a system of weights is rigorously demon- 
strated; but the demonstration in the two fore- 
going problems is much. simpler, and they have 
_ moreover the advantage of indieating the mode of 
solution, which is not attainable by Euler’s method. 
129. Scholium. Before we conclude this chapter, 
it will not be improper to make a few general ob- 
servations on the comparative advantages and 
disadvantages of the differeat scales of notation, 
that have been the subject of our investigation. 
On this head, simplicity is evidently the first con- 
R 
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sideration to be attended to, for in that alone con- 
sists the superiority of one system over another; 
but this ought to be estimated on two principles, 
viz. simplicity in arithmietical operations, and in 


_arithmetical expressions : Leibnitz, by considering 


¥ 


only the former, recommended the binary scale, 


which has certainly the advantage in all arith- 


metical operations, in point of ease; but this is 
more than counterbalanced by the intricacy of ex- 
pression, on account of the niultiplicity of figures 
necessary for representing a number of any consi- 
derable extent; thus we have seen (prop. ii. of this 
chapter), that 1000 in the binary scale would re- 
quire ten places of figures, and to express 1000000 
we must have twenty places, which would necessarily 
be very embarrassing, at the same time that all 
calculations would proceed very slow, on account 
of the number of figures that must be made to enter 
into them. ; 

The next scale that has been recommended is 
the senary, which certainly possesses some im- 
portant advantages: first, the operation with this 
system would ie carried on with facility ; the 
number of places of figures for expressing a number 
would not be very great; beside, that those quan- 
tities equivalent to our decimals, would be more 


‘ frequently finite than they are in our system : for 


example, every fraction whose denominator is not 
some power of one of thie factors of 10 is indefinite, 
and those only are finite that contain the powers of 
these factors; and it is exactly the same in every 
other scale of notation; namely, those fractions 
only are finite, that have denominators com-_ 


2a 


SPELT TET Ee 
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pounded of the powers of the factors of the radix 
of that system; therefore, in the decimal scale only 
fractions of the form as are finite, but in the 
senary scale the finite fractions are of the form 


he 
prep and as there are necessarily more colterd 


of the form 2”3”", within any finite limit, than there 
are of the form 2"5”, it follows, that in a system» 
of senary arithmetic, we should have more énitte 
expressions for fractions than we haye in the de- 
nary, and, consequently, on this head, the pre- 
ference must be given to the senary system; and, 
indeed, the only possible objection that can be 
made to it is, that the operations would proceed 
a little slower than in the decimal scale, because 
in large numbers a greater number of figures must 
be employed to express them. This leads us to 
the consideration of the duodenary system of 
arithmetic, which, while it possesses all the ad- 
vantages of the senary, in point. of finite fractions, 
it is superior even to the decimal system for sim- 
plicity of expression; and the only additional bur- 
den to the memory is two characters for repre- 
senting 10 and 11, for the multiplication table in 
our common arithmeti¢ is generally carried as far 
as 12 times 12, although its natural limit is only 9 
times 9, which is a clear proof that the mind is ca- 
pable of working with the duodenary system, without 
any inconvenience or embarrassment; and hence, 
I think, we may conclude, that the choice of the 
-denary arithmetic did not proceed from reflection 
and deliberation, but was the result of some cause 
: R 2 
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operating unseen and unknown on the mventor of 
our system; and it may, therefore, be considered 
as a fortunate circumstance, that for this accidental 
radix, that particular one should have been se- 
lected, which may be said to hold the second place 
in the scale of general utility. 

All nations, both ancient and modern, with a 
very few exceptions, divide their numbers into 
periods of 10s, which singular coincidence of dif- 
ferent people, entirely unconnected and unknown 
to each other, can only be attributed to some ge- 
neral physical cause, that operated equally on all, 
and which there is little doubt is connected with 
the formation of man; namely, his having ten 
fingers, by the assistance of which, in all proba- 
bility, calculation, or at least numbering, was first 
effected.—See some ingenious remarks on this head, 
in Montucla’s Histoire des Mathematiques, vol. i. , 

Our present scale of notation, however, though 
founded on this principle, was not the immediate 
consequence of this division, but was. an improve~ 
ment introduced a long time afterwards, as is 
evident from the arithmetic of the Greeks, who, 
notwithstanding they divided their numbers into 
periods of tens, had no idea of the present system 
of notation, the great and important advantage of 
which is, the giving to every digit a local, as welt 
as its original or natural value, by means of which 
we are enabled: to express any number, however 
large, with the different combinations of ten nu- 
merical symbols; whereas the Greeks, for want of 
this method, were under the necessity ‘af employing: 
thirty-six different characters, and with which, for — 
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a long time, they were not able to express a number 
greater than 10000; it was, however, afterwards 
indefinitely extended by the improvements of 
Archimedes, Apollonius, Pappus, &c. 


A Dissertation on the Notation and Arithmetic 
of the Greeks. 


130. We have before observed, that the Greeks 
divided all their numbers into periods of tens, but 
that, for want of the happy idea of giving a local value 
to their numerical symbols, they were under the 
necessity of employing thirty-six characters, most 
of which were derived from their alphabet, and 
with which they contrived to render their arithmetic 
very regular, and as unembarrassing as such a 
number of symbols would admit. 


Instead of our 3 
digits, - - } 1, 2, 3, 4, 5, 6, 7, 8, 9, 


ed the cha- 


they employ- 
a, B, Ys 4, 3 Jeeta op. 8 Op) g. 
racters - - . 
‘To represent - 10, 20, 30, 40, 50, 60, 70, 80, 90, 
the made 
ee br - - ; ERE TRE 5; Beams CI 
For the hun- | . 
dreds. they > p, ¢,. 7, vio, x, wW, ay 2%, 
had - - - 7 | 
But the thousands, 1000, 2000, &c., were re- 


presented by - Oy Bigs PR Oye). B55. > Soy). Panes 


| That is, they had recourse again to the characters 
_ of the simple units, with this difference only, that, 
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in order to distinguish them from the former, they 
placed a smal] iota or dash below the latter. | 

With these characters, it is evident that the 
Greeks could express any number under 10000, or 


a myriad. ‘Thus, 
991 was represented by 4-2, 


DORA ie se ee 6%)44, 
PSD at ee TOE ormB, 
ee AS, 
6420 -  - 9-0-9 -) - sur, 
BOON Se) alee eee ee 


and so on for others: whence it is ‘evident, that 
neither the order nor the number of characters had 
any effect in fixing the value of any number in- 
tended to be expressed; for 4001 is expressed by 
two characters, 6420 by #three, and 7382 by four. 
Also the value of each of those expressions is the 
same, ‘in whatever order they are placed; thus 


bf 44 is the same as 748, or as 69%) 5 


and so on for any other possible combination; but 
as regularity tended in a great measure towards 
simplicity, they generally wrote the characters ac- 
cording to their value, as in the examples above. 

In order to express any number of myriads, 
“they made use of the letter M, placing aboye it the 
character representing the number of myriads they 
intended to indicate. ‘Thus, 


a. B ae 3 
5, Rige M, eM, My 2&6, ) 
represented 10000, 20000, 30000, 40000. Thus, 
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“2 droB 
also, M expressed 370000, M -=43720000; and, 
generally, the letter m placed beneath any number, 


had the same effect as our annexing four ciphers. 


This is the notation employed by Eutocius in his 
Commentaries on Archimedes, but it is evidently 
not very applicable to calculations. : 

Diophantus and Pappus represented their my-— 
riads by the two letters mu placed after the num- 
ber, and hence, according to them, the above 
numbers would be written thus : 


: a.Mu, .M», y.Mv, 0.Mv, &c. 
370000=a2.mv, and 43720000 = dro8.my. 


Also 43728097 is expressed by dro. Mu n5k, 
And 99999999 - - - by $%59.mu 4259. 


This notation in some measure resembles that 
which we employ for complex numbers, such as 
feet and inches, or pounds and shillings. 

The same authors, however, employed a still 
more simple notation, by dropping the mv, and 
supplying its place with a point; thus, instead of 

dro2.Mu 458, they wrote 0708.4528; and for 
6%) 54.Mu 6749, they wrote 62546.4246: 


this last number, with the addition of unity, be- 
comes 10000° = 100000000, which was the greatest 
extent of the Greek arithmetic; and, for common 
purposes, it was quite sufficient, because -their . 
units of weight and measure, such as the talent 


and stade, were greater than our pound and foot. 


it was, therefore, only astronomers and geometers 
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who sometimes found an inconvenience in this limi- 
tation; thus, for example, Archimedes in his ‘Ari- 
narius, in order to express the number of grains of 
sand, that might be contained in a sphere that had 
for its diameter the distance of the fixed stars from | 
the earth, found it necessary to represent a number 
which with our notation would require sixty-four 
places of figures; and in order to do this, he as- 
sumed the square myriad, or 100000000, as a new 
unit, and the numbers formed with these new units 
he called numbers of the second order; and thus he 
was enabled to express any number which in our 
notation requires sixteen figures: assuming again 
(100000000)’ for a new unit, he could represent any 
number that requires in our scale twenty-four 
figures, and so on: so that by means of his num- 
bers of the 8th order he could express the number 
in question, which, as we have said above, required 
sixty-four figures in our scale. 

Hence, according to Archimedes, all numbers 

Were separated into periods or orders of eight: 
figures, which idea, as we are informed by Paps, 
was considerably improved by Apollonius, who, 
- instead of periods of eight places, and which were 
named by Si eicnddce octades, he reduced to 
periods of four figures; the first of which, on the 
left, were units, the second period myriads, the 
third double myriads, or numbers of the second 
order, and so on indefinitely. 

In this manner Apollonius was able to write 
any number that can be expressed by our system of 
numeration; as, for example, if he had wished to 
represent the circumference of a circle, whose 
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diameter was a myriad of the ninth order, he 
would have written it thus: 
y. quis. bogs. ydrd. SAAB. yops. Bypy. 
3.1415 9265 3589 7932 3846 2643. 
ywrs. Sv. Pwxd. 
3832 7950 2824. 

Having thus given an idea of the Grecian nota- 
tion for integer numbers, it remains to say a few 
words on their method of representing fractions. 
A small dash set on the right of a number, made 


of that number the Sbbonitdakas of a fraction, of 
which unity was the numerator; thus 


» 0 =35 ries) pre’ =+tpD Kes +> 


but the Polen i hada particular char acter, as_ 
{, or <<, Cor K. 

When the numerator is not unity, the denomi- 
nator is placed as we set our exponents. Thus, 


a) 
se”, represented 15", or +3; and 
ree d ais" qe 
ge’, Tepresented 7 ‘1: also 


AY-ANyOs __ ap 44991776 963354 
oEy.yOpd Wwe? = 9633544 = to 33 544, 


“This last fraction is found i in Diophantus, book 4, 
question 46, 

As it was only our intention in this place to 
convey to the reader a connected and general idea 
of the notation of the Greeks, in order the better to 
cestimate the value of the modern, or, ag it is 
sometimes galled, the Indian arithmetic, we haye 
not entered into an explanation of their sexagesi- 
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mals employed: by astronomers in the diviaiae of 
the circle, and of which ours is still a representative, 
as is evident from the following example: 


On 08s ne Neer AB Rana 
O Soa Le 45" 32" 31" 


131. It still remains for us to explain, by a few 
examples, the method that was employed by the 
ancients in order to perform the common rules of 
arithmetic, with this complicated system of nota- 
tion, and must refer the curious reader, who wishes . 
fer more particular mformation, to an ingenious 
essay on this subject by Delambre, subjoined to 
the French translation of the Works of Archi- 
medes, to which essay we are indebted for many 
of the presets and following remarks, 


. \ 


EXAMPLE IN ADDITION. 
From Eutocius, Theorem 4, of the Measure of the 


Circle, 
wps. yx . 847 3921 
&. yy | ) 60 8400 
yn. Brun 7 908 2321 


In this example the method of proceeding is so 
obvious, that it needs no explanation, being” per- 
formed exactly as we do our compound addition of 
feet and inches, or pounds, shillings, and pence; 
but it is more simple on account of the constant 
ratio of ten between any character and the ‘sue: 
ceeding one. | age 


7 : 
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EXAMPLE IN SUBTRACTION. 


Eutocius, Theorem 3, on the Measure of the 


Circle. 
O.yxAS 93636 
B.yv 6 : 23409 
ce. oxe | 70227 


This example also is so simple, that the reader 
will find no difficulty in following the operation, — 
by ‘proceeding from right to left, as in our sub- 
traction, which method seems so obviously advan- 
tageous and simple, that one can hardly conceive 
why the Greeks should ever proceed in the con- 
trary way, although there are many instances which 
make it evident that they did, both in addition and 


- subtraction, work from left to right. 


In multiplication they most commonly proceeded 
in their operations from left to right, as we do in 
multiplication of algebra, and their successive pro- 
ducts were placed without much apparent order, as 
is evident from the following examples; but as 
each of their characters retained always its own 


proper value, in whatever order they stood, the only 


inconvenience of this was, that it rendered the 
addition of them together a little more trou- 
blesome. 

As it is burdensome to the memory to retain in 


mind the value of all the Greek characters, we 


have, for the ease of the reader, in the following — 
exa ny es, made the substitutions as below, by 
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which. means their operations will be the more 
readily comprehended. 


Fora, B, y, 5, &c. we write 19, .2°, 3°, 4°, &c. 


by ey Ay ts ee, we ee 1, 8", 8, 4’, me. 
By Cr Os RR. eee oe 0", 1B a ee, 
a. B, 7 6, &e. i Sais Sar i. “ge a, rs &e. 


And the myriads are represented by ” placed over 
the number of them. | 


Thus, 1°, 2°, 3°, &c., have their proper value; 
1’, 2’, 3’, &c. willrepresent 10, 20, 30, &e. 
aS BUS 2 ie =) 8100, 200; “SOR smc. 
1’”, 2’”, 3", &e. - - = - - - 1000, 2000, 3000, &c. 
i", 2", 3", &c, will be so many myriads. 


After which it will be extremely easy to follow | 
the work in all the succeeding examples. 


pry i 2603 

his Sees aire « stad 

“ST 8B 

ed py BM oft BY yt” BP 
Tpvi ! lee eR ce 

B.yv9 38° A” ee ee 


This example may be farther illustrated: thus, 
by beginning on the left hand, we have #¥ 


f 
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pXp=a, or 100 x 100=10000= 1" 
pxu=e, or100x 50= 5000= 5” 
pxy=t, or 100x 3= 300= = 3” 
Again, | 
yxp=e, or 50x100= 5000=  5’” 
yxv=¢,or 50x500= 2500= 2” 5/4 


yxy=py, or 50x 3= 150= af 5) 
Also, , | 
yxXp=t, or 3x100= a¢ 
yxv=py,or 3x 50= f: .5 
y¥Xy=u, or 39x 3= 9” 


oo 


‘Whence, by addition, we have Jon a yg» 9° 
evidently - = - - - - 


The above example is exactly copied from Eu- 
 tocius, and is sufficient to indicate the method 
that the Greeks employed in their multiplication, 
but it will not be amiss to present the reader with 
_ another example drawn from the same source. 


Goa * ad bs 

Pon 5’ re tn 

xe Y edb 25” ks | ek 6” 
MM ~ 

7 2070 arent al? 29s 75 
M 3 

doa 7 5” 7 1°? 
72 gpm | 3927 6” 4’ 1° 
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_ The division of the Greeks was still more in- 
tricate than their multiplication, for which reason 
it seems they generally preferred the sexagesimal 
division, and no example is left at length by any 
of those writers, except in the latter form; but 
these are sufficient to throw some light on the 
process they followed in the division of common 
numbers, and Delambre has accordingly supposed 
the following example: 


EXAMPLE in Division. 


taP.yrx8(awxy 332" 3” 3” 2° O(1" 8” 2% 3° 


prh.y awxy 182 3 LS Boe oe 
pv. 7x8 1500329 
P[AE.1U : 145 8 4 
0. a2)x4 41929 
y-sus 3 646 
euk$ 546.9 
eve§ 5469 


This example will be found, on a slight in- 
spection, to resemble our compound division, or 
that sort of division that we must necessarily em- 
ploy, if we were to divide feet inches and parts, 
by similar denominations, which, together with 
the number of different characters that th + made 
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use of, must have rendered this rule extremely 
laborious; and that for the extraction of the square 
root was of course equally difficult, the principle of 
which was the saine as ours, except in the dif- 
ference of the notation, though it appears that 
they frequently, instead of making use of the 
rule, found the root by successive trials, and 
then squared it in order to prove the truth of 
_ their assumption. © , 

From the foregoing sketch of the notation and 
arithmetic of the Greeks, the reader will be able to 
form some estimate of the value and importance of 
the present system, which does perhaps as much 
honour to its inventor as any other discovery in 
the whole circle of the sciences, being that to which 
we must consider ourselves indebted for the many 
brilliant advances that have been subsequently made 
in the modern analysis and astronomy. Let any 
one compare the complicated multiplications of the 
ancients with the logarithmic operations of the 
moderns, and he will soon be convinced that he 
cannot set too high a value upon the discovery of 
our present system of arithmetic, which laid the 
foundation of that of logarithms, and many other 
of the most important improvements that have 
been made for facilitating calculations, and thereby 
extending the bounds. of science to their utmost 
possible limits. He will also perceive how slow 
and progressive are the steps to knowledge, and by 
what imperceptible degrees we arrive towards per- 
fection: from the first rude efforts of the Greeks, 
when their notation carried them no farther than 
to write down 10000, or a myriad, he will be able 


wee 
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to trace them through their several successive init 
provements, until it became indefinite like our own; 
first, by placing the character M under the number 
of myriads that they wished to represent, they ex- 
tended it to.10000*, or 100000000; but this po- 
sition of the character being found inconvenient, 
was changed for mv, following the number it was 
before placed under; and this again was afterwards 
dropped for the more eligible form of a point, se- 
parating the myriads from the simple units: after- 
wards Archimedes invented his octates, or periods’ 
of eights, and thus gave an indefinite extent to the 
Grecian arithmetic, an idea that was considerably 
improved upon by Apollonius, by making the pe- 
riods consist of only four places instead of eight, 
and dividing all numbers into orders of myriads: 
In this form it seems most astonishing, that he did 
not perceive the advantages of eae the periods 
to consist of aless netted of characters ; for having 
by this means given a local value to his periods of 
four, it was only necessary to have done the same 
for the single digits, in order to have arrived at the 
system in present use, which is the more singular, 
as the use of the cipher was not unknown to the 
Greeks, being always employed in their sexagesimal 
operations, where it was necessary; and, conse- 
quently, the step between this improved form of 
their notation and that of the present system was. 
extremely small, although the advantages of the. 
latter, when compared Ww ith the timer, were ins. 
calculably great. 

Tt is much to be regretted, that we are ignorant 
to whom the brilliant invention of the decimal scale 


Miscellaneous Propositions. 257 


is due; even the nation where it took its origin is not 
distinctly known, though it seems most probable 
to belong to the Indians, it being from these people 
that the Arabs first acquired their knowledge of it, 
_ which they carried into Spain about eight hundred 
years back, and whence it soon after circulated 
among the other European nations. 

132. We shall here conclude our Numerical In- 
vestigations , adding, by way of praxis, the following 
propositions, the demonstrations of which denna 
» upon the principles that haye been the subject of 
»* inquiry in the preceding’ pages: and shall, in the 
following part, endeayour to show their application 

to the Indeterminate and Diophantine Analysis. 


_ ‘ 
dA? ate 


ef 
Fn é 


MiscELLANEous Propositions. 


1. The square of any prime number p, of the 
form 42+ 1, is of the form 25n? + m’. 

2. The sum of any number of consecutive 
cubes beginning with unity is a square, the root 
of which is equal to the: sum of the roots of all the 
cubes. | 

3. The common difference of three integral 
square numbers in arithmetical progression cannot 
be an odd number. 

4. There cannot be four square numbers in 
arithmetical progression. 

5. The common difference of three square 
numbers in arithmetical progression cannot be a 
square nuniber, = e 

6. There cannot be three cube numbers in 
arithmetical progression. 

s 


a 
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There cannot be three square numbers: i 
alithlenstidal progression either mm iItegers or 
fractions, whose’ common ‘difference is 43 2,ard: 

8. If m be a prime number greater than. 3, 
then will m’—1 be divisible by 24. | 
g. In order to ascertain whether a given num- 
ber @ be a prime number, it is only necessary to 
solve the equation a?+4 A gt > @ minimum, Re- 
quired proof. cake ; ine 
10. No triangular number, “except ae is a 
eube number. Fi6i' } 
ati .No triangular, except unity, can be Shinai to” 
a pentagonal number. hel 4 
12. The difference between: a fractiine and its 


“4 a ‘ 

_recipr ocal cannot be equal to a square. te af, 
13. No cube number, except 8, when" in- 

creased by unity, can be a aanete rags 7 


14. ‘The equation ‘20° + 3) of & 91118 iampbstible 
15. The equation ax’ + 7y°= 2° is impossible for 
every value of a, éxcept those that fall under one 
of the forms 7m, or 7n+ DL. : 

16. Every.odd number prime to 5 is a divisor 

of any repetend digit, ‘and the number of. digits 
necessary to fori re complete dividend will never 
exceed the number of. units expressed by the di 
visor. : 7 : 
. ¥7.. fr be a prime number, then will every 
prime divisor of the formula a"+1 be of the form: 
2nxz +1, except only the divisor @+1, when the 
ambiguous sign 1s ty and the divisor a—1, when 
that sigh is —. + * #7» 

18. No square number can terminate Ww ith nore 
_ than three equal effective digits. 


ae. 
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19. The squares of all numbers composed of 
less than ten units, as 11, 111, 1111, &c., always 
have the form 1, 2, 3, 4, -- - 4, 3,°2, 1. 

20. The equation (a°+y*)'+(«°-y) = 1s 
impossible. | 

21. The following equations are impossible: 

1. SytYyr= 2’: 
2. @bat+ ab’y* = 2°. 
8. 2a°ba* + 2ab’y* = x’: 
AL 2 bx* + Aab’y' = x’. 
Required the demonstrations. 

22. Find the rational values of x and y in the 
two equations - 9x" +8y'=2°, and 6r'+54y* = 23 
or prove that there can be no such values. 


23. Tevery even number is the sum of two prime: | 
numbers, and every odd number is the sum of three 


i* ime numbers. Required proof. 


» Every prime number of the form | 3n $4 is th 3 


. of the form x° + 3y’. a See 
25. Let, 2,3, 4)\ Be. ae. =n; represent any 

_ continued psadlanct of terms, and. let p be any prime 
number whatever; then will the above product be 
divisible by such a power of p as has its exponent 

_ expressed by the | sum of the integral qe of the 
: dr actions 


' Reid proof. : ’ ' 
- What weights must é. iilected: out of the 


Bccle series 1, ‘3, 9, .27, 81, yi to wren 
celia pounds? : 


Se 


« 82 


* 


‘aa flow many terms must be schacle out oO | 


¥ 
‘ 
a 
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‘the single series 1, 2, 4, 8, 16, &c., that their 


sum may be 17845? 

28. Let x be any number whatever, and a ‘the 
difference of n, and the next greater square; also b 
the difference of n, and the next less square; then 
will n—ab be a complete square. 

29. The expanded binomial 
(1 eee n(n—1) n(n— Mn) 

| 12 to ¢ °3 
and if these terms be eee ‘ae i di, by the 
series 


q 


$8. =0; 


1, © Ofe Span athe Bee: 


or by any power of these rae except the nth, as 


; I" oS eee 
gk sum’ of all the terms ed produced is equal to 
Zero. Required proof. “ 
- #80." The continued product i 
nical, ee 


, wh 203. An. Ke, (a d)y =; 


: ee ‘iS ae 
n” = nin~ Ty's - tes ~- af fi 


v. (n— bat 2) . 
"Las ise Da +4 &en 


Required proof. | 
31.. WA, 6, and ¢, represent the three sides of | 
a triangle, spo C Abe angle conitained by a. and bs 


i ‘,* jess 


ete if ; 4 ig” 4a" 
vt ab! _ =c, the cogs per wig 
a9 <) @+0b+8 seg’, the <c=120°93. °° * 
a *—ab+ b=’, the <c= Go". ig 
% : i ly ‘fa 
*:, ‘ 7: Fé 


ae % m 
ht 
z 
PART II. 
ON THE INDETERMINATE AND DIOPHANTINE 
3 ANALYSIS. 
HAP: I. 


Continued Fractions, and their Application to", 


* 
various Problems. 


DEWINIZIONS: °° us +88 


ws t. # 
133. 1. Every.expression having the following ’ are | 
Fords AWE Saini) Ter ' i eo. ch ag 
re Sk EE ee 
a+r— : 4? 
Bt. c< fe! 
+3 | : 


te 
* 


» a, b, and ¢, being rahtceatacas aia a’ Continued * 
Fraction; and it is rational or irrational according 


as the number of its terms is finite or infinite. 


> ° 
é 


a et ‘Every expression of the more general form 


8 he 


is'a contintied fraction ; But in what follows we shall ‘only have 
-* .torconsider those fctctions that are of the form above given. 


o> ° ’ 
‘ +). * * . * - * 
> % . 
) : 


e 
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2. The series of fractions formed of the. first 


_ term, the first two terms, the first three terms, &c., 


of any continued fraction, are called Converging 
Fractioi as; thus, 


when reduced to the following forms, 

1 bee 

a’ ab+1’ a(ab+1)+e’ 
are converging fractions, 


&e. 


PROPOSITION I. , 


é 


ai aMOvy ; M 
134. To reduce any proposed fraction, —» to 


_» the form of a continued fraction. 


Let n> M5 and suppose that x, when divided by 
M, gives a quotient a, and remainder Pp; when we 
have : 


Divides in the Same manner M by p, and supposing : 
the quotient 6, and remainder a, we have, in the 
same manner, . 


M Resins esisige a 1 
— =b+—, and —= : 
Yr? yw 4M a 
‘ <6 +— 

P Q 1 

* —=c+—, and—= 

yistg Tee hg POG ge Rr’ 
Chas 
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a s we: 1 , 
—=d+—, and —= ms eis 
R R | 8 : 
) | d+— 
R 
‘ ” a eee &e Kes 


where a, b, c, &c., are the quotients arising from 
dividing, successively, N by M, M by Pp, P by a, 
&e. And if now we substitute for the fractions 


M a. P Qa r : \ 
oe ak &c., their respective values, found as 


_ above, we obtain the following expression: 


- 


M Fe sb 1 1 
Mes hi 1 
. Ot e ack) ca * a+: 3} 
ce, reo b +o 
ve h « ¥ r Ot BR: 
"hy Q 


Pipky 


p we . bak ee De 4 : M A 
and, consequently, the fraction zis reduced to 


a dmeiined fraction as Pathe: , | 
135. Weare thus furnished with a very simple 
practical method of performing this reduction, in 
all such cases} viz. ‘divide the denominator by the 
numerator, then the divisor by the renainder, and 


_ 80 on, as in finding t the ‘greatest. common measure 


of two numbers; and the successive quotients will 
be the denominators of the. acting: above re- 


presented by a, 6, c, &en my 
» Note. If the numerator be greater than the de- 


nominat tor, the continued fraction will be Papeete 


by an integer, : aS a ee a Sa ee ge 


re 
< ‘. by a ig * - 
“¥ oy “4 € es ‘ 2 +. , a 


* 


es i = va 2 = ‘ 
ey =. a & os i 
ee is, .“ uo 
* 7 - * * 
sf ae : ‘i ; . * “ = ; 
® 1171 : a te ce 
= Reduce —— to a continued fraction, — r 
se 9743 or ee 
aan * a * pile é _ * Ea 
i7sr49(s a eo ee 
“ 9368 rine J ms * ah “ % _ 
> . “* i : oe eee ; 
ie 375)1171(3- ir AT Lich’ "ate 
a . te ae . ae hs Oe 
r g : on 1125" "i * i os : oy. = go : 
ae of x = a f= 
* * 36) iS ae 
ee ied  46)875(8 ce ee a 


: 2 et 2 | “ *. a 
” ‘> ? ‘ ih 265 
: . ae Fas. all cs , » 
F a ta o eee bain y wal 4 ae 7 "i : 
43 fe: m, Me, 
rig Ex. a; “Reduce 18, toa contin ned + aed , : 


or 


* e)rsa. ee re. 


eh 


whict § is paid < an Ln 
_ foregoing note. « - * » 


” rd ‘ 
wey 


he Henig We al the inition a, b, 6: ee ics ‘4 
; obtained in. the’. foregoing operation, - Quotients, 
GENS being the results of s successive divisions; “a and feach of 


m3 > ; 7 


. P 
. these, with its depending fraction, as a-t- A ~b $y a 


i ‘a anil ‘ ve: nee 
° + « ee * . Fes sd % 
>. yr . *. " a te ? 
ma ie is called ; a Complete Quotient. ate 


ose weed Cie Bete So taut 
Rees Aphis!  eieetans 

e e 4, 46 Cait, “he es wel a) 
, ; 136. ‘To transform: a given continued. fraction 
: to a'series of st coms erie ‘ My Ria 
rE iS * 5 baad 


¥* “Let ? Po + * ye * i * 
t 1 PS waged . Crees.) ey 


a ‘Sou any | con it o 
“y form it toa sei of CO. 
; ee, This isi \ fact perfor formr 
» for “the reduction of 60 j 
ys. 


; z 
x 
= s . * 
ue Wc. 
4 
» A ¥ : 
: * a 
ge * 
! * 2 2s % 
i = ° 
i ee 
7 7 . 
£ . Ey 
e . ee 
* my 4 5 . 
+. “ 
te a aS : 
Me o A < ae 
. , 1 ee i>. 
§ Fy 
’ ae A we g 
' * " 
ae f ; * 
m 5 ; 
» 4 ae ge 
se fF 
_* ‘ : ae 
Ae + ; ee 
i We ee ae a 
4 Per = oni , _ 
ee Fi hea ; 
4% § we Z +547 et aun 3 hee. Pe $4 42%. 
ot Some whe te a” % e243. ns. eit 5d, ee | 22 HOLL: 
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: “But thin: reduction, when there are: ae terms 


:* in- ‘the | continued fraction, | becomes. very" em-_ 
oS barrassing, and at 4 ery time unnecessary 5 for, , 
ag ‘from what has been Iready done; a very obvious 


My Jaw of formation. discovers itself, in order to render 
> _which i the more manifest, let us resume our fore- . 


os 


y , going. results, making also the: successive substitu. 


* *% 
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a 2 a 
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oy ait thus # ihetagie ssi re ter sie, the s series of scon-. ES 
ve reing. fracti - s may “be: eS ay as- far as “we. & 
oe ’ please, by: teal | sof the given quantities a, Dyif, es, e 


‘+ > of en 
” tes terms be i : A ah BM a8 
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* ae 1372 Seated we, Lane “ie folloiing’ ve very easy “ 
Ta method. of. Yreduéing any continued: fraction toa : 


_ series “of converging fractions... wif i, ee 2 

ce 88 Write all the denominators. ee the successive - 
terms ‘of the continued fraction cigling 2b thos ay r 

oh var ed . co! -d, "e, &e. 5 a a % an 
é "+ ‘ ely ape > i ile 


Seni the first Sinton will faye lity “fate its mu- « 
tes merator, and the first term, a, ‘fol ee denominator; 
the second will have the second term, b, for its nu- 
mer ator, and for its pevcareigt i and the 
_ mumerators of. all the suceeeding ac ions will be 
ee found, by multipl ing the numerator last found by 
; ‘the corresponding: term in the above series, and 
4 adding to the prejilet® the ¢_ preceding numerator ; 
ai ‘and re denominators ar Pébifined i in exactly the 
© same manner, as is_ evic : 
Foposition :, aes bo 7) * exis’ 


os &e.. * e 


(be + Ass hb 
7 (ab+ Nita: ros 


Ld 


bad ¥ 


Y RAS 3 
st term of hint. series will be the original 
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eh - Denominators, cm et a £4, 3, 

s ‘ 4 elt op ev i wifes eo - . 6S; Fa a 


i: “Cony. fracti en 
ae ef A 43° erry Pa 1083’ 


% 4 
» 


“a the series. sieqttiied:: . ee a he ‘ 
"a. 438. It j is also. obvious, that we may: thins find 
the. series of - fractions converging towards | any 

> given quantity, without reducing it. om to the con- 
: tinued. form. For we have seen (art: 135),, that the , 
. dévoutieots a, 0, C,8c.,. of 'the: terms of any 
continued . fractions, — care the quotients ‘obtained 
from finding the common measure of the two. ter ms 
of the given fraction; and, therefore, having found 
these quotients, 1 we. _may inmeédiately ascertain: the 


series of | converging fi fra ns, without any inter-- 


mediate step; in fact” the consideration of” any 
quantity under the form of a continued fraction is” 
‘entirely useless, otherwise + .. as it leads us to the 
_ properties, ‘and the law of! formation, of the con- 
‘ Sr verging: fractions ; ; for it is in his form only, that 


a these: expressions are at all saebicble to i = useful 


purposes “ 
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j es ® 
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Ex. 2. Find the series of ‘frdations converging 


3 
towards the: given fraction a 


> SY a9187(4 
| 1565" 


-, 
——") 


a1) 9(0 . 
wt ge 


% © 
& i al * 
= monet 


Fs aah eo faite Oe 
78 
7 | * 
WI7 


/ Quotiens, pois a We 


1 
en RT 


fine, = - 
Conv. fra ig A ee ba 24’ 187’ 


which is the series of converging fractions re- 


a e 


139. If now — Series of quotients derived 


| from the fraction — = be © Tepresented by 


ae A 4 ® 
Hs a ; eee a 
RNG. gM i micaibontstwe bik 2, vr ee, 
1 ee er 


be ind Rotiegpaias converging fractions; then, 4 
_ from what has aie shown above, ae 


ae 
& 7 
A ees ; Me ee ZA , 9 a P * 
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and if instead of u, we substitute the complete quo- 


° . = ~ Y wait 
tient corresponding with it, as w+7 (remark, 


page 266), we shall have the original fraction * , 


| M Plas at 


NN 
q‘(u +4) + p° 


For it is evident, referring to the original form, » 


* U. aa J 
x 


‘that, by stopping at any particular quotient, and. 
annexing thereto the remainder s we have the 


precise value of the original fraction, as will be still 


more obyious by avrning to the form at art. 134. ‘ 


ta now wu += U’, then the above Lcintcnab 
MI i 
N° a+ °c. be 
— |] 
fie 
U+—,5 


and. as the order of formation of the: converging 
fractions does not depend upon any particular. 


values of these quotients, it is obvious that the | 


same law will obtain for the complete quotient uw 
as for any other; supposing, cae ee 


he 


wy 


oy 


f 


> 
i e / & 
ae a 
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dup Sal ) 
a+ ete = pand gee os oe =", 
“. ® t g ro ii 
“wha have, o on the a of art. 138, 
i 
a+ &e bs * pyre Wie ne 
i+ 1 eur cs) 
ven, pf, 244 
uu 
OE OE 
= Ie oh ah ao , 
nll Tone eee m iy i ‘ts E. Dd. 


yf (u +2) +9 


oe ; oe 1 . 

For example, in the reduction of ha if we stop . 
Pies, 953 P 

‘at any term as below, 

711)953(1 Yes 
sgh ae . 4 

242)711(2 Rie 
A84 


nee 


15 
227)242(1 997, complet quotient 


“ 20%. 
ee “15 
we ‘shall have the following result: 
otients; — 441, 2, 1 
Quo ents, --- 41, 2, 227 
4 ae 
aa 
Conv. frac. = - oy =, | 
. | 3(1 1 
( ony 


 2(227 +15) 4.227 avs 
(9297 +15) #9270 953” 


the. original, faction: 


° 
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» and the saine has place for every complete quotient, 
as is evident from the preceding demonstration. 


: PROP. ti. » 

2 ahapile hd teh 
140. If e and rd be any. two consecutive 
terms in a series of fractions converging towards 
Ma dig 
ans then will 


ry -—p¢= 4 1; 


the ambiguous sign being + when 


ci 


Q 


3 >—; and = 
anes. . 
ef PO 

ye? M 
when <= 


For let ye, 
+ Pg: Bea ote WE OD. ae OS Ke, 3% 
1 b : (o] ZA 
vat ahs 79 &e. ll : P 
@ ab+i1 


aeyry poh Ree. 
1 ES SEI ahah ys. 


represent any series of quotients, with their cor- 
responding fractions; then (art. 159) we have 
p= p’wt+p’, and q”’=q’wt+q’; or 
Pp -—p _g - q 


da 


ig " =W; 
P q 


and, therefore, — 


4th th 


Pod 87 SAG eee. 
‘p” gq” — py gk ak =p’ g’ — yp ‘. 


a 


Pp =pur+p, and q”’=qu+q’, we have 
ri oF: an Wad & 


/ 


+; whence 
? q 


_ And, in the same manner, since 


* 


i ~ x 2 
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igh “casa oan rapig’y ibe esti ockae gah | 
(omy Ci —p =p YY ~ pq °s ¢hat is, 

*. P' "dU - EE =PT oe ‘¢ =P —p ie : 
or the successive differences between, the products 
of cach thimérator and’ consecutive denominator, 
and the product of the denominator and the nu- 
merator of the same fractions, are equal (abstracting . 
from their signs); but the difference (ab +1) —‘ab, 
that is of the first two fractions, is 1, and since the 
differences are all equal, they are’ each equal to 1; 
and, therefore, py =p y= thd arere eo ‘ 

, 
But w. E : 


M 
; and, «conse- 


eh r > a and a q Mi 
i re De Ws me RS 

Oa: TP 43 that is, p°gq’ #4 = + a) 
on 


M. d 
And, for the § same reason, if aa < oe then we 


.e) 


-; and, therefore, 


Le bp 
3 


have gig’: —p¢=-!. Ce OP ee : segledesn 

147. as this, property of converging Gatiens: 
that sot: them so useful in the solution of allin- 
determinate equations of the first degree; for every 
equation of this kind has its solution Same 


“upon that oe the equation, 
ax — be iy) = pl i 
as will be shown in the next chapter. 
Now the solution of av—by= + 1 is obtained by 


finding the series of fractions converging towards 


a . ~ ; ; 
A: and assuming for a and y the terms of that 
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: ot ae e , { | ¢- # a a7i9 yiid aj 
fraction, immediately preceding ge as is evident 


_ from the foregoing proposition. 
Ex. 1. Find x and y in the indeterminate oii 


162—41y=13 
First; | Bs 
| 16)41(2 
32 
| bat (OE 
Fg(tecib Mum ow olga 
to goulagiieay i WO oN Ge2 
: 2)7(3 
6 
2 a 
. a | 
1)a(2°\ 
i ig wt hoe 
ts Quotients, 250 Pyod3 Soh i25h ivy, cork a 
: ear oe 
€ ‘oust asozre oe a 
ony: frac. si 3 3 it age 1 


a we Boat r= 18, ‘and y= yA which gives, aes 
. 16x—4Aly=1, or 16, £82241 ..7 eH 

-And it is obvions, that we: shall. have the same 
esti if we take r=18+41m, and y=7 + 16mi5 
m being indeterminate for this substitution gives also 

16(18 + 41m) —41(7 + 16m) =1; 
and by means of the indeterminate quantity m, an 
infinite number of’ values of x and y may be ob- 
tained, . that will ° answer the conditions. of the 
equation, 
72 
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If the given indeterminate equation had been 

| ax—by=—-1, 

then we must have taken 
3 x=4lm—18, and 2 y=16m—7, 
which gives x? 
16(41m— 18) — 41(16m—7)= —13 
where the indeterminate quantity m is also the 
means of furnishing an infinite number of solutions 
to the equation ax — by = 

But as this subject belongs properly to the next 


chapter, we must dismiss it for the present, and 
continue our investigation of continued fractions. 


\ 


r 


PROP. Iv. 
Oe ” 
$49.5 Tf ? ” ? rae &c. be a series of 


fractions converging towards any given fraction 
, then will these fractions be alternately greater 


and less than the given fraction; bat each ap- 
proaches nearer to the true value of the original, — 
than the one wliich precedes it. 

The first part of the proposition is evident from 
considering the law of formation of these fractions: 
we let ; 


OT aoe aes 5, See, ; 
ee oes aa 

Cc a 
ake; 


° 


caret tes ecru i i M: f ‘ 
hen it is obvious, that ey because, im. order 
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to have the exact value, we must add a certain 
quantity to the denominator a (equal to dll the 
other part of the expression): and » 


A : 1 
b ae 
d 


for the same reason; whence it follows, that 


1 1 adhe 
ary N? 


s . ] ; .* 
because, in adding + tothe denominator a, we make 


b 
it too great, and, consequently, the fraction too 
small; and in the same way we find that: 


1 : ‘ 
a+ 70 tPF oe 
ays wi 


and so on alternately. But, by article 136, 


] } 1 
my re re: & 
Sh b+ e 


are the successive terms. of the converging series, ~ 
being equal to 


Me hah aa 


and, therefore, these terms are alternately greater 
and less than the original fraction; and hence it 
follows, that the value of this last is always con- 
tained between any two consecutive terms of the 
converging series. 
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‘Now, in order to demonstrate the latter part of 
the proposition, let us consider the difference be- 
tween any converging fraction, and the original one 
to which it is an approximation. For which purpose, 

O- ; 
let - be the fraction immediately preceding: and 


x : ; 
let uty be the complete, quotient, corresponding 


to : also, for the sake of simplifying, put 


x , 
~ 


then we shall have, the same as in art. 139, 


wall Ah 2 
N qu+q > 
trom which we derive ae ; 
MP, Pe EL 


es 7 fo) Lae , fe) > an ; 
NL Qhug(qtg) ogqurg)y oo. 
Mp? _ (pq —p°g)u’ _ +u’ 


ie) 


NG F(qu+g)  Fqu+gy’ 


Whence we draw the following conclusions: 
° 


1. That oer and amt 2 have always dif- 
le Hee an: | 4 iris | 


ferent signs. 


i re | ; 
2. That the difference Bs lie oi — ; which may 
therefore always be represented by ri when d<1. 


SIME) o! ee i 
3. That ers is less, abstracting from its 
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23i9 : 
(J M { 
sign, than a the former being, ROP to 
N ! af +t, i 


, 


its Bi u 
| . th 
aa or aoa the deer to Gu F¢ 7% at is, 
WHY x ile SG and 
pe ng te og 
Moen Ww eae 


Mgr, 
N g Q qu+q 
. & ? ; ; ; 
Now vw =u+ re and, therefore, w’>1, and qg>4q°, 
f / 


from the nature of these fractions; much more, 


, 


ited | : en: 
then, ale als Since, therefore, the difference 


between any converging fraction and. the original 
is less than the difference between the preceding 
one and the original, it follows, that the value of 


ae 7 ee i 4S 
_ any fraction L approaches nearer to that of — than 
Se - 


any one which precedes it. 


PROP. V. 


143. To convert the square root of any given 
number n (not a square) into-a continned fraction, 
and thence to a series of converging fractions, ap- 
proximating towards the /N. | 
_ Itas evident, in the first place, that this series 
must be infinite; because the square root of a nume- 
ber not a square cannot be expressed by any ra- 
tional fraction (art. 18); but we. shall find, that 
the quotient, whence the series of converging frac= 
tions are derived, will be periodical; and, therefore, 
_ the extraction inay be carried on at pleasure... The 


© 
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method of transformation, in this case, will be 
better shown by a partial, than by a general ex- 
ample; and we shall, therefore, first extract the 
square root of 19, and afterwards show the ap- — 
plication of the same method to the extraction of 


d +M 
any quantity of the form — ; N, M, and p, be- 


ing integers. 


£xtraction of 19 in Continued Fractions. 


/19—4 3 1 
or. = 4+ = 44 —— = 4 4+ |} 
ee eee wrt Sloe a 
oe 
"V19+4 19-2 5 . 
(Ae Eas g fee neat ~—-=94—-———} 
3 3 V19+2 V/19+2 
"1942 19—3 2 1 
MIO+ TO a -—-=1+— elt oreo 
5 ; 5 V¥19+3 /19+3 
‘i oii 
es +3 /19—3 5 1 
a ek be =3+— 3 =3+- —<~ = 3 +————-3 
2 2 VI9+3 y¥iI9s 9 
. 3 : 5 
" A943 19—.2 3 : | Oi 
PODER baie WOOr Dg foi Bon 5 eh ae 
5 ae cask /194+2 ‘ MIG 
8 
2 19—4 1 1 
Hi | 3 VIQO+A4 VIQO+A 
hey A J/1Q9—4 
a &e, 


And here, since we haye obtained the same ex- 
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pression as we began with, we may discontinue our 
extraction; as the quotients 4; 2, 1, 3, 1, 2, 8; 
2, 1,3,1, 2, 8; 2,1, &c.; must necessarily recur 
again in the same order, ad infinitum, 

Now if we substitute for the fractions 


VWVI9+4 wW1I9+2 v1I94+3 V1IO+2 
a" Bspcr oir Ba 3 


» &e, 


their respective values, as found in the foregoing © 
operation, we shall have : 


1QO=4 s4+- 1 
V19 bah W1I19O+4 fy = 
: V/19+2 
Ae 5 
A+— ]1 s=4+—- 1 
ah = a Gore i 
VIQ +3. a a 
age ar —* 
8+ &c. 


and, therefore, the square root of 19 has been 
transformed into a continued fraction, as was re- 
quired: and hence it is obvious that the same may 
be converted into a series of converging fractions, 
as in art. 136; thus, 


Quotients, 4, 2, 1, 3, 1, 2, 8, 
4. G9 GS. 48 - 61. 160 


sean iidlosong tice uiaeeatiale «3 oF 
LF; 0.3% ban eo” 


Conv. frac. 
each of which fractions expresses the square root 
of 19 nearer than any preceding one, as is evident 
from art. 142; and it is manifest, that they may be 
continued at pleasure to any degree of accuracy 
required, : 

The operation in this partial example is obvious + 


arrive at the fraction 
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J 


we first Gini the greatest integer contained i in 4/19, 
whichis 4, whence i | 


/igaad—~ Rid GAL 


and this quantity being transformed to the follow- 


ing form, by multiplying both numerator and de-: 
nominator by 19+ 4, we have . 


i ee 
ES ee oe ees ane 
sh 3 
We then proceed to find the greatest integer con- 
: A 19+4 ska a vuuhe Ee 
tained in Beh which is 2; hence this fraction 
becomes | nue 
19+4 5 ae Pa ea Be OB 
EASE at MOR animes 
Si = ie we oa, eae v19 +2 


5 
Andi in the same, manner we find the greatest in- 


teger contained in this last fr action, and soon, till we 
et ning, which oo the 
same as the first, all the ievind, ill agam recur in 
the same order, ad infinitum; and, consequently, 
the operation from that period may be diseon- _ 
tinued. And it is obvious that the same prin- 
me wey be 5 SEDRES to any are of the form 

, , tM se 7 

» Ber pony ast © 
‘144. The’ above operation, which: is tedious ac- 
cording to the method that has been explained, and 
which was necessary in order to show the origin of 
the rule, hecomes extremely simple, by observing the 
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following law in the formation of the successive 
gee! Pte fet | 


AIG+tm 


=u+ &e. SOO 15) 


V19G+m ; 
~ oy te Secs. 


represent any two. consecutive fractions in the 
foregoing example, « and w’ being their respective 
quotients, then will 
m’ =nu—m, and 

, 19=—m”? ‘ 
10 saigit on | 
so that each value of m’, n’, and w’, is deduced 
from those m, n, and wu, in the preceding fraction: 
hence the foregoing operation, by means of this 
law, -will stand thus: 


L180. 4+ be 1 eye Ashes at eg! 

ey 2+ Re cs B.2=4=35 BSP) » 

a rae 5.1-2=3; wee. 

ess | + &e, 2:3-5=3; 2" a5, 

eee + ke. 5 1325 eee 
Se Se Ee ae eae 


Where the caleulations: on the right hand of the 
line are set down! only to explain the operation, 
but they are unnecessary when this is once under- 
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stood; and hence the extraction of the square 
root by this method becomes very simple. 

145. This law has at present only been deduced 
from observation, but the universality of it may be 
demonstrated as follows: 


Let 
JN+m JN+EM—nu 
ut , and 
n n 
/N bs am 


be any two consecutive fractions derived from the 
/N, N being any integer whatever not a complete 
square; then, from the nature of the operation, we 
must have 

JN+m n 

3 pane 
n JN (ru my” | 
( /N+m)x{ /N—(nu-—m)} =nn’, 


and since this product is an integer, nm and n’ being 
each whole numbers, it follows, that m’=nu—~m, 
for otherwise the product of the two factors would 
not be rational; whence again 


( /N+m’)( 5d aa te ne’ Sr, or 
N—m” 
cman | 

so that the law is universal. | 

And hence the square root of any number n, not 
a complete square, may be extracted in the follow- 
ing manner, supposing @ to be the greatest in- 
teger contained in yw, and w, w’, wv’, &c., the 
greatest, integers contained in the respective frac- 
tions to which they corresponds Ue, 


~ ie Spa = SEE acrecs 
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" a zg 
/N+0 ) N—m 
— —-=@ +&c./1 .a—-oO =m; ial SS 2, 
JN +m 2) Nr ie ; 
—=u +&c.in .u—m =m; alent £ 
JN + m N= m/’* 
as su’'+ &eln’. uu’ —m’ =m": ; Fag 
N-+m” N—- mm’? 
A 
neg toa” + & clu’ Sm”. =m” en”, 
&e. &c. 


And by continuing thus the extraction, we shall 


always arrive at a fraction equal to - 


N+™m 


; after 


which, the quotients will recur again in the same 
order, ad infinitum, as will be demonstrated i in the 
following propositions. 
146. Thus the extraction of 23 (omitting the 
calculations on the right hand side of theline, which 
are supplied very readily as we proceed) becomes, 


- 


And having 


ree + O 
1 
/23 +4 


—=A+ &e. 


=1+ &e. 


234+3 
a &e. 


4/23 +3 


— 


=1+ &c. 


i < \ 


23 +4 
ae 
/23 +4 
nt 


thus arrived at a fraction 


=8+ &e. 


=i + &e. 


equal to 
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/23 +4 Pea Dig: 
the second Say aoe the operation: may be dis~ 


continued, as the quotients after this recur in the 
same order as at first; and hence we may calculate 
the series of fractions converging towards | 23 to 
any degreeof accuracy required; thus: 


QOuotients, As 1yy BS saly “WO hel i BS be B5-dy Oe 
en tela’ oS 8 a 
Tire a 
““Scholium. Numbers falling Hider any of the 
following forms, viz. 


Conv. frac. 


p+, ° 4. } bo 
P Pup, Lisi ph iD. 


have their square roots very readily extractéd by 
continued fractions, the period of circulation never 
| exceeding . three terms: thus, for examples, , 


, 17 +.0 
\ tl ie ia. gli a+ &e. 
1 
VIZ +4 
SWE 8+ &e. 
1 
which last quotient will be repeated, ad infinitum. 
J15+4+ ee 
racials + &e. 
1 ; - 
J/15 + ne 
ioe + &e. 
6 
S16 + 8 
Brees a 


the two last of which mips will be repeated as 
before. / ‘es 

And it is the ‘same -with all numbers mae omg 
under any’ nee above formisi« eu :') siitrud bai 


Fin rae 
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_ PROP. VI. 

147. The series of quotients arising from the 
extraction of the square root of f any shied N, not 
a square, will be periodical... 91) i» TTY 

We have already seen, that this as Pity the 
case In the partial examples which we have given 
in the foregoing proposition ; and it is here pro- 
posed to demonstrate, that this daw, must ne- 
cessarily have place for every possible value» Ny 
when it is not a square. 


First, let us suppose - ; “ie to be any con- 
secutive fractions, converging towards the YN; 
and let uw’, u, w, be the corresponding quotients, 
wu’ being supposed the greatest integer contaimed,in 


+ 


é . /(N + ™ Py es Uh tig 
the complete quotient es so that, in the 


following expressions, See EL iri 
Uy Us Ue, : 
Oo ¢ : 
® a et.” ie Kilve 
Pept 
Cregg + ge 
_ And if instead of « we take the complete quo- 
we N+ ™ 
tient — , Whence w was derived, we shall 
rrogt WY 


have, in the place of the foregoing equation, 


VNEM 
Re ee 
fN= a (art 139). & 
N+™ 


q rt hg: : e 


> 
‘pce 
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which becomes, by reduction, — 
Pp V/N+ pm +t Fok 
q vN+ qm+ qn’ 


JN= 


whence we draw the equation 
Qu+ vN(qm+qon)=p VN + pm + pn; 
and since here we must have the rational part equal 
to the rational, and the irrational to the irrational, 
we obtain the two following se ne: 
gN=pm cP, n, 
p=qMm+|gn. 
Multiply the first by g°, and the second by p*, giv es 
qYN =py m+ pyn, 
‘ pp =gpm+pgns 
then, by subtraction, 
q7°s — pp’ = (pq? — gp°)m, and 
| PP 899 = (Pq? — gp) — 
this last being derived in a similar manner, by 
multiplying the first equations by q and p. 
Now, by the property of continued fractions 
(art. 140), we have 


PF ~ WT 1, if > JN 3 


PY —9p = —1, if F< /Ns 
Whence it appears, that pg°—gp° has always the 
game sign as pp — N93 because, if 3 > JN, oe >N; 
and, consequently, pp >Ngq; and the contrary, if 


: ;% /N; and hence again it follows, that 2 is always 
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| positive, because pp-Nqg=(p¢—9p°)ms and 
pp—Nqq, and (pq°—gp°), have always the same | 
sign. And this furnishes us with the means of 
ascertaining the limits of m and n; for, since 


‘ w— m’”?> , ; 
Ser (art. 145), 


and » and n’ are positive, it is evident, that m”<wN, 
orm’ < 4/N; also, m’ being ani integer, it can never ex- 
ceed the Srentent integer sein teiniesh in /N. And since 
m=nu— m’ (by the same article), or m+m’=nu, 
and m and m’ are each < wn, it follows, that 
neither , nor uv, nor nu, can be greater than 
‘m+m’; and we have seen, that neither m nor m’ 
can exceed a (supposing a to be the greatest in- 
teger contained in yN), therefore, neither nor u 
can exceed 2a; or, which is the same, 2a is the limit 
both of m and the quotient w. 

And hence it appears, that in the transformation 
of ./N into continued or converging | fractions; 
which (from art. 145) has always the form | 


OP Os. os, 


: =a + &e. 
ea me 
are ci =u +'&e: 
J/N+m 


w= =u’ + &e. 
n 


a/N + mm’ 
nee uw” + &e. 


&e. &e. 


since m, n, and uw; can never exceed certain limits ; 
that is, m not >a, m not >2a, and wu not > 2a: 
: 
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also, the expression ‘itsélf béing infinite, thie same 
values of m and n must necessarily come together 
an infinite nimber’ of times; ‘and thus form a series 
of periodical quotients, ‘which ‘will ‘ contitiue to’ be 
repeated ad infinitum, as we have seen in the partial 
examples in art.143.— a. E. D. 


148. In any series of quotients derived from yn, 
the second is that which first ‘recurs, and com- 
‘mences the ‘second, and ‘all the other , periods of 
circulation; that is, the quotients always recur in 
‘the same order ‘as at first, excepting only the 
first a, which’ expresses the. ieneper* integer. con- 
taimed im 4X. | 

In order ‘to desnemetteke this (since we know 
that the quotients recur ‘in -periods}),. we shall 
‘suppose the first/period to be 


“3 a, By Y; 8, &e. ~~ ayy. ul, u, wu’. &e.; ‘and 
a PIO O SOR Ie 2 Garhi a the. 


part of the second period; and then prove, that 
aA=w, the quotient preceding 2 = that preceding 
w, and so on to «@; which must, therefore, ne-— 
cessarily be that quotient which commences each 
of the pexiods. 
Let, then, 
a; a, B, ¥,- = -A,.u,'W, Uw’, &c. w, u, UW’, Us 
fe) 
a ; P° P | 
represent any series’ of quotients, and their corre 
sponding converging fractions; also, let 
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“VN +4 JN+m° WN+m 
A/N. JN +m. 
HRD: GUN Pte, OR OE n 3 n > 


be the corresponding ébnipietd quotients. 

Then, from what ‘has ‘been demonstrated 
(art..145), we have N—m’=mn®, arid N—m?=nn; 
whence n°=n; and we shall also have (by the same 
article) m=an° —m°, and-m=wn —m; 

ES RST © m —m Sie ed Meet 
‘whence we. draw RAW But (art.147) 


f 3; and since 7 is an. ap- 


3 n 
gm+q°n=p, or m= a: 


proximate value of x, we must have PcG + 4 


} a ee Sent $ 
fraction — (a beitig as above the greatest integer 
‘in yx), and hence result 


te) 2s 
e/a 
a—-m= — 


And sirice qo< qs frem the nature of continued 
fractions, we shall have a—m<n; and in the 
same manner a—m°<n°, a—m<n;. and, there- 
‘tore, a fortiori, m°—m<n°. But we have found 
RS cae ; : 
ps A which must necessarily be an in- 
teger or zero, because 4-and-w are-each whole num- 
bers; and since m°—m<mn°, this cannot be an i= 
teger; it must, therefore, be zero, that is, m° =m, 
ora=w. And, in the same manner;it may be proved, 
that the quotient preceding w is the same as that 
u 2 
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preceding a, and so on till we arrive at the quotient 
a; and, consequently, it is this which first recurs, 
and commences every period. — a. E. D. 


PROP. VIII. 


149. The last quotient of every complete period 
of quotients is equal to 2a, a being the greatest 
integer contained in ./N. 

Since we know the period of circulation by the 
foregoing proposition, we may now represent the 
series of quotients, converging towards N, and 
their corresponding converging winainasalie as fol- 
‘lows; viz. 


0 va la 
a een «3 
V we eae ins tame ° ae or age a°’ @’ &e. 


so that! is the converging fraction, which corg 


responds to the nae quotient «, of the first period 


OL, B, y, 0, &C. A, U3 and let 
JN + 1 
ua 
be the complete quotient whence w is derived ; that is, 
/N +m , 
Rim ae 


- then, on the same principles as in art. 147, 


JNtm , 
——_—— +p 
Dare 
Ae eo 
o 


* 
2 
If 


SSE ae ee 
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Now, if we attend to the law of facmation, we 
shall have, ? 5 
WN+0 
N ee a 3 


a 


for the complete quotient, answering ig ? which 


will be equal to that succeeding 
VN+M 
. n ; ; 
But it is obvious, frem art. 145, that 
J/Ntm. |. yN—(nu—m) 
a eibel + —; 


and the succeeding complete quotient is 
| JN+(nu—m)  YN+Q 
N= (nw my Fo Na” 


7 


whence nw —m=a, and, consequently, we have 
ue +m J/N—-@ - 7 

——— = 4 + ~——, 
It also follows, from the above, that 
N—(nu—m)* N-@ 

n Oa 


=N-@, 


whence we have n=1; and, therefore, 


JN + Ht J/N—@ 
SS + 


a2 Wp , becomes 
2 
é 
a/N + ™ 
: Coe ee eee ee 


and, substituting this value of a in the original 


expression for ./Ny viz. 
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JN +m 3 
if) 
eM 4? 


ne 
Ta + Pp 


a 
2 
Il 


we deduce immediately this equation, 

| Pp vN+pU—a+p 

g VN + q(u—ay+ 9?’ 

which furnishes the two following equations ; 
plu— a) eo =Nq, 
q(u—ah+q°= p, 

the second of which gives by division 


N= 


° 


: Te 
(wa) + - se; 
ay a | 
whence again it follows, that «—a is the greatest 


e 


integer contained i ce but as this fraction is an 


approximation towards yw, the greatest integer 
contained in it is a: we have, therefore, «—a=a, 
or u=2a; that is, the last quotient in the period 
= 2d.—@. BE. D. 


_ PROP. IX. 


150. The equation p*—Nq’= 1 is always possible 
in integers, if x be any integer number whatever 
not a square. | 

For, by the foregoing preposition, the complete 
quotient answering to the Jast quotient in any 

N+™m 
period, as — =u+ &e., 1s such, that u= 2a 
(a being the greatest integer contained in VN)3 
and, consequently, as we have seen, n= 1, because 
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2a.is. the limit of; nz. (ante, 147), oxefore m= 2a. 
Py 


If, now, we represent by AU and’ ye two converg- 


ing fractions, the latter corresponding to, the quo- 
tient 2a, we haye also (by art. 147) 
BANG = (BG 2°92 
but, in the present case, n=1, and pq°—p°g= +1, 
by the property. of continued fractions; therefore, 
p—Nq'= 


* 


~ 


£ 


the upper sign having place when ~ > vx, and 


the lower one when P <i, 


But all the converging fractions in the even 
places are > ./N, and all those in the odd places 
< JN, as is evident, because they are alternately 
greater and less than /N, and the first is always 
less than /N; but since these periods of quotients 


recur ad infinitum, if ; the first fraction answering 


to the quotient 2a, be not in an even place, it must 
necessarily be so when that quotient. recurs again; 
and, consequently, the equation 
p-Ng=l 

is always possible, w being any integer number not 
a square; and there are an infinite number of valt nes, 
that may be given to p and g, which answer the 
conditions ofthe ‘equation; viz. every fraction 
Pp 


— standing in an even place, and corresponding to. 


the quotient 2u. — ee. dD. | ; 
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Cor. 1. It appears, from the foregoing proposi- 
sition, , that the equation 


Pp ~My = ages 
is also possible in all cases where the quotient 2q¢ 
occurs first in an odd place, and that there are 
likewise an infinite number of values that may be 
given to p and g, which will answer the required 
conditions; but if 2@ occur first in an even place, 
then the equation ; | . 
| ain sda 
is impossible. , 
Cor. 4 Hence also the ene equation 
a — ays 
is always Prete in integers ; fe the equation 
| — ay” =1, Hg 
as 2 — ay’ =": 
this equation, therefore, is always solvible in in- 
tegers; which has in fact been otherwise demon- 
strated in Part I. 
-151. It will not be amiss to ilustrate what has 
been demonstrated i in the for egoing propositions by 
a few examples: 


Ex. 1. Find the values of x and y in the equa- 
tion 


rv —15y°=1. 

Here we have, by the conversion of /15, 
/15 +0 ae ae OB oe 
si pcp &e. | 1 -3-0=3; ol ee eased 
15 +3 a Bee 
te aca 6.1—-3=3; ge Be ay 

15+3 
ms —=6+ Ke. 1.6—3=3; &e. 
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Quotients, 3, 1, 6, 1, 6, &e. 


: A 
Fractions, —, —, &e. 
. . 2 
ae 4 a 
N ow the first fraction 7 which answers to the 


quotient 2a, is in an even place; we have, ther efore, 
x=4, and y=}, which gives | 
—15.1°= 1. 


Ex. 2. Find the values of x and y in the equa- 
_ tion : 


) zg —17y =}, 
First, | 
das ak ge + yen ove Gi isk 
ga teat § &e. | 1.8—-4=4; a doe sl, 
MEGS 35.5 &e. | i -8—4=4; &e. ; 


Quotients, 4. 8. 8, 8, 18,1 Ke, 
Fractions i 23 
, ys: | 
And here, the first fraction corresponding to 8 
being in an odd place, we employ the second, 
which gives 2=33 and y=8, whence 


33°—17. S'= 1, 
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Ex. 3. Find the values of x and: y im the equa- 
tion ) ayy 
a x 13y?= 1, 


First, 
13+0 - Pa ah Sy 13 — 3? 
A 3 + &e. 1.3-0=3; PERC Te 
TPES , 13 42 
—————-—-=]1+ &e. 4,1 +3531: — a = 3. 
. 4 ‘ & 4 
13 +1 La | 13 —2° 
AS ee pnge tabs ag ae 
: | 
WAZS4+2 2% i nt 
So Rt ee aii hs ek, 
“SJIS+4 | i3 3° 
1+ Be, 4eb—~i1s3; oP Mh 
134+3 
~~ =6 + &e. | 16-33; &e. 


which last gives the quotient 2a, or 2.3; we have, 
therefore, for 


Quotients, 3, do3,h, 4, Gi 2, .1e Lyoks O21) Me: 
5 47 11 18 119 137 256 393 649 


Fraciesis =) =)» —) —, —, 
7 2 a B’ 83 aeetaD? 109’ 180" 


Now here again the first fraction answering to 
the quotient 6, being in an odd place, we proceed 
till we meet with 6 a second time, which will ne- 
cessarily be in an even place; and the fraction 


corresponding to it is Rear 80, that x=649 and 
y=180 are the laut values of x and y, that, 
answer the conditions of the equation 
x 137° = 1. 
If the propesed equation had been 
: “—13y'=—1, 
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we should! have had, w=18 and y= 5, for the least 
values of x and y that satisfy this: equation. 

But if the first fraction answering te the quotient 
2a be not feund im an odd place when it first occurs, 
then it follows, from: what has been demonstrated, 
that the equation 

ve— xyes] 
1s intppoasiblie, as we have before observed, 
152.  Seholium. she selution of the datneticin 
— ny” =1 

is one of the most in 88 problems in the in- 
determinate analysis, it being necessary to the 
solution of many other interesting questions of this 
kind; and, notwithstanding the.methed we have 
given is direct and simple, yet the least values of 
x and y in many cases being very great, the task of 
finding them is very laborious: thus the least values 
of x and y that solve the equation 


a —211y*=1, are 
# = 278354373650, and y= 19162705353. 
And the equation 
| x — 5658y' = 1 _ 
_has the least values of x and y as follows viz. 
ee t 166100725 257977318398 20799846220132 
4702014613503. 
69826361 6416770487 15777594022202100 
I=) 9391003072. 


These circumstances have induced a few cele- 
brated mathematicians to form tables of the values 
af x and y, necessary for the solution af the equa- 

ion 2 —Ny=1. 


300: Continued Fractions. 


Euler first undertook this task, for all values of 
N from 1 to 100, which was afterwards doubled by 
Lagrange, both of which tables are given in the 
second volume of Euler’s Algebra. But Legendre 
has extended the same to upwards of 1000, at — 
Jeast for the solution of the equation : 


v—Ny = +1; 
and he has shown the method of deducing from 
them the solution of every possible equation 
xu —Ny?= +4, 
whether the numbers in-his table give 
| a —wy’= —1, or a —ny’=— 1: 
a part of this table is subjoined to the present 
work, which will be found useful in many cases,— 


See Table IT. 


~ 


PROP.-X. 


153. Given the difference between P and JN; viz. 


p oS oe 
| q ge : 
6 being less than unity, to find the necessary 


conditions for the value of 6, that : may be a 


. 


fraction arising from the extraction of yw. 


Let the given fraction P be converted into a series 


\ 


of converging fractions, giving the 


Ouotients, a, b, C, .--- Ui 


‘Cony, trac. ee? c ee 


Continued Fractions. 301 


Now if Be a fraction converging towards 4/N, 


it follows, that all the quotients a, b, c, &c. are 
likewise obtained from the same development; 
and, consequently, that-the quotient wu is followed 
by others, w’, uw’, uw’, &c. Let now the com- 


plete quotient, answering to the fraction P be 
ee q A 


/N+m 
Bie Speer yen, 
" 
then we have, on the same principles as in art. 147, 
JNt+M 4 
_ 
n Fo 
N+m : 
ae ey 
n 


/N= 


Or, by substituting for the complete quotient 


JNtmM | 
caw ood 


the above expression will become 


V/N= ° 
qeérq 
Whence, by substituting for yn, we have 
es °g — py t 


No 
Ye PRE he q(qe+ 9): 


| | ae : 
which last expression must be equal to Pol that is, 


ee ea ey 


Ges aga 3 3. OF O= D* 
q gtetyi q+ 4 
_ Now since p is the complete quotient corre- 


4 
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sponding with the fraction A it must be positive, 
and greater than unity, and, therefore, ee sale 


and hence, conversely, if : or >, the value of ps 
must necessarily be positive, and greater than unity ; 
and, consequently, wil in this case, be a frac- 
tion converging towards 4/N. . 


That is, if : be any fraction, andthe difference’ 


es JN= a and §<—_ =f 
q | £ ye 


then is - a fraction, which arises in the develop- 
ment of N into converging fractions. Which is 
the condition required to be found. 


: PROPs:XI. - - 
154. If the indeterminate equation 
eK = TA, 
be possible (4 being < yn), a must be found in the 
denominator of one of the complete quotients, 
arising from.the development of _,/N. 
It appears from-art. 147, that when A is found 
in the denominator of any complete quotient, as — 
JN +- Mm | 3 
Lie cea, | 
nu 
; *: Bde p er : 
_that.is, when n= 4, and Ce @: be two converg- 
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ing fractions, the latter cor¥ésponding with ‘this 
complete quotient, we shall have 
p—xg=a( pg —p°g); or, since 
— py —pq= +1, we obtain 
f ‘p—Ng=<A. 


And it is here proposed to demonstrate, that this 
equation can only have place when, a is thus ‘found 
in the denominator of one of the complete quo- 
tients, derived from 4x, “a ‘being always sup- 
posed less than N. 

Now, first, from the equation 


p—ng’= +a, we obtain 


ct Yat A ; or 
Fe ae aN 

p ‘oe 

We Shae /N = x ° 
q  WP+.9 v8) 


And, if we represent, as in the foregoing article, 
q 3 8 , 
ae JN by —,, we have 
- q 
6 OA it bh AG 
ss TOT aaa tenn, 
qQipt+q VN) P+ WN 


——— 


gq 


6 . 


Let now pee the converging. fraction preceding 
= in the series of fractions arising from the develop- 


“ ww 


ment of £. then, by the preceding article, we 
have to prove that 7 
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Mion ohd 
P+qvwN gt+¢ 


for in that case it necessarily follows, that 3 is & 


fraction arising from the development of yw 
(art. 153). 
23 


; ‘ 5 
Now, since a JN 7) we have 


Pp=4 Uiich 5 again, if 


se 4 =, so is also 
Pig iN G+9q 
Ag+ 9?) <(p+q vy)5 . 


or, substituting for p, it becomes 
6 
MG gone 


Ne ow this inequality i is readily si phates for 
it ny be put under the form 


PY 
2q SR Sil BE hn : 


8 
3 lal Pe gas hats see Beas fl 


and since N>a, and q>q, the whole of this 
expression is positive; and, therefore, >0, at least 
_ when 0 is positive; and if 0 were negative, we should 
have ey idently be 


: 5 
(-¢) eels 


and, therefore, in either ease the inequality is 
established; that is, ( 


a 
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AG fo Be hs! | 
ptgavN gt+¢” 


~ and, consequently, “* found among the fractions 


vonverging towards the ./N; 
Therefore, when it is required to find the values 


of x and ¥ in the arta 

— NY ee Ay 
A being < .N, we must convert N into a continued 
fraction, by the forms given in art. 145; and if a be 
found. in the denominator of any one of the com- 


plete quotients obtained by this development, we 


shall have the solution sought, by finding the con- 
verging fraction answering to this quotient, which 


solution will give 


x —NYy* =A, Or 1° — NY? = — A; . 
according as the fraction is found in an even or odd 


| Er ; and if a be not found in an odd place, the 


atter equation is impossible ; and if a be not found 
in the denominator of any of these complete quo- 
tients, we may be assured, that the proposed equa- 
tion is impossible under either sign. 

Ex. 1. Find the values of x and y in the equa- 
tion 


; —23Yy' = 2: 
First, by the development of ./23, we have 
20 +O. 
Ra ance yt 
V2R+4 
io ae + &e. 
3+3 
eens 53% + Ke. 


x 
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and in this last fraction, 2 being found i in the de- 
‘nominator, we have 


Quotients, 4, 1, 3, &e. 


; 4: 5 
Fractions, “ae &e. 


the last. of which, answering to the quotient 3, gives 
x=5, and y=1; so that 

x — 23y° = 2, 
as was required. ' 


Ex. 2. Required the pousilidliey or impositbility 


of the equations 


plu tas ae 
x—17y= 2, 
Ht 17 * ee — 3; 
#-1l7Ty=— 
First, by the development of y17, we have 
A1Z +0 
i nates a 
AZ +A4 | 
eal Cah tons + &e. 
&e. &e. 


whence it follows, that since neither 2 nor 3 enters 
into the denominator of the complete quotients, — 
the equations are all impossible. 

Cor. 1. The indeterminate equation 


v—(a'+1)y 4a : 
is always impossible, if a>1 and < ,(a*+1); be- 
cause the complete quotients arising from y(a*+1) 


have onty unity enter for a denominator: we must 
of course except those cases also in which a is a 
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complete square, as these will always be possible 
from the equation z°— ny’ =1. 
For, by the forms art. 145, we have 


(a@+1)+0 

5s. ; P = a+ &c, 
ad Ve é; 

f GT) +a.” 

¥ I =2a+ &c. 


whieh last complete. quotient will be repeated to 


a infinity. 


Cor. 2. The indetamminate equation 
ev —(a@—l)y=+A 
is also impossible, under the same limitations, be- 
cause, by art. 145, we have 


A Jia =: (a1) + &e. 

/(a’—1) + (a—1) a + ec, 
2a—2 

/(a ut (a— 1) =2(a—1) + &e. 


and these two last complete quotients will be re~ 
peated ad infinitum; and, consequently, only 1 
and 2(a—1).will ever be found in the denominators 
of them. 
Cor. 3. The Pape esiws equation 
—(a@+a)y=+ta | 
is always seals if a>l and <a, excepting, 
as before, those cases in which A is 2 complete 
square. 
For 3 
/(a’ +a)+0 
1 


a+ &c. 


% 2 
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Wa ) = 2+ &e. 
a 
@+as+a 
vA : =2a+ &e. 


The two last of which fractions will continually 
recur; and, consequently, the equation is always 
impossible under the above limitations. 

Cor. 4. The indeterminate equation 


av—(a’—a)y=ta 
is always impossible, if a >1 and <(a—1), except _ 
the cases in which a is a complete square. - 


For 


7s ri tot = (a—1)+ ke. 

Fda nt) ie 
a—l 

m We rs (a-¥) =2(a—1)+ &e. 


which two last quotients will be repeated, as before, 
ad infinitum; and, therefore, no number under 
- the above limitations, will enter into their denomi- 
nators; and, consequently, the equation is im- 
possible. : 


3 PROP. XII. 
155. Ifa bea prime number of the form 47 + J, 

the equation 7 Pe 
' 


i x —ay’=—1 
is always resolvible in integers. ad 


' 
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Let p and q be least values (except 1 and 0) that 

satisfy Bi equation 
—ag?=1, or p>—(4n+1)9°=1; 
then it is sheik that g must be even, for if it was 
odd, q° would be of the form 8+ 1, and 
ag’ +1(4n4+1) x (8n’+1)+14n" 42, | 

which cannot be a square: since, then, g must be 
even, let us make g=2mn, m and n being in- 
tegers prime to each other; then we shall have 
p’—1=4m'n’; but p being odd, and, consequently, : 
p’—1=8n’, it follows, that either m or n is even, 
and the other odd, for otherwise we should not 
have p’—1=8n’, and they cannot. be both even, 
because they are prime to each other. Let us there- 
fore suppose 7 to be odd, then the equation 


(p+1)(p—1)=4an'n’, 
in which the factors p+1, and p—1, can have 
only the common measure 2 (and this must ne- 
cessarily have place, because p is odd), will be re- 
solvible into the four peers forms; 


ae p+1=2am', : . pt+1=2m’, 
p-1=2n’. p-1=2an’. ° 

We didi daniin ema 
p-ls2am., —( p-1l=2am., 


Now the second and fourth of these forms give 
1=m’—an’, or 1 =n’ —am’s 

which equations cannot have place, because m and — 

n are less than p and q; and these last were the 


least that satisfied the equation p*— aq’=1. ‘There 
remain, therefore, only the ‘first and the third, 


which giv e 
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7 am? = — 1, or mM? —an'= +1, 


and one of these equations must necessarily obtain ; 
but either of them resolves the equation 
| P — ay = —1, 

which is, therefore, always possible, when a is a 
prime number of the form 4n+1. It may also be 
observed, that, of the above two equations, the last 
is the only one that can obtain; for, since is odd 
and m™ even, it is evident that the first cannot be- 
come equal to —1. 

Cor. It results from this theorem, that when a 
is a prime number of the form 4n+1, every num- 
ber Nxr2’*—ay’ is also snax”—y”; for since, in 
this case, we may suppose m’—an’= —1, we shall 
have | 


N= (2° — ay*)(m? — an’) =a(my + nx)’ — (mx + any)’, 


PROP. XIII. 


156. If abea prime number of the form 8n +3, 
the equation | 7 


x — ay’ = —2 
is always resolvible in integers. 


For let p and q be the least numbers that t ati 
the equation 


. p—aqr=ts 
then it is obvious, that p and q cannot be both even 
nor both odd: we must, therefore, have either p 
even and q odd, or q even and p odd; which di- 
vides this proposition into two distinct cases. : 
Case 1. When p is even and q odd. 


Here, if we make g=mn, these quantities, m and 
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2, being supposed prime to each other, and both pad , 
numbers, the equation | 

Por l=eg | 
can only be resolved into factors in two different 
ways; viz. 

a p+1=an', i: prism, | 
p-1lsn. p-l=an. 
The second of which forms gives m® — an’ = 2, which 
cannot obtain; for m and » being both odd, and 

ax 8n'+3, we have an*+2=m’, or 
nm’ = (8n' + 3)(82" +1) + 228n"” + 2, 
which is impossible. Therefore, if either of these 
forms be possible, it must be the first, which, by 
subtraction, becomes n* — am* = —2; in which case 
the equation 2° — ay’ = — 2 will be possible. 
Case 2. When q is even and p odd. 
Here we may make g=2mn; whence 
p—-ls4amn’; 
but since pis odd, p*s28n’+1; and, consequently, 
| Amn’ +81’ ; | 
therefore, either 7 or m is even, and the other odd: 
let, then, 2 be odd, and the equation 
(p+1)(p—1) = 4amin’, 
- in which the factors (p+1) and (p—1) must ne- 
cessarily have a common measure 2 (and they can 
have no other), is resoly ible'h into the four following 
forms ; ; VIZ. 


1. ' ptri= 2am’, , 2. | pris Que", 
p-—l=2n. | p-lA=2an. 

3. pP+1i= 2an’, ; if ptli= 20, 
p-1=2m’. p-1=2am, 
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The first form gives n° —dm?= —1, which is im- 

possible ; for, since is odd and m even, 

nce 4An’+1, and am 4n” 
and, consequently, their difference waist be equal 
to —1. 

The second form gives m’—an’=1; and thus 
p and qg would not be the least numbers, that 
satisfy the equation 

p -—ag=1; 
which is contrary to the nypoteces. 
_ The third form gives m>—an?=—1, which is 
also an impossible equation ; ; for m being even, we 
should have 
4n— (8n’ + 3)(8n” +1) 40’ +1, 
which can never become equal to — 1. 

The fourth form gives the same result as the 
second, and, therefore, cannot obtain for the same 
reason. 

Hence it appears, that, of the several forms 
which have been given to the equation 

p-ag=1, 
only one of them can be possible, and this is the : 
equation 

3 n’— am = —2; 

which arises in our first case, where we suppose 
g=mmn: this, therefore, must necessarily obtain; 
that is, the equation 

fe = 28 
is always possible in integers, if @ be a prime num- 
ber of the form 8n+3. 
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PROP. XIV. 

157. if a be a prime number of the form 82 —1, 
the equation ' 
| x — ay’ = 2 
is always resolvible in integers, 

For let p and g be the heats numbers that establish 
the equation 

p nae g =1, 
then we may have either g=mn, or g=2mn, ac- 
cording as we suppose ¢ to be odd or even, which 
give the four following resolutions of the equation 


p—l=aq’; viz, 


1 pt+l=am, 7 9 pti=m, 
"Ul p-1l=”n. “  p-l=an. 
3 pt+1=2am’, | A Sab aape ty 
“ U p-1=2n’. “1 p— t= gan’ 


The first of which forms gives 
an’ — n* = 2, 
an equation that cannot obtain, because, ne and x 
being both odd, the fir st side is of the form 
(8n—1)(8n' +1) — (8n" +1) 8n'” — 2, 

which can never be equal to 2. 7 

The third form gives am’? —n?=1, which is 
also impossible; for if m and 2 were both odd, then 
am’? —n* would be even, and, therefore, not equal, 


tol. If mwas even and x odd, then 
n?— nse An'+3, / 

which cannot be equal to 1; and we have the 

same result by taking 7 even and m odd: therefore, 


this equation is impossible. 


| 
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The fourth form gives m’— an’ =1, which cannot 
have place; because p and q are the least numbers 
that satisfy the equation p*—ag*=1. 

Therefore, the second is the only possible form, 
and this gives 

m—ane=2; ’ 
and, consequently, the proposed equation 

x*—~ ay’ = 2 
is always possible, when a is a prime of the form 
ct eas Pea : ay eae 
158. Cor. If, in the equation p*—ag*=1, we 
resolve a into any two factors prime to each other, 
as mn, we have, by transposition, 


p-l=mnq, 
which equation may be decomposed into factors 
four different ways; viz, 


p+1= fing’, p+1=fng? 

Me p—1=fnh’. ; p—1= fink’. 
p+1=fmng*, ptri=fe", 

ee p-1=fh’. 4, p-1l= mnk?. 


From which result the four following equations; 


; 

| i bo sis eaehal += ng*— mh", 
2 

, = mng’ —h’, 7 = — mnh*, 


where f must be either 1 or 2, which numbers, being 
successively substituted for f, give the following 
eight combinations; viz. 


1. § mg’ —nh*=1, 3. f§ ng’*—mh’?=1, 
2. Umg—nh’=2, 4. | ng’—-mh’=2, 
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4 —mng?= —1, aoa oy Spon t a 
6 — mng’ = apy 8. | g’—mnh’=2; 
but of these, the seventh, viz. g’— mn’ =1, cannot 
have place; because we suppose here, as in the 
foregoing proposition, that p and q are the least 
values that satisfy the equation 

' p’—ag’=1, or p—mng’=1. 

Now by means of these decompositions we 
readily draw the following conclusions: 

1, Ifthe numbers m and n are both of the form 
4n+3, no one of the bottom equations can obtain; 
for, in this case, whatever forms we give to the two ~ 
squares g° and hf’, the equations will be of one of 
the forms 4n, 4n+1, 4n+3, no one of which can be 
equal to +2. The fifth equation is also impossible 
on the same supposition ; because this, by traispo- 

w+. 
sition, mares an g, an integer, whereas we 
have shown, that no number that is the sum of two 
squares prime to each other, can be divided by 
numbers of the form 4n +3 (art. 105, and lemma 4, 
page 200). 

There remains, then, only the oe equations 1 
and 3, one of which must, therefore, necessarily 
obtain; and hence we draw the following: remark- 
able theorems. 

1. Jf m and n be both of the form 4n+ 3, the 
equation 

"mz — ny” = + a 
will be always possible in integer numbers; that is, 
under one or other of the signs + or —1. 

If we suppose m and x to be both of the form 

4n+1, then the same reasoning will apply, except 
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to the fifth equation, and, therefore, in this case, 
our theorem must be expressed thus: 

2. If m and n be both of the form 4n+1, then 
one af the equations 

x —mny’ = —1, or mx#*—ny’= +1, 
will always be resolvible in integers. 

And in a similar manner we may deduce the 
following theorem, which is still more general. 

_3. If m and m’ be two prime numbers of the 
form 4n+3, and n a prime number of the form 
4n’+1, it will be always possible to satisfy one of 
the three following equations: 

nv —mm'y’?= +1, 
mr’—mny = +1, | 
mx? —mn y= +, 
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CAPO: 


~ On the Solution of Indeterminate Equations 
of the First Degree. 


PROP. I. , *) 
159. To find the values of x and y in the equa- 
tion 
ax — by = Ts 


We have already considered ‘this equation 
(art. 141), and it is only repeated here to preserve 
uniformity, and to offer a few remarks that could 
not be properly introduced in that article. 

First, it may be observed, that a and 6 must be 
prime to each other, for otherwise the equation 
will be impossible; because the first side of the 
equation would be divisible by the common. divisor 
of a and b, but the other side +1 would not. But, 
if a and b have these conditions, then the equation 


is always possible in integer numbers. 
° 


Now we have seen, that if f. P be any two con- 
- g 7 


secutive terms of a series of converging fractions, 
then p°g—q°p=+1; and, therefore, to find the 
values of x and y, in the above equation, we have 
a 
b 
tions, and to assume, for these quantities, the terms 


only to convert + into a series of conyerging frac- 


‘ 
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of that, which immediately precedes 53 SO shall we 


have ax—by= +1, the upper sign having place 


Y x 


a | a 
when eaeay ® and the lower when Per 
x 


Let, then, p and g be the terms of the fraction 
preceding + 3 then, if ag — p= —1, we may convert 


it into +1, by making x=bm—gq, and y=am—p, 
which evidently gives 
a(bm—q)—b(am—p)=+1. ~~ 

And, on the contrary, if ag—bp= +1, it may be 
converted to —1, by a similar substitution; and it~ 
is evident, that, by means of the indeterminate 
letter m, an indefinite number of solutions may be 
obtained in both cases; and when we require no 
change in the sign, then we have x=bm+ Y and 
y=am+p. 

Ex. 1. Find the values of x and y in the equa-~ 
tion : i, 

15t—17y=1. 


First, by the rule for continued fractions, 
15)17(1 
2187 
~~ 4)9(2 
Quotients, 1, 7, 2 
‘Conv: frac. -, 2 Ty 


whence pig’ and qg=7, which give 


15p—17¢= + 1; 
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therefore, the general values of « and y are | 
v=17m+8, and y=15m+73 
and by assuming m=0, 1, 2, 3, &c., we shall 
have, for the rid i ui values of x and y, as 
follows: 
wa, 25, 42, 569; °976,' 93, 110; &c. 
Y¥=7, 22, 37, 52, 67, 82, 97, &e. 
Ex. 2. Find the general values of x and y in 
the indeterminate equation 


13g727—9y=1. 
Here, by the rule for continued fractions, 
9)13(1 
~-4)9(2 
 -(1)4(4 
Quotients, 1, 2, 4. 
Ley Gis kS 
i . fr Py wey aur = aaa 
Cony. frac yr 2 9 
whence p=3, and q=2, which gives 
: 13qg—9p=—-1; 


and, therefore, the general values of « sand 4 y are 
x= 9m—2, and y=13m—3; 
and assuming m=1, 2, 3, 4, &c., we have the 


oe corresponding values of « and y, as follows: 


we 7s. 16, 86; 34) 43, $9;°61,: &c. 

y=10, 23, 36, 49, 62, 75, 88, &c. 
These two examples, with what has been before 
_ done in the preceding chapter, will be sufficient to 
render the student ready in the solution of any 
equation of the above form, which is the more ne- 
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cessary, as we shall see that every indetarantiliee 
equation of the first degree, which has any possible 
solution, depends upon the solution of the equation 
ax — by ee eae tg 
| s¢ 
? PROP. II. . 

160. To find the general values of « and y in 

the equation e 


av —by= i. 


First, with regard to the limits of possibility of 
this equation, it may be observed, that a and b 
must be prime to each other, or, if they have a 
common divisor, c must have the same, for other- 
wise the equation is impossible; and if each of 
these quantities have a common divisor, the whole 
equation may be divided by it, and thus reduced to 
another, in which @ and b are prime among them- 
selves; for, if this cannot be effected, the equation 
cannot obtain in integers. Supposing, then, a and 
6 to be prime to each other, and g and p the least 
mumbers that fulfil the conditions of the equation 

aqg—bp= +1, 


determined by the foregoing proposition, then it is — 
evident that we shall have 
a.cg—b.cp= +e; 
making, therefore; v=cg, and y=cp, we shall 
have the solution required: but it is obvious that the 
same result will be obtained by writing x= mb + eq, 
and y =ma-+cp, which gives also 
— a(mb + cq) —b(mat cp) = +3 
where, by means of the indeterminate m, an in- 


4 9g + sl ” ’ . * 3% 
‘@ > ? # ‘ 
.. ge * os the First Degrie:, ’ 381 

tt ee number of values of « and y may be ghisinedst 

' And we may always convert the value of the equa- 

tion from +c to +c, or from — to +, by taking 
cpand cq negativ es and, in this case, m positive, in 

en otha and y aay be so; for, if 


b+ LU bat - b: p= +0; then ¥ 
* —— atmb ¢?- b(ma—cp)= —c; and if 
a.cg—b.cp=—c, then will 
a(mb — cq) — b(ma— cp) = + ¢: 
So that the general values of @ and y are, , 
c= mb+cq, and y=ma+ cp, 


the ‘ipper sign having place for cq and cp; wher 
the expression aq—bp has the same sign with c in 
the given equation; and the lower one when it has 
a different sign. : 

Ex. 1. Find the values of « and y in the in- 
determinate equation 


Or — 13y= 10. 
First, in the equation: 
sil 9g — 13p= an + 


we have g=3 and p=2, which gives +1, the 
same sign as 10 in the proposed equation ; and, 
ae the general values of @ and y are, 


=13m+30, and y= 9m + 20. 


india assuming successively 
m= -—2, —3¥, 0, 1, 2, 3,: A, &e., 
we have the following corresponding values of # 
and y, which are all deduced from the first two, 
by adding successively to the values of x the co- 
efficient of y, and to y the coefficient of x. 
¥ 


te » 


. am 


4% ‘ 
& Pah: t= a B.. 43) seihGaaasiokee: ioe y 
a ior 20, 29, 38; 47,156, Ben bok 
‘Whence ‘ btain th lowing solutions ra 
. i An15. 3=10, ‘* 
; “$e “9.1 -15. 11 Soi 


mo Te bas Sheono _— 

Ex. 3. ‘Find the values of vo or y? in the ‘in- 
determinate . re putea Ei os ary nie ge 

) , Wye 12y=19. * % 

First; the e enon ysipl ef Lela cag ql 3 
ee “age sop 1, - 
gives q= a5 ait Pay, oan hich fs is derived 

a. fap oe. OS 


ie is a  aifferont sign from 19 in the ; given. equa-_ 
tion; therefore, the. general values of x and y are, 
x=12m—5.19, and y = =7m— -3. 19; or - + 
x=12mM—95,._ and y= 7m — ST “all 
, _ Whence we obtain, the corrgsponding values, of 
L cand y, by. asi ming idee abit na ws ati iwi 
BIB ‘se fi m= 9, 10,;,11, kei addi 210 t6 
and it is obvious, that we cannot, take ; m<9, 4 : 
cause we should then have x and y negative; and 
these values of # and y are deduted from each other, 
as in the foregoing example, by simple addition. 
to “e213, 25, 37; 493 615°73)' B5y! (Rey 
bea 6 bi 20; ck? 1 _ 48, Sie. 


} 13h) 


af o “7t7 


Fe ip 


ae 44e ae FE EE eS Bae 25 i Pe. geo | rar hy ‘ ‘oe mae a eee tee 


ee Oe 8 a NF 
, ay, - Ye sid » * “oh 
@ . % me Rw ae 
P- . of the First Degree , a 
a ) 


» te oe % iY a % 
Ps Y ! Pibi: Ill. * ee .* wt * 
A's 161. To fi i oP i, values of x and yin» 


LS ae 
ee oe ax + by=c, ane a 7 
Gtain the number of possible solutions, 


equation is impossible; we have, however, de- 
monstrated (art, 41)) that this equation will al--. 
ways admit of at least one solution, if a and b be 
_ prime to each other, and c>ab—(a+b); and it is 
proposed, in the present proposition, to ascertain 
the exact number of solutions whenithe equation is 
Rs possible, and to point out more aceurately the 
' limits of possibility. | | 
’ The iMition of the indeterminate equation 
is | az +by=c i : 
‘depends; like that in the foregoing ‘proposition, 
upon the equation — | | 
| aq —bp= 41) ae 
. though its connexion with it is not so readily per- 
e * “eeiveds® - aie : 
For let p and g be the terms of the con- 


verging fraction, immediately preceding y then 


we shall always have either 
ag —bp =1, or bp—aq=1; 
¥ 9 


~ a ta ae 
2 . .— 


+ " Le : eres & * “ . , % 4% 
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~ and, ‘hight case, 4t is indifferent + rich of the tw& 
terms is the rh one, because | we are onlycom') 
sips, the hen, as | @ “” 
‘ in =" ¢ 
9 a ~ 04 by = C. Cem: Sod gut 
tui then, Dre bp bp =1, mids we » have also.» ay 


" , 4, cq —b. Cpses oe 
and it is dem he: we shall have the same result 
if we make The ¢ hy ais 2 " S 
a@=cq— mb, and y=—Q- Mash oe 


for tis still gives tae * 


4 
i -a(cg =mb) — — b(cp— ma) = = © ,: 
assuming, therefore, for m uch ‘a value; “What 


cp—ma may become ne ge while saa —mb re- 
mains positive, we shall hav ” 


! .a(tq- nb) + B(ma— - ep) =e3 # #° 


a” 


and, conseqneritlys. v= cq—mb, and y=ma— ~ cps 
but if m cannot be so taken that cp=ma shall be 
negative, while cq—mb cremains positive, it is a. a! 
proof that: the proposed equation is impossible in 
integers. And, on the contrary, the equations | | 
will always admit of as “many solutions in whole | 
numbers,. as there may be different values given to 
m, such that the above conditions flay apin...% 4 
And hence we are enabled to determine, a priori, q 
ihe number of solutions, that any proposed equa- 
tion of the above form will admit of; for, since we 
- must have cqg>mb, and cp<ma, the number of | 
solutions will always: be ore, 1 by the greatest. 
integer contained in — : 


mm 


‘, 2 i i ee 3 : aa 4g “ ¥ F _ 
© aad ‘ i Me es ie 
oy / ’ 4 ee py ae . * 
‘~o oR *. Tae , 


| 7, | ¥ Mhag? : 
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"in is evident, ’ 


2ce Se ae be wks than, thé first * 
t ose fracti grea 


£ bray second ; ve 
‘therefore, ‘t the dif renee ti ig? 
| will ert 


the ig in- 


r igf¢ 


ce. £e1,.% 
% of, is a com- 
: ; ey cq. f ®, mt ¢* 
Pe e Reg ah  y 


“ 4%, theres les neg OF». whieh’ is the’ same, 


a me must consider = ae ‘as “fraction in, this case, and 
of i Spit t 2 rt « one. with th ther , °.. ® 
Pees ves 2 ae + : ae 


oN 


<a ignite, ecav yh ¢ Pugs + ie ae 


~ wt | 
ie 4442 yy, 

F <> ee oe 

a wi hich are «readily obtained fabs, the formule © 

. hope —~mb, and y=ma— cp; or 

ee ie 6000 — 13m, and y= gm — 4000; 


© in. which, assuming m=445, in order that 
- 9m > 4000, we shall have the following solutions, 
» each of which is deduced from the preceding one,, 
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by adding successively 9 for the values ) y, and 
subtracting 13 for those of w. 
#215, 202, 189, 176.163, 150, 137, &e- 
KA 5, 14, 23, 32, AY, 50, 59, &e. 
That is, 
9.2154 13.. 5 = 2000, 
9. 202 + 13.14 = 2000, 
9.189 +13. 23 = 2000, 
&e. KC, &e. ) 
Bix, 2." Let thot be. proposed the equation 
1174+ 137= 190 
to find the number of polugPttag and, the values of 
x and y. 
First; in the equation 
llq—13p=1,, 
we have g=6, and p= 5; therefore, ; 
190.6 ~ 190.5 
13 . abe 
Fhe it follows, that there is, only, one eile 
solution, which we readily obtain from the formule 


=87-—86=1: 


x= cq mb, and y= ma— cp; or 

r=190.6—13m, and y= 11m—190. 5% og 
where, bytaking m= 87, in orderthat 11m > 190 . 5, 
we have r=9, and y=7, whidh gives 

1h.9+13.7=190, 
as was required, | 
Ex. 3. How many different ways may 10001. be 

paid in crowns and guineas ¢ 


FS ee 


Putting x for the guineas and y for the crowns, 


and reducing 1000/. to shillings, we have 
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; 212 + 5 Y= = 20000; 


nnd it is required to determine thé number of so- 
- lutions that this equation admits of in integers. 
» For this purpose we have the equation) 
a : 2lg—Sp=!, | 
%, which gives @=1, and p=4;5 then svehave 
cq cp ~ 200005 80000" ; 
a fs) 7 B.S 


that is, 1000/7. may be paid 190 different ways; by 
the combination of 'Crawns and guineas. In this 
/ example we? deduct 1° from)the result, ‘because 
» 20000 = 5 is an integer. 
Cor.” di” itewere® proposed | to’ pay 10001. . in 
7? guineas aiid moidores,, then weznust"have 
Phe et Ola + 27 JG00G) 
hia is ‘an impossible equation; the first side’ of it 
“ ‘ied divisible es 3, but. the other side not. 


i \Prop. Iv. 
Fie 169." To ond whe values of x, yy and z,.and the. 
“eal Sap of solutions of any, equation of, the:form, 
hk oe .* oars by [+ cx =d. 
, an the first plate; we may observe, that, if any 
an one, or more, of the coefficients a,b, or c, be 
- negative, the ntimber of anSwers is indefinite. 
> For, Jet, & be negative, then, the equation may 
«| be ape" underithe form 
3 ax +cez=d-+ by, 

in which, by means of the indeterniinate y, an in-. 
definite number of values. may, be given to the second 
side of the equation; and, consequently, also to. 
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«and z: we need, therefore; only consider equa- 
tions of the form above given, in which the quan- 
tities‘are all connected together by the sign + 

Now, in this equation, as in that in the two 
foregoing propositions, if @, 6, and ¢, have each a 
common divisor; which d has not, it becomes im- 
possible ; but if only two. of them, as a and B, have 
a common. divisor, the equation is still possible; ; but 
it requires, in this case, some other considerations, 
which shall he explained at the conclusion of this 
proposition: we shal], therefore, ii the present in- 
stance, limit our investigation to the case in which 
two, at least, of the coefficients are prime to each 
other. 

The solution of, the equation 


ax + by +02 =d 
lepends, like those in the fice dae propositions, 
upon the solution of the equation , 
aq — bp=1,; 
for let one of the three terms, a$ cz, be transposed 
to the other side of the equation, then we haye 
ant by =a— Cz, 


in which the values of w and y, as determined in 


the preceding proposition, “will be 
x= (d—ez)q—mb,*and y=ma—(d— CB)p; 
that is, by substituting (d—cz) for ec; which ts the 
only respect in which this equation differs from that 
of the last problem. And_here the only limits to be 
observed are, ; 
Ist, cz< d; 2d, mb< (d=cz)q; 
3d, ma> (d—cz)p; 


a 


. ‘ % 
~ = a i % = ~~ - - ane 
PR EE ee ee 2 eS SS ree ee eS 


‘axr+ by=d— oc, nui. of solu. 
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by attending to which, all the possible values of z, 
¥, and zy may be obtained: but as these questions 
generally admit of a great number of solutions, the 
object of inquiry is not so much to find the solu- 
tions themselves, as.to determine, a priori, the 
number that the equation admits of in integers. 
Now we have seen (art. 161), that in the equation 
at +by=c, : 
the number of solutions is generally expressed by 
the formula 


“gq and p being first determined by the equation 


aq — bp = aed. 


If, therefore, in the ix 
ax + bi yy = a= cz 
we make successively 2 =a, «2se>,..4, &c.,° the 


number of solutions for oft value of z willbe as 
below; viz. 


(a= c)gi (d—_ cp 


b a 
| a = (d-2¢\qe (d—2c)p 
ee ehh a Ce eelae (2 20)p 
a (d—3c\q (d—3e\p 
Peer esi ots ero 
&e. &e, 


The sun¥ of which will be the total number that 
the given equation admits of; and, therefore, in 
order to find the exact number of solutions in any 
equation of this kind, we must, first ascertain the 


¥ 7. , =a 
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sam of all the entre) rae of the ‘wip erical 

series, | + ae Ya % 

(d ~£)¢ (d- “bth (d er | a 404g : a 
j Pare i = ge &e. mo 


(d- op | (d-aep , (d= 54ny (i ‘ep + | 
a ie ho a - 
and the difference of the ‘two will be the, pat | 
number of integral solutions. , . ee & | 
Now, im both these ‘series, we know. at first ! 
and last term, and numberof tertiss 3 for, the ge, 4 


neral terms heing 


(ee eh 


ay.” a as 
bw a at aS a den 
we shall have the extreme terms by taking’ Pidec io 


her, u™ , 
treme limitsof z; that’ is, == 1 and hor whi 
last value of 2 “also, expresses mo nambel of terms) 
4 the striat . Ps “dy: eu “- td : 

Hence, then, having, thd eléments of" ‘the p o- 
gression given, we readily find the sums of the two. é 
whole series; and if, therefere, we also find the , 
sums of the fractional part of the térms in each we. # 
shall havey bysdeducting it from themwhole sam, 9 
that of the integral pari,of the series, “as r pares a 
The latter art of this problemus readily e fected s, 4 
fer, the denominator in each térm being constant, 2) 
the fractions will necessafily recur in periods, and” 
the number in each can never exceed the denomi-. , 
‘nator: it will, therefore, only be necessary to find. — 
the sum of the fractions in one period, which, being. 
multiplied by the number of periods, will give the 
emim of the fractional part of the terms, and these, , 


33% 


m, will give the sum of the 
es; then, from what has 

ODS the difference of the two 
i. etl he ae a postions a i It 


a sf +a rath as a 


. Fst bat not 7 ian the ath 


5S einen , there re 
ed 

nace 
sain 


es 6204 
: cay os is 38 also 


i iy Bee * ie ey 
sat 4 Lies & ‘ and, there- 


) ginni ' with the least. terms, will be 
ot Pe 3:36 3, a oe 
Bech: ti ee i * 
oa 4A. yi? : 15 220 ae ef 2.113 


PRET RANTS ER | 
eh bale coi, AP Moy IP 


The. common. n dierence in “ark i st being ayy I ahd 


* : : 
* ‘he — 
¥ * rf 


= d 
? ser rie 2. 205, al sums: are required, . 


a3 


* ~~ aa ‘sol ee 
Po? ee os “a 


a. 


 eaida 
——$__—_— 
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in the Peet a : a , and the s number of terms. j in 1 


5 
each 20; whence we have. Pat 


© 980, for the sum of the first Men RS tar 
868, for the sum of the seeond. ¥ Se a ® ri | 
Also the first period of fractions, , the Wise / 
series, is © %, As a * . | 
; oe 5 5 oy 6%. “a - 
Sa a a os 4; . 
Ce alte ae 
and, in the second series, ene i peor ini “ 
tions is, *. * | 
anak c% 
. Soi 2 tee, 
é or 8 ee ee 
7 me a 
r being considered as a oft ti 


4 


soe 162), but not & 5 inthe s 


we hee 2 salah i erles 
9.44 the first 6 fr ae 3 for the sum af 
} at the fractions}. : an , therefore, 930 — 11= =919, © 
which is the exact sum of the integral terms, first” ™ 
series. And, in the second, we have eae . ‘4 
=4,.2=8: and, therefore, 868—8= = 86 , the: sun os 
of the integral terms of the second s a, 


hence, according to the rule, ‘ x” i 
g19—860=59 © i. “% 
As the number of integral ‘solutions. 4 a 


Remark. This example is the same as 
prob. 11, page 191, Simpson’s Algebra, where 
the number of solutions is said to be sixty; but, 
upon examination, it appears, that one of the 


a . oe ’ : " 
ale : i rm F 
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Pixty Sac ha Pe given cannot obtain; that is, 
| . 2A, “b= 109% d y=14; which error being 
ro ce gives 59 for the number of solutions, as 
ledibve | - 

* Exi2., “Having proposed the equation 
ye °° gy Te+ 9 + 232 =9999, 

* 


required to gdetermine the number of its solu- 
"tions in positive integéts. e- a 


es 


% “Her the gre est ‘Tiwiit ‘of Z< 2009 434; alse 

mite equation ie | 
5 Fs. . 74: ¥ 9p = =1, : “@ 

~ . Have Saline a=7 and b=9Q; also 

.. ~_ 4 } tx — 23. 434176.” 


ah CL sums are requir ed are as 


vig. ie 
, 


4640 Nie 63. "aie. A. 4.9976 


bt ot -_ mee 

eo ee 3) 3. 40 ,3. 63 8.9976 

Ls OF day yee 3 + &e. owe 

s r& ane Foe wt ae 
‘The common Pra, ef first being 

‘a a ee 4.23 of 

% an | me “Ss 10° 

‘ ‘and, in the sad 

Paes rape Peart Be Babe EO, 

ihsibeos Fo sgg0) 


a the number of terms in each, 434, that being 
the greatest limit of x. : 
Hence we have the sum of, 


$ 


- = Pivet series, = 963769-. i | 


Second series, = 929349. 


# 


bd SSS Sf Oe ee oe 
— o eee RA i nee gy a Pea... ? al * 
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Also the first any of fractions in the first 


series, © } | a, j 4 
me iplog tog acgiig OG (RU 4 © gage " 
—+—-+—-+-— att iis i 5 ¢ & it 
9°9°9°9'9 "9 9'p a6 
434 eee. 


‘and ae = 482 9° or 48 periods and two terms — "y 


nic lease, ha 
"9 Maly 


1 ‘ 


| ~* ,~&F «a? 
And, in the. second series, the ist period of" 


fractions will be | a & 
ao a an 1 un 5 A 3° _* - — 
and 46, or 62 periods: pee & * 
ia B —— a 4 
7 eo 3 = 186, * e ba ig waa) 
Ee ay  %) 
WEE | 3 ie: tegral rd first de 
fea. in °g erms, oe 
9897695 2 15 Sadel) ribs: aad 4 


929349 -~186 rosa sel terms, nauk | 


series: 
Whence the oS 
= 34305, 
difference, . J : ill 
is the number of integral solutions required. 
163, Cor. We have at present only Ragidered the | 


ease in which two, at least, of the given coefficients 


are prime to each other; and, when this is not the 
case, the following transformation will be requisite, 
and which will be better’ ‘explained by a ty 
than by a general example. 

Let it therefore be proposed to find the namber 
of solutions that the equation 


Si, gS ae ‘ Sid 
a. ‘“ 


F . | oh 
& of the First Degree’ = 335 
5 err TSy + 202=100001 © , 
dmits of in see integers. ‘ 
ot By PPsposing 02, and iors by 3 ahi 
oy é “ar + by = = 33334 - goat iz $a; 
bao 


—I 


=U, 


M. as this last must. de an G oibeer, put = 


gt tate . ae 7. this being substituted sit Zy, the 
ag a uation becomes 

M 
: ; 
-" ad 
; an viding by 3, and transposing’ 


i. 


120 + By 20(u 4 1) 100001; 


| Aa boy +, 204 = 33327, : 
i, her of solutions in which will be the same 
‘original: one, utin my timay become 0, 
4 shall i in et case have z= 
Now her e greatest frit de rt 

iia Hoel) Me cee 1) -. ; 

. 3332 eee! 


t 


<n 4 
i liad 
4 4 


- knd ‘the equation  “ ® 
bq- 4 = 1 


gives g=1 and p= 1; whence the series will each 
consist of 1667 terms, age u May 7 =0, and their 
sums will D6 ie ee : 

ay oy. AT: 67. 38327 . 

As — +—+—4+— &e. 38327 «6 4 - 

Pe Shit ops Gams Fi CC Na sorely 

27 AT 67. Fas geane ee og 

as bs ee SOT s6r77—; 

Ret ah luge” ty by USER Sane i Poids 

and the fractions of the first mens ail be. i 
ve j areoae 5 Spat =+ & ‘ $i) Rel a 
Pe ae a 


iat BS Me ee ha Boe es 
Pg res 


t - 
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4 
where, each term having the” same —_ i 
sum will be © 


— x 1667 = 1250-. +4 
1 07: 50! a 


oi 


In the second series the fractions are 


é be 
* pe saat ey 
5 - 5 . 5 ni 

thé sant belt ue ear 

| 8 #4) + 
ties — 6 b- « & : 4 
and hence we have 
% 


69459724 — 125025 6944723, 


5556777 =—666 = 5556111. * 


Whence the total number) _ 61 

of solutions, =~ Misia, 4 

When there are four or more unknown « quan- 
tities, the number of possible solutions is found in 


es — manner. 


PROP. V. 

164. Having given any number of equations 

less than the Ai hy of unknown quantities which 
enter therein, to determine thosé quantities. 

Let there be proposed the two equations is 
ax+by+ce= d, 
Ur+bVy+cez=d;3 ., 

to find the values of x, y, and x. 

Multiply the first by a@’ and the second by Ay. 

whence, by subtraction, we obtain 
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“ (a’b—ab’)\y +(a'c—ac)z=a'd—da; 
r, dividing each’ of these known coeflicients by 
é, eo greatest common divisor, if they have any, 
_ and representing the results by b”,. c,d’; this 
equation becomes 
b’y + c's = dd". 
Find now the values of y and z in this equation, 
and these being substituted for them, in the equa- 
»tion “4 
@— 0s by | 


Pf pwn 
a >] 


will give the corresponding values of 2; of which 
those that are fractional must of course be rejected, 
and also those that render (cz + by) >d. 
Ex.1. Giving 
{ 3a.4+ 5yY+ 7%=560, - 
Or + 25y + 49% = 2920; 
to find all the integral values of x, y, and s. 
F damaa ete the first ‘by 3, we have 
| 9x +15y + 212= 1680, 
Ox + 25y + 49% = 2920, 
whence, by subtraction, we have 
1Oy + 28%= 1240; 
or, 
| 5y + 142= 620: 7 
and here the values of y and z are found to be, 
y= 110, 96, 82, 68, 54, 40, 26, 12; 
g= .5, 10, 15, 20,°25, 30; 35, 40. 
_And of these.the only two that give 
560 —72— 5y 
= ra a 
,an integer, are the following; viz. 
we 
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Z=15, and y=82; whence r=15, 
=30, and y= 40; whence v= 50. 


Remark. ~Though this method of solution 
never fails of giving all the possible values of 2, 
y, and z, in equations of this kind, yet we may 
frequently shorten the operation in particular cases, 
in the following manner: 

Having obtained, as abeve, the equation 

5y + 14%=620, 
we have, by division, 
¥y=1244 32— =, 
go that < must be a multiple of 5; make, then, 
z=5u, and we obtain 
y=124—14u; 


which values of y and 2, substituted im the first 
equation, give 


3x2 —35u= —60, or , 3a= 35u— - 60, 


whence u must be divisible by 3; take, amg 
u= 3t, and we obtain | 


x=35t—20, y=124—42t, and s=15f: 


the value of y limits ¢ not to exceed 2; assuming, 


therefore, ¢=1 and 2, we have exactly the same 


solution as above. 


PROP. VI. 


165. To decompose a given numeral fraction ; 


having a composite denominator into a number of — 
sinple fractions havi ing prime denominators. 


‘This is in fact only an application of the fore- — 


going prepeiios to thie particular case; for let 


it Newent 
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ag be the given fraction, and suppose, in the first 
instance, that its denominator Consists of two prime 
factors, or 2= ab, it will then be to find 


m_p 4 
1 Wa Abe ad 


ay + bp=m; 
in which equation, having determined the values of 
- pand q, we shall have» and f 
quired; and as many different ways may any such 
fraction be decomposed into others, as the above 
equation admits of integral stat 


for the fractions re- 


If the given fraction be, then we may first 


= b 
tesolve it into twe fractions, and one of these into 
two others; thus, let 


OU, eg 

abe ab - C? 
then we have : 

abq+cp=m; 


and having, from this equation, found the values 
of p and q, we shall have | 


Rider cae b 
abc ab + Cc 
Again, let 
one tA 
| ob es bb 
— whence we obtain , 
7 as+rb=p; 
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‘find r and s in this equation, so shall we have 
a a a 
=a 454s, 
A006 @ Oe | 
as required. And we may proceed in the same 
manner to decompose any given fraction having a 


composite denominator. 
Ex. 1. Find two fractions, the denominators af 


which are 5 and 7, i sum Is ee (6 


35° 
. Make i. @ 
et bles seh 
7 5 BB? 
which furnishes the equation 
5p +79=193 


‘and here we have p=1 and g=2: a | 


2 vg . : | 
5 are the fractions required; ‘for these give | 


1 2 1 : gs 
Meh Be. 
Ex. 2 Find three fractions, the sum of which 


AO] 
shall ta equal to me 


Having first found the dénominator to be equal | 
to the product of the three factors 5.7.9, it follows” 
immediately, that these three numbers must be 
the denominators of the fractions sought; and if) 
the given fraction cannot be decomposed into three, 
fractions, having these denominators, it is in vain’ 
to seek the decomposition i in any others, _ d 


Supposing, then, ‘in the first place, — 
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P. ges 401 
| Th Atk 315’ 
we have iow 
Op + 35g=401; 
: me? give g=4 and p=29, whence 
AOL 29. 4. 
315. 35 9 ai 


\ 


we must 


: . 29 
And now, in order to decompose =~, 


have 


29 or 5p’ +79’ =293 
7 BS OWL? a 
which gives g’=2 and p’=3, whence 

age 9 401 > 2003; 4 


as required, 


PROP. VII. 
166. To find the least number that is contained . 


under two, three, or more given fgrms; or, which | 


~ is the same, to find the least number which, being 
divided by given numbers, shall leave given re- 
yainders. 

» Let 

n=am+b= an+b =a"p+b'= a 

it is required to determine the least value of n, that 
fulfils these conditions. Or, it is required to find 
the least number Nn, acy that, being divided suc- 
cessively by a a, ee &e. .» the remainders shall 

be’, Be", | 
| Fir st, since am+b=a'n+b’, we have - 

am—an=b' — b; 
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find, therefore, in this equation, the least values of m 
and n (by art. 160), then will am+b, or a’n+0’, 
express the least number that fulfils the first two 

conditions: let, now, this number be called c, then 
it is evident, that every number of the form aa’qg +¢ 
will also fulfil these conditions, and we must pro- 
ceed to find 

aa’g+c=a'"p+b”, or aa’g—a’p=b"—c; 

that is, the least values of g and p in this equation, 
so shall we have aa’q +c for the least number that 
answers the first three conditions, which, being 
called d, we shall have aa’a’r + d, as a general ex- 
pression for all numbers of this latter class: and 
thus we may proceed to any required extent. 

Ex. 1. Find the least number which, being di- 
vided by 28, 19, ‘and 15, shall leave for remainders 
respectively. 19, 15, and if. 

Here we have 
28m+19=19n+15=15p+11; 
now, in the equation 

19n—28m=4, 
the least values of m and are (as determined by. 
art. 160) m=8 and n=12, whence 
28m +19=19n+15 = 243; 
and we have now to find 
28 .19q + 243 =15p +11, or 532¢— 15p= — 232, 

in which equation p= 512 and g=14, whence 

5329+ 243 =15p+11 =7691, 
which is the least number having 1 the required con- 
ditions. 
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MisceELLANEOUS EXAMPLES, | 


1. Find the least values of x and y that fulfil 
the conditions of the equation 
19ve—117y=11. 
Ans. 56 and 9. 


2. Find all the values of x and y that the ., on 


following equation admits of in integers: 
" -:184+14y = 200. 
Ans. 10 and 5, 
' 3. Find the integral values of x and y in the 
equation 
27% + 39y = 7432, 
or prove there are no such values. 
, | Ans. Impossible. 
A. To find whether the equation 
7X+13y = oh 
is possible or impossible. = = Ans. Impossible. 
5. Find two fractions having 5 and 7 for de- 
: ; 26 
nominators, whose sum is equal to rT 
Ans. : and - 
6. Find three fractions having prime denomi~ 


: : 27 
nators, whose sum is equal to TTS 


eee Fa 

_ 7, What number is that, which, being divided. 
by 9 and 13, shall leave for remainders 5 and 12? 

Ans. 39. 

8. Can 100l. be paid exactly in the present gold 

coin of this kingdom? Ans. Impossible. 
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 g. Required such values of x and y, in the 
indeterminate equation 
7% + 19y= 1921, 
that ‘their sum x + y may he the least possible. 
Ans. x=3 y=100, 
10. Find how many solutions the equation 
5a+7y+11z=4000 
admits of in positive integers. — : 
11.. Find such values of x, y, and zg, in the © 
equation 
5&+11y+13% = 2000, 
that their sum «+ y+ 2% may be a minimum. 
12. Find the least number, that, being divided 
successively by the nine digits, 
Ls Dts al Oy Ge aie 
shall leave respectively for remainders the digits 
0, 1, 2, 3, 4, 5, 6, 7, 8, 
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CHAP. Il, 


On the Solution of Indeterminate Equations 
of the Second Degree, 


PROP. I. 


167. To find the values of x in the inde-_ 
- terminate equation 


ax® + br +e 2, 


‘Though this problem fall under the ‘general 
form of equations that are investigated in the fol- 
lowing propositions, -yet, as ~ ii are some con- 
ditiond of the coefficients that render the solution 
more simple than others, it will be proper to state 
a few of those particulars, without, however, mul- 
tiplying the rules too, much, which would only 
lead, to embarrassment, as it is by far better to em- 
ploy one general method, that embraces all cases, 
although the operation maybe a little longer, than 
tos give a number of particular rules, suitable only to 
as many particular conditions. We shall, RC e, 
consider, in this place, only the three followin 
cases; viz. when = | 


Ce.0, on Gt at bt SS =e: | 
» \ eS mr, or Mea +be@+e =3'3 - 
bes por 2 +624 n= 2. 
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168. Case1. To find the value of x in the 
indeterminate equation 
ax + br = 2°, 
Here we may assume z= .ry, and hence we obtain 
ax’ + br=axy*, or ax+b=cy’. 


Whence us - 
: Po 


= which will become more ge- 


neral by making y = and, substituting this value, 


we have 
bq’ 

~ pag’ 
in which expression p and g may be taken any in- 
tegral values at pleasure. 

Ex.1, Required the value of x in the equation 

ba? + 72 = 2. 

Here, since a=5 and 6=7, the value of x be-~ 

comes | 


Jali tie 
poe 
in which p and g may be taken any numbers what- 
ever: by assuming p=3 and g=1, we have 


Lez fr, which fraction will be found to. answer the 


required conditions. 
Ex. 2. Required the value of 2 in the equation 


92-238 = 2: 
Since a= 2 and b= —3, we have 
- pp —2g° or & 2g°—p°” 
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And, by assuming g=4 and p=5, we have 
2-5, which fraction will be found to answer the 
required conditions. 

In both these examples we have arrived at frac- 
tional results; but integral ones may, in all cases, 
be found, at least whenever 4 is positive; for, in 
that case, the denominator is always of the form 
p’ — aq’, which we have seen (art. 150) may be made 
equal to unity; but, when 6 is negative, this con- 
dition is not always possible, because the equation 


ag’—p*=1, or p’—aq’= —1, 

- is not always resolvible (cor. 1, art. 150). 

Ex. 3. Find such integral value of ¢ as will 
_render the equation 


132° +722 
rational, 
Here we have from the general solution 
ee 
i eet 


and, therefore, we must find such values of p and 
q, that will give 
p—i3q=1, 

which, by art. 151, are found to be p=649 and 
q= 180, whence 7 
3 x= 7g°=7 .180°= 226800, | 
which is the least integer having the required con- 
ditions. =’ 

169. Case 2. To find the values of x in the 
indeterminate equation 

mx° + be +e 2", 


\ 
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Assume z=ma+y, then we have 
mx? + bat+c=ma’ + Qmaxy +4". 
“Whence, by promi mex, 


yc 
b—2my : 


— 
——s 


Or if, in order to generalize, we make y = this 


becomes 
pag 
~ bg? — 2mpq 
In which expression p and g may be assumed at 
pleasure. 


Ex. 1, Required the value of x in the equation 
Or +72+5=2", 


Here, since m=3, b=7, e=5, the values of 
x are contained } in the expression 
p-5¢ ‘ 
77 — pq * 
in which, by assuming p=4 and g=2, we have 
ping & 
L=—, 

20 

of the equation. 

Ex, 2. Required the value of & mn the equation 

Qa +5=2". ; 


i] ° tae e,@ 
or =; which fraction answers the condition 
4 Le | 


Here m=3;)b=0--¢s = 5s therefore, the cell 
value of w is 


ig Dh Ge aa ig 
— 6pg” 


| . ak 
By taking q=1 and p=1 we have v= which 
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fraction will be found to answer the mrgees con- 
ditions. 
. 170. Case 8. To find the value ash x in “the 


| indeterminate equation 


“ae + ba pms 2°. 
Assume z=m+ay, then we have 
ax’ + be+ m= m + 2mxry +: he 
W hence . 
g bs my 
y—a 
Which is exactly the reciprocal of the expression 
deduced for the value of x, in the preceding case, ex- 
cept that we have a instead of c; and if, in order to 


render it more general, we make y=rit becontes, 


_ 9° 2mpq | 
page” | 
which’ latter equation may always be resolyed in 
integers, because 
Pag =1 
is always possible (art.150); and this is true 
whether’d be positive or negative, as we have only, 
in the latter case, to make either p or g negative; 
or, whiich ‘is still the same, assume z= m—ay. in- 
‘stead of z=m+axy. 
Ex.1. Find the integral value of x in the equa- 
tion 8 
h2° + 7e+1= 2". 
Here we have a=5, b=7, m=I, whence 


BAS dee ic 
p—5¢ A 
‘Now, in Sidi that we may’ ‘have 
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p—5g°=1, 
we find, by art. 150, p= ey q=4, whence «= 40; 
which number will be found to answer the required 
conditions. 
Ex. 2; Find an integer value for x in the equa« 
tion | 
; Vx — 52+ 1 = 2°, 
Since a=7, b= —5, and m=1, we have 


a OF tpg 
ek ee 
And, in order that this denominator may be 
equal to unity, we must find, by art. 150, the values 
of p and q, such that this condition may have place, 
which are p=8 and g=3; whenceis obtained =3, 
which makes 


7-3 —5.3+1=7', 


as required. 

Hence it follows, that when integral values of 
« are required, we must have particular values of 
p and g, obtained by means of art. 150, or of the 
table subjomed to this volume; but when only 
fractional values are required, then we may assume 
p and g equal to any numbers at pleasure. 

171. Cor. The foregoing solution will hold, whe- 
ther m be known or unknown; in fact, when m’ is 
indeterminate; it may, in the expression © 

=o — 2mpq 

ome aq ,, 
‘be assumed at rege: and the solution is still 
more general, if m also enters into the middle term 
with x; thus, for example, if we write y for m, 
the equation under the latter supposition will be — 
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ax’ + bey +? =2°; 
which may always be found in integers by assuming 
x= 2pq + bg’, 
YD reds 
in which expressions p and g may be assumed 
at pleasure; and, consequently, integral values 
obtained for x and y ad libitum (art. 101). 
Ex. Find the values of x and y in the equation 
3a° + bay + y= 2’. 
Here a=3 and b=5; therefore, 
= 2pq + 5q’, 
Ch teen 
And, assuming p=3 and g=1, we have r=11 
and y=6, which values, mibetiiueed for « and y in 
the proposed equation, give 


3117+ 5.11.64.6°= 27%, 


And other values may be found by changing those 
of p and g. ) 

If b=0, and the proposed equation be 

ax? +- y a 3°, 
then the values of « and y are 
f v= 2pq, 
y= pag 

Which is exactly the result obtained at cor. 2, 
art. 54. 

Remark. A few otlier partial rules might have 
been added here for particular cases or conditions 
_of the coefficients; but, as the principles explained 
~in the following propositions embrace every pos- 
sible form of equation, a multiplicity of rules for 
conditional equations seems to be both unnecessary 
and improper. 
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- PROP. I. 

V7 72. Every indeterminate equation of the secone 
degree, containing two unknown quantities, may 
be reduced to the form 

u—at=B8. 

Let | 
ax® + bry + cy? +dxr+ey+f=0 

represent any indeterminate equation of the second 
degree, in which x and y are the two indeterminates, 
and a, b, c, d, e, and f, any known integers posi- 
tive or negative, or zero; then I say, that this 
equation may, m all cases, be reduced to the more 
simple form 

u’—Al=B. 

For, first, multiply the proposed equation by 4a, 

which makes 
Aax® + Aabxy + Aacy’ + 4adx + Aaey + 4af=0 
add b°y* + 2bdy + d° to both sides, and transpose: so 
shall we have 
(2ax + by+d)’= (hy +d)? 4a(cy? +ey +f); or 
2Qanr+by+d = {(by+d)’—Aa(cy’+ey+f)}. 


And, in order to abridge lm ee let 


+) AGED 

Oo Age = oe - = * 

ar AGO Syn a See re 
d° — Aaf -~ ~ oe ss A; 


| thaté is, A‘will represent the ‘adittipkes. of 4°, 2g the 
multiples of y, and‘h the absolute quantity hack 
- contains no indeterminate letter. Now these sub- 


- 
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stitutions will furnish the two following equations ; 
V1%. 

f 2ax+by +d=t, 
ay’ + Igy +h=#. 
Multiplying this last by A, we have 
Ay? + 2agy + Ah= al’; 
adding g°; this becomes __ 
(ay +g)*=a(f—h) + 8°, of 
(ay+g)—al=g iff 

Substituting again ay+g=u, and g*—ah=z, 

we have 

ww —AF = B; 
and, therefore, the proposed equation has been 
transformed, as required. 

And it is obvious, that the values of « and y in 
the proposed equation will be immediately deduced 
from the solution of the transformed equation 

es Ae SB, 


For we have 


| ce oS , 
aytg=u, or y= aes and 
t—d—by 

2axr + by +dSt, or c= Ba J 


or, substituting for y, in this last, we have 
| _(¢—d)a-(u—g)b 


2aA 


And since, in the transformed equation, w and & 
enter only im the second power, we may take ¢ 
and uw, in these last expressions, of the values of 
xand y, either positive or negative, at pleasure; 

24 
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and when the solution of the proposed equation is 
required only in rational numbers, it is obvious, 
that we shall havé it immediately from any rational 
values of ¢ and z in the equation 
oe —ALeSB; | 
but if the proposed equation is to be found in in- 
tegers, then we can jal employ such values of ¢ 
and was, when substituted in the expression for 2 
and y, render these quantities integral; im conse- 
quence of which restrittion, the solution, in these 
cases, is generally very tedious, and frequently im- 
possible. 


Bixid. \ Letcatvbe proposed to transform the - 


equation 
5a + Sry — sy" + 20 —5y= 110, or 
3a + Bay = 3y" +20 aye 110=0, 
to another of the form 
we at =B. 
Here 
a@=3, b=8,c= —3, d= 2, = — Saif er L1G 
Whence | 
“bd —2ae=g = 46 
@ — Aaf=h=1324 
4 — 4ac= a S108 
&—ah =B= — 130284; 
therefore, the transformed equation 1s 
u? ~ 100% = — 130284: 
and, if we had the values of ¢ and z in this equa- 
tion, those of w and y in the original one would be 
heady obtained by means of the formule — 


and 


— Ee Se ell 
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but the solution of the equation ti | 


“u—atl=B 


belongs to the following proposition, the trans- 


formation being all'that is required in the present 
case. | 

Kx. 2. Jt is required to transform the equation 

| 5a? +82 +7 | =y", Or 

5a° a + 3x +7 =0, 
to another of the form 3 
u— At =B. - 
Héreiastby b=0;'e= 1, d=3, e=0, f=7. 
Whence we have 


bd—2ae=g¢=0, eae b° — 4ac=a= 20, 
d> —Aaf=h=—131, § * g—ah =B=655; 


therefore, the transformed equation is 

u?— 20f =655: 
and the values of uv and ¢ being found in this equa- 
tion, by the method explained in the following pro- 


position, we shall have those of x and y in the one 
proposed from the expressions 


Remark. The general equation above given in- 
cludes every possible form of an indeterminate equa- 
tion of the second degree, and we have seen that 


this is always reducible to the form 


u—al=B; 


and, consequent! y, on the solution of this last 
depends that of every possible case which can arise 


in indeterminate equations of this dimension; but 
2a 2 
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it should be weer that, in the solution of the 
equation 
u—at=B, 
x 
we may have ¢ and zw fractional, as ue 
whenee the above becomes 


or y 
Wid Paseedh FR B, or 
gz 


n° — Ay’ = BS? ; 
an equation in which the indeterminates 2, y, and 
z, are all integral, as well as the known quantities 
A ands, and as all possible cases are reducible to 
this form, the solution of it becomes the more 
particularly interesting. 


PROP. III. 
173. In all cases in which the equation 
7 — ay? — pe? 
is possible, it taey be transformed to another of the 
form 
2? y= cx”, 

We have already (at art. 53) given a rule for 
judging of the possibility or passives of every 
equation of the form 

x — ay’ =B2", 
or, more gener oth = the rivia cs 

— BY’ =Cz 

but, in that sda we were not able to show the 
absolute possibility in those cases in which the 
given equation fell under a possible form; we shall, 
however, by means of this proposition, show, that 
every equation falling under a possible form is 


ON ee OE eS, ee ee a a 
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really resolvible, and the contrary when it falls 
under, an impossible, which latter part is in fact 
pr oved in the article above mentioned. 

Having, therefore, first ascertained the possibility 
of the equation 

x — ay’ = BR, 
by the proposition above mentioned, the trans- 
formation of it to another of the form 

xv” aS y™ — Cz” 
will be effected in the manner following: but, before 
entering upon this subject, it will be proper to 
make a few preliminary observations; viz. 

1. The indeterminates x, y, and s, may be con- 
sidered as being prime to each other, as appears. 
from lemma, art. 47. : 

2. The given quantities 4 and B may be sup- 
posed to have no square divisor; for let a=a’h’, 
and n=B’l*, then the equation becomes 7 

x’ + a’(ky)’ = B’(lz)*, 0 

aK? SS B's"; 
by making ky=y’, and /z=2’, we may, therefore, | 
always consider a and B as containing no Si aguee 
divisor. : | 

3. The indeterminate 2 y is pee to B; for if y 


and B had a common divisor, 2° must necessarily 


have the same; and, therefore, x and y would not 
be prime to each other, which is contrary to what 
has been already demonstrated: and the same 
reasoning is equally applicable to A and 2. 

4. The quantities a and B may always be sup- 


| posed positive; for if they be not both positive, the 


equation may always be transformed to another 
similar one, in which the resulting quantities, re- 
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presented by a and x, will be both positive: thus, 
the only possible cases are the four following; viz, 
Ist, A positive, 8B positive, 
2d, a negative, B negative, 
3d, A positive, B negative. 
4th, a negative, B positive. 
Which give the following four equations: 
Ast, 2 —ay?= + Be’. 
2d, a°+ay’ = —B2’. 
3d, 2° —ay’= — Bz’. 
4th, 2° + ay’= + Be’. 

Now, I say, that the three latter equations are 
impossible, or reducible to the first form, in which 
A and B are both positive. 

For the third and fourth equations are exactly 
similar, by only transposing the quantities ay’, and 
Bz, and each of these is reducible to the first 
form; for multiply 2’ +ay°=Bz° by B, and trans- 
pose, then it hecomes ba 

B’2” — aABy’ = = Bx’, 

_ which is precisely the form of the first; and the 
second is evidently impossible from its nature. 
Hence, therefore, it appears, that if in the pro- 
posed equation A and B are not both positive, it 
may (if it be a possible equation) be transformed to — 
a similar one, in which the resulting quantities, re= — 
presented by a and 8, shall be both positive. : 

We may, therefore, in what follows, consider 
a and B as being both positive, as containing nei- 
ther of them any square divisor; and the three in- © 
determinates x, y, and z, as integers prime to | 
each other; also y prime to B and z prime to a; | 
which being premised, we shall proceed to the | 
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transformation of the given equation, as announced — 
in the head of the proposition. 

174. Transformation of the equation 

+ ye ay? = Bz 
to the form 
oii L? — yf”? = cx”. 

In the first place, let us suppose p> a, for, if ‘it 
were otherwise, we should have only to put the 
equation under the form , a 

x — Bz = ay’, 
in which we have a>; so that we may always 
suppose the coefficient of the second side of the 
equation to be the greatest of the two, unless in 
case, of equality, which case for ms a separate pro- 
position. 

Let then, in the given A aeaechie 

a — ay? = Bz", 
B>A, and since we have y prime to B, by the 
foregoing article, we may make v= ny — By’ (cor. 1, 
art. 40), and y’ being two indeterminates ; whith 
expression being substituted for x, in the above 
equation, it becomes | 
| ny’ — Inpyy’ + By? —Ay=B2; 5 
r, dividing ny B and REPRE. 

n° Poa 


y — Inyy” + By?= %"4 : 


and, since B is i to y, it is evident, that n°—a 
must be divisible by p, for otherwise the equality 
could not obtain, all the other part of the equation 
being integral; in fact, our rule for ascertaining 
the noes? of the proposed equation (art, 53) 
depends upon the condition of the equation 
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nr —a 


= 
B 


being an integer : let, then, 
n—A 
= 


- Bh’, 


Kk? being the greatest square contained in the que- 
nN — A : 
tient of — a? and this value being substituted for 


2 


in the above equation, gives 


Bh'y’ — anyy’ + By” = &. 


Now we have before shown (art. 44), that all 
squares are of the same form to modulus B, as the 
squares - 


3 ’, 2’, 3°, &e., (iB)}*s 


and, therefore, the least value of n will never ex- 
ceed 48: we shall, therefore, be sure, by trying all 
the intermediate numbers from 1 to 18, to fall 
upon the possible values of n between the limits 1 
and in, that render the above expression an imn- 
teger. 

Suppose, then, we have found one or many values 


of n within the above limits , which have the required 
2 


ee é v7) —A Pix 
conditions of rendering res integer, we must, 


with each of these values, continue the transforma- 
tion in the following manner; viz. 
Repeating again the equation 


o 


B’h’y? — anyy’ +B 42 ad 
and multiplying by B’/°, we have 
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Bp” kty? = ane’ heyy’ +B’BR ey” =p’ ei or 
(B’ key — ny’)? + B’ Bk ey”? — n’y” = Bk?’ ; 
and, since n°>—a=B’Bk’, this becomes 
(Bk°y — ny’)? — ay”? = B'k’s"; 
or, making B’h’y — ny’ =2’, and }*z’= 2”, we have, 
for the transformed equation, 
xv? — ay” =B' x”; 
which is exactly similar to the equation first pro- 
posed, except that in this B’<is, for n<41s, 
therefore n*— a <n’; and, consequently, since 
nA 
B 
we must have B’< 1B. | 
We have, therefore, transformed the given 
equation to a similar and dependent one, of ahick 
one of the coefficients is less than in the equation 
proposed; and if, in this new equation, p’ be equal 
to unity, or to any square, the equation is trans- 
posed as required. And the values of 2’, y’, and 2’, 
being determined in this, will give us the values 2, 
y, and x, in the original. For we have 


zs iwis 
=p’, ; 


Ist, r=ny —By’. 
ed, g’ =B ky —nv’. 
ad, % ee 
From the second of these we have 
a’ + ny’ 
\ A a whe? 
which therefore thus becomes known. 
And the first gives 


ar + ny! 
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And the third reduces immediately to _ 


But if neither of the above conditions have place, 
that is, if B’ be neither equal to a square nor to unity, 
we must first ascertain whether p’ be still >a, and 
if it be, we may proceed in the same manner to 
transform this last equation to another similar one, 


a? Ay! 3 pri B’2!”. 


in which last B’ <4’: proceeding thus, by suc- 
cessive transformation, we must be finally brought 
to an equation in which B”” or c<a. 


Having arrived at this equation, by transposing, 
we shall have 


272 rae 2?2 
fo Cs ay 
in which now,.we have a>c. 
If, then, we represent this new equation by 
| x — c= eS 
we may, by proceeding Set. as above, reduce 
this to another similar and dependent equation, 
xg? — ey? =A" ; 
or, calling a” =p, to this, 
2 eT er > 
| “a? cy? = pe”, 
in which a”, or D<c; or, by transposing, 
Jf2 yo: it) 4 ; 
be IS a y 
in which c>D. eae i anew. by 
we may-proceed to reduce i itin asimilar manner to the 
preceding one.. Since then, at every step, we reduce 
the coefficients, so that a<B, c<a, D<c, &c., it 


) 
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js obvious, that we must finally arrive at one that ° 
| is equal to unity; for it has been seen that these 
coefficients are always positive, and they can never 
become =0. Now it is impossible-for a series of 
integers to go on continually decreasing, under 
these conditions, without one of them becoming at 
last equal to unity; and hence it follows, that 
when. the equation 


x ied ay? = py? 


is possible, it may always be transformed into 
another equation of the form 


,f2 PS adit F 


which last equation is always resolvible (by 
art. 54); and, from the values. of the indeter- 
minates in this last equation, we may proceed by 
successive steps to those of x, y, and 2, in the 
original one proposed, by means of equations 
analogous to those in the preceding part of this 
proposition ; viz. : 


xv +ny 
be Bk 
a + ny’ 
Le — n—BY. 
a! 
a ie 


175. From Oehat has been explained in the 
above article, we derive the following simple 
method of arriving at the final equation, without 
absolutely performing the operation, which it was 
necessary to explain in order to show the principles 
on which the transformation was effected. 


\ 
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It appears from what has been said, that, in 
order to effect the successive reductions, we must 
make the following calculations, 


ee . 

2 "eae 2 NGUR AS > 
LAY = BR B; he oe x. 
i | nN” —A 
r Si: Ay” — B’ age - = Bp” ie 

j : 7/2 
x aN Ay? = B'S, ; = = Bp” k’”" 
, : ge Re 
&c, &e. 
2 2 __ +,(m) 2 Q 


till we have c<a; then, transposing, our caleula- 
tion must be carried on ¢ again in the same manner 
as above: thus, 


‘ 
R= C . 
fl cy”  z a sesh aati ls y ¢ i, 
A 
12 
| Maat ¥: 
% 
x —=€y = A’ 2 - be gt 2, 
A 
472 r 
ee 
Fh je cy’ — A’ s?, 3 wn aE 
,% 4 
| &e. &e. 
x cal cy? ae Am” x, or D2’, 


in which expressions #°, /*, &c., are the greatest 
n—C 
mtegral squares in the quotient : which re- 


ductions and transformations must be continued, 
till we arrive at the equation required; that is, in 
which one of the coefficients above represented by 
A, B, c, &c., becomes unity; and having found 
the Hilkie of the indeterminates in this last, we shall 
arrive at those of a, y, and z, in the original equa~ 
tion, by means of equations analogous to the 
following: 
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is tat + my” 
Bk 
r= ny — By’. 
ro 2" 
| oe oe 

In the above forms, the accents of x, y, and ¢, 
are omitted, to avoid confusion; but the reader will 
be aware that these letters are not of the same 
value in any two of the preceding equations. It 
may also be proper to add, farther, that though, 
in order to show the successive transformations, 
we have employed several forms, yet there are few 
practical cases in. which these are numerous. 

Ex. 1. It is required to transform the equation 

a*—5y°= 112" 
to another of the form : 
x? —y" =cz”, 

and hence to determine the yalues of w, y, and z, 
in the equation proposed. 

Here we have 


n—5 


7:32 3. 
are aap’ fh? =; 
by assuming 2=4, whence p’=1; and, therefore, 
the transformed equation is | 
| 2? — by” = 3s”, or : 
xv — 

Now the general values of a’ and y’ in this equa- , 

- tion are (by art. 54) 
a= p? +5m°=14, 
=o bm 
y=24m = 6, 
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that is, by assuming p=3 and m=1; whence those 
of x, y, and z, in the equation proposed, are 


a’ +ny 14424 


ings B’ ke =e 1 : =38, 

x= ny — By’ =4.38—11.6=86, 
et 4 | 

Ronit 1 aie AY 


which numbers answer the required conditions, for 
86% 5 Steed’ 8 
And, by giving different values to p and m, various 
other integral solutions may be obtained. 
Ex. 2. Required the values of x, y, and Cyan 
the equation 
“+ 12y? = 132°. 
First, 
n*-—12 
13 , 
by assuming n=5; whence we have, for the trans- 
formed equation, 


BA eh. 


xv? —129y° = 2", or 2? — 2"? =12y”, 


in which we readily find a’=4, 2’=2, and y’=1; 
whence 


RNY = AES 


yi Bk? = 1 BS sag 9, 
v=ny — By’ =5.9—13.1=32, 

us ee Pines : 
en OG fete i: Wit ata 3 


onic numbers answer the required conditions, for 
52°19 9° i 
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In hens two examples, we have arrived at the 
equation required by the first transformation, in 
which cases we. readily find integral values for 2, 
y, and z; but if two or more transpositions’be re- 
quisite, then we must be satisfied with fractional 
results, at least we cannot always obtain integral 
ones, under those conditions. 

Ex. 3. Required the values of 2, y and x, in 
the equation | 


Be 10y° 3 1:2, 
First, 


f 


nm —10 
Mere ste Ke oe Of 


ol- 
‘by assuming x= 14, and thus we have B’= 6.4? = 
so that the transformed equation is 
xv” —10y”= 62”, or 
tt Ox TOY”. 
Then again, 
| n” —6 
10 Sia 
- by assuming n’=4, whence c=1, and the new 
transformed equation is 


PIQ2 PED X= FI2 fe 
} Bae Bi oo RA * 
Oe es 


=cP=t1, 


in which last we find readily 2° = 5, of’ =],,and 

“=2. And having thus obtained the values of 
the indeterminates in this equation, we readily 
deduce those of 2’, y’,.and 2’; and hence again. 
those of 2, Y> and z, in the equation proposed. 


Thus, 
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- = - =13- 
a) ieee I and 
aw ons! —~es" =4:138—10.2= 32, 
fp a sibel . =- } 
l I 


which numbers answer the conditions of the equa 
tion 

x” = 10y” = 62"; 
and hence again we have 


_v+my _ 82414. Ba ae 
ak pk 6 mH 3°? 
: 1 92 
f= ny — 31y’ = =, 
r a 13 iris 39 
=-—— = 13. or —éi 
k l 3 3 9 


and these fractions, or their numerators only, will | 
answer the required conditions; for 
229° — 10.23°=31.39°. 


It will be readily observed here, that the first 
set of equations, whence we derive the values of 
x’, y’, %5 are exactly analogous to the last, from 
7 wih we find x, y, and x; the only difference 
being, that <” and y” stand respectively in the 
place of 7’ and 2’ in the preceding one, as must ne- . 
cessarily be the case, because the equation we trans- 
formed was | 
—62"=10y”, 


in which 2’ occupies the place that is given to yin 
the first 
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PROP. IV. 

i76. To find the values of x, y, and z, in the 

equation 
a — ay’ = az’. 

In the foregoing proposition, we have always 
supposed one of the coefficients to be greater than 
the other; and though we may still make use of a 
similar principle when they are equal, and thus 
include both these propositions under one, yet, as 
the present admits of a simple process; it will be 
better to consider it separately. 

Since then 

| xv’ — Ay’ = Az", 
it follows that x is divisible by a, and as we may 
always suppose 4 to contain no square factor, there- 
fore x= ax’, or a =axv”’; whence we have 
Ata” — ay? = az", oF 
ts = aa’: 


and since here a contains no square factor, we Ue 
and z, may be considered as prime to each other; 
because, if they had a common measure, the whole 
equation might be divided by it, as we have before 
seen: this then being the case, make 


y=nz— ay’, whence 
w +1 


z°— Qnzy’ + ay" =2"; 


therefore n*°+1 must be divisible by a, for other- 

wise the equality cannot obtain: let then 

4 n +1 : 
A 


sak, orn’ +1 =a’, 


2B 


370 Indeterminate Problems 


which substitution gives 
A’k Pz? — 2nzy’ + ay? =x”. 
Multiply both sides by a’s*, and we have 
Ahi? — 2a’nk’zy’ + (n? +1)y? = a’ek’, or 
(Az —ny’) + y? = Nak’; 
or, for the sake of abridging, make | 
Ak2— ny’ =2’, and ar =x"”, | 
and our equation becomes 7 
Ae +y° re Wes ham 


. 
which is exactly similar to the equation proposed, 
except that, in this, a’<1ta; and if a’ be now” 
unity, the equation is resolved, as we have, in that 


case, only to find — 


3" e+ y” =e er’ e 


the solution of which is given cor. 3, art. 54. But if 
A’ be still > 1, we must proceed in the same manner 
to reduce it again to a similar equation, in which 
A’ <a’; and it is manifest, that, by thus con-| 
tinually decreasing the values of a, a’, a”, &e., we, 
| must, at last, arrive at a term equal os unity; and 
then the equation will be transformed, as required. 
And from the values of the indeterminates i in this. 
Jast equation, we arrive, by successive steps, to 
those of x, y, and z, in the equation proposed, 
for in each of these we shall have analogous equa- 
tions to those first obtained; viz. | 


: y” 4 Ya 
Yaa —aAy’, whence 2 = 


4 j 
zs =ah’z—ny’, - - - y=ns—ay’; 
»/? 
4} 


xk x - = 5 laity % and = AX’, 
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Ex. 1. Find the values of 2, Yy; and %, in the 
equation 4 
— 134° = 13%". 
First; ahah ge ign’, . tht above equation 
becomes, after division; 
y +2°= 13x”; also 
n oe: 
13 
by assuming n=5; whence a’=2, and f*=1; 80 
that the transformed eeier will be 


y pee? ae ax/”, 


Now here we have a known case, namely, when 
a =1, 2’=1, and #”=1; witence again 
_+ny 149.1 @ 


So Ah eg rd 
y =nz— ay’ =5.39— 13 .1= 2; 
; a” iy : 
= — = — =]: 

k ret : 


and, consequently, #=132’= 13, y= 2, and z=3, 
are the values of x, y, and x, required for 

12° 1342" = 13.3. 
177. Scholium. This problem may also be 
~ resolved upon principles entirely different from the 
foregoing; for it is demonstrated (art. 105), that the 
sum of two squares can only be divided by num- 
bers that are also the sums of two squares; and, 
consequently, when the equation is reduced to the 
form 

Yt s=ar”, 

it is evident, that both a and a® are the sums of 
_ two squares, because y’+2° is divisible by each of 
2B2 
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those quantities; and, farther, it has been shown 
(art. 91), that the product of two numbers, each 
the sum of two. squares, is of the same form. 
Hence, then, we) have the following solution: 
assume A=p*+q’, and «*=p”"+q”, then will 

(p+ Q°) x (pe +g") = (pp £97) + (py FP'9) 3 
that is, | 
(pp’ + 99’)’ + (py! Fp’g) Sax"; 
and, consequently, ) 

4 y=pp +q7> 

: 5 Masel chy BG As 

In which’ expressions p and gare known, being 
the roots of-any two Ruares, of which a is the sum, 
and p’ and q’ mst be@uch, that p®+q°=2”, any 
ser 3 that is.(by cor. 3, art. 54), 

ane 1 Ora =m —n*, 
‘=,2mn, 
with which sits any equation of this kind may 
be solved; and it is obvious, if a be not a number — 
of the form p*+q°, that the proposed equation is 
impossible, either in integers or fractions. 
. Ex. 1. Required. the values of X,Y; and 2, in 
the equation ; | 
ap 2? = B52". 6) 


ae the foregoing fortnule Wwe have 


oy Ge £99; se? 
== pq OPE: 


Also, 
| 65 = 3° + gee Mee ot 
- therefore, p=S and g=1, or p=7 and g=4. 
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Again, rigs 
p=m—n=3, 5, &e., 

g=2mn =4, 12, &c.; 

by assuming m=2 n=1, m=3 n=2, &e. 

_Now these values, substituted for p, 9, p’, g, in 

the above formule, give the following results; 
Buide ZO S74 53! 52> 9 98,. Ke. 
1 ae 353; 16, 40; 91, 101, &c. 
PFS a Pe Ba leks kOe, hae OC, 

Each of which sets of numbers will answer the 
required conditions of the equation. 

Cor. 1. The same principle is equally ap- 
plicable to the solution of certain other forms of 
equation; viz. to the following: 
e+ y= Az’, 

x + 24" = Az’, 
v= 2Y° = az", 
e+ 3y’ = a2’, 
xv — 52 by? = ya 


t 


For as these formule can only be divided by 

- numbers of the same form as themselves (art. 105, 

_ et seq.); therefore, when any of these are posethie: 

A is of the same form as the first side of the cor- 

responding equation, 2* being likewise so; and then 

again, the multiplication of two formule of this 

Kind, as pe ra 

: (p+ aq’) (p" £ aq") a* + ay’: 

_ that is, they give a product of the same form. 

Hence, then, representing the above equations 
| bast the general form 

a+ an ry” = Az", 
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the solution may be obtained as follows: Find | | 
Pp + ag — 
p?+aq?=2, 
the latter of which equations is readily found by 
art. 54, and the former is always possible if the 
equation be so; and having thus found the values 
of p, q, p’, and q’, we shall have 
(p' + aq") (p® + aq") =ax= 
(pe £ agg)’ + apg’ + Pq) 
Whence again we derive, by comparison, 
a= ppt agg’, 
Y=PYE TEA: 
Ex. 1. Required the values of x, Ys and By in 
the equation 


* 


a + 2y° = 62. 
Here, a is of the form a° + 2y’, far 
A=6=2?+2.1°; 
therefore, p=2 and q= 
Blso, assuming 2°= 3", we have 
% rae grat} +22". 
therefore, p’=1 and g’=2. 
Whence, | | 
{ x= pp’ + 2gq’=6, or 2; 
yY=pq + gp =3, or 5. 
Which numbers answer the required conditions ; 
for, , ; ) 
6°+2.3°=6.3 
2°+2.5°=6, Ss | 
And various other values might be found by 
assuming any other square for x*, which has the 
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form p” +29”; and this may always be done by 
squaring any number of the same form. 

Ex. 2. Required the yalues of x, y, and z, in 
the equation ai 

xv — by? = 112°. 
Here, a being of the form 2° — 57’, or 
A211 S254 551% 
therefore, p=4 and g=1. 
Also, assuming z°= 2°, we have 
arte Oo? ae 3" = b Es 
therefore, p’=3 and q’=1. 

Whence, 

x= pp + 59qq'=17, or 7; 
y=pys op = 7, orl. 

Which numbers give the following results : 

17°95 .72= 11.2%, 
7 kos be. 2, 

And various other values might be obtained, by 
assuming other squares for 2°=np”—5q”. 

It will be observed here, that the ambiguous 
signs in the compound expressions for a and y are 
+ and + im the first example, but + and + in 
the second; that is, the ambiguous signs are “+ 
and +, when the connecting sign is + in the 
paseoner equation, but + and + when that sign’ 
is —: the reason for which change will become ob- 
vidas by considering the nature of the two products. » 

Cor. 2. In the above equations, we know im- 
_ mediately, from the form of a, whether the equa-> 
tions proposed be possible or unpossible; as in the 
former case; A must have the same form as the’ 
first side of the equation with which it is connected, : 
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at least with an exception in the two last, whena is _ 
_ even (see art. 108 and 109). And thus far these equa- 
tions may be considered as forming a separate class, 
but in other respects the same principles may be 
employed for any equation whateyer; that is, when 
A 1s of the same form as the first side of the equa- 
tion in which it enters; but when it is not of that 
form, it does. not imply the impossibility of the 
proposed expression, as Is the case in those we 
-have been considering. 


PROP. V. 
178. Every equation of the form 
ee in = BZ’, 


ii ° 
-, are both integers, is 


in which 


resolvible in rational sachet 

- We have before investigated this theorem 
(art. 53), but it will be observed, the rule thence 
deduced, although perfectly correct, is deficient in 
this, that it is not demonstrated, when an equation 
falls under a possible form, that it admits of a 
rational solution; the only certain conclusions being 
with regard to impossible forms: it is therefore 
proposed, in the present proposition, to supply this 
defect, by demonstrating the absolute possibility 
in the former case, the truth of which, or of the 
above theorem, results as an immediate conse- 
- quence of the transformations effected in the pre- 
ceding propositions, and the demonstration of 
art. 52. But in order to render the investigation 
as simple and conclusive as possible, it will he 
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proper to resume here the forms of reduction, as in 
art. 1753 .viz. 


2 
9 nr pips A ° 
Zz — ay’ =B 2’, — =p’ kK’, 
B 
/2 
is pe Oe A 
xv — ay’ = B's", —— = Bh”? 
i s 
&e. &e, 
2 —ay’=B™ 2, or cz, 
In which last equation, B,. OF Oa, 
Then again, © 
Press n —C 
x —cy?=a 2°, —_—_—- =a’ I, 
; , A 
n” —C 
x i cy? es 4! a ; ud i 
h - A 
. &e. &e. 
x*— cy’ =a, or D2’, : 


till we have p<c; and so on, as has been before 
explained; im art.175, hk", &ey° Bed &e;; 
being, as in that article, the greatest squares con- 
tained in the respective quotients, arising from the 
division of n’?—a, n’—c, &c., by B, A, &c. And 
it.is to be demonstrated, in the present proposition, 


< ‘ m—B 2 — 
that, if it be possible to find SUES and , both 


integers, that all the other above analogous forms 
are also possible in integers; . and, therefore, that 
the equation 


s 
ty Pp: 


av _ Ay = =p? 
is reducible to wdependent equation of ‘the form 
~ Lip. oat sy’ (= CBs fe. 9 becky 
in which last form the solution may always be ob- 
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tained, and whence the values of a, y, and %, in 
the original equation, also become known. 
Now, first, if 


Fe gene 


orbs at BAY 
B P) 
we have evidently, by transposition, 
W— A 


SBR; 
B 


but a 


~ be an integer, so likewise is 


(n—uUB’)>—A 
4 


eae ad 
where the indeterminate « may be so assumed, that 


(n—uB’) < 1B’; 
therefore; calling me —uB’)=n’, we have 


apni nb sa Bk’; 


and, consequently, 


an integer; and here again we have also 
(n’ —up”’)?—A 
Bi’ 2 
an integer; Os making #’ —uB’ =n", 


0 te 


—- pV Blia 
Bp” = BR", 


an integer, and so on, for as ee transformations 
shh 


as are requisite; that.is, se , gives an integral: 


quotient, so likewise will all the other analogous 
forms 
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2m as OO pe 
; B’ i 


» Ke, 


till we arrive at 


peo A 
pees 


And it therefore now only remains to be shown,. 


pM 3 ' mM? —@.. diss sta 
that, if Fei be an integer, =—— 18 $0 likewise ; 


for, this being demonstrated, it will follow, from 
_ what is shown above, that the analogous forms. 
my ae 6 m’” Tait Cc 


al sae mgt 5) &e, 


will also give integral quotients; and, therefore, 
that the possibility of the original equation de-_ 
pends upon the two conditions of 


being integral. 3 
In order to demonstrate this, let us repeat again 
our first equations, 


2 fo} , to) 
n —A nt — 8, B’ 
——_——=p’k’, whence 1; 
B A 

n? pay Fre n cx B’ B’ k” 

Bc xcrenctarn CIC fe giana ree 
— A ee aap’? fp 
eee BRS ag R aD 
&e. &e. --- &. &e. 
pea $ we —B@ck 
yee ck ’ or ae ae es 5 


and, consequently, BB’h’, B’B’k?, B’B’’ kK”, &e., are 
found amongst the remainders of the squares 
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0°) 909, 9%, Bec. < 

to modulus a; that is, 

| pat BB’h, p’a+s’B’k”, ge, 
are all possible forms, when compared with a as a 
modulus. But we have demonstrated, that the 
product of a possible and impossible form always 
produces an impossible form. (art. 52), therefore, 
B and B’ must be of the same kind, with regard to 
possible or impossible, to modulus a; for if B was 
a possible remainder to modulus a, and B’ an im- 
possible, then would Bx’ be also impossible, as is 
evident from the proposition above quoted: but we 
have seen that Bx’# isa possible remainder, and, 
consequently, B and 8’ are both of the same kind, 
as to possible or impossible, to modulus a. And, 
in the same way, we shall have B” of the same 
kind to B’, and, wpe also to B; and the same 
of ie other oie ah BY, B’”’, &e. toc: therefore, 


ied 


be an integer, or 


m* + pAtB, 
we shall have also ( 
| prsepa + C3 
and the same reasoning will apply to every trans- 
formation. Now, since the scenes of the pro- 
posed equation, 


a — ay? = B2°, 
‘depends upon its transformation to the form 
ght y” ss Cx; 


and this transformation depending upon the pos- 
sibility of the integral quotients above stated ; also 


\ 


Pe hn 
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these having their possibility involved in those of 
the two conditions. 


W—A ook nt B 
—, and ~, 
aR 


being integers: it follows, that when these two 
Otanaie the solution of the proposed equation may 
: always be obtained in rational numbers. —@Q...E. D. 

Cor. And in the same manner it may be shown, 
that the equation 

AX’ — BY = C2" 

is always possible; if it falls under a aaa form, 
according to the method employed at art. 53. 


A He 


| | Lemma. , 
(179. Wehave, in the foregoing propositions, 
given a general. method for solving ail possible in- 
determinate equations of the second degree, and of 
ascertaining their impossibility when they admit 
of no rational solution; and, in the ‘following 
article, it will be shown, how, from one known 
case, an infinite number of others may be obtained; 
but, before we proceed to this, it will be advan-_ 
tageous to the reader to collect, under one point of 
view, all that has been demonstrated in this and 
the foregoing chapter relating to the equation 


ve —ny= +A. 
First, then, it has been demonstrated, in — 
art..105, that the equation | 
se x —nyi= +1 
is always resolvible in integers, providing N be not 
an exact square. As to the equation 
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x —ny’ = —1, 
it is only resolvible in certain cases; that is, when 
the fractions arising from ,/N fecur in periods, 


_ consisting of an odd number of terms. Also the 
equation 


“e—ny= +4 

is always possible, if 4 be found in the denominator 
of any of the complete quotients arising from the 

/N; but the equation 

, ce — Ny? = — A 
is only possible when a is found in the denominator 
of one of the complete quotients, that occupies an 
even place; and, consequently, the corresponding 
fraction an odd place. In all these eases, however, 
if there be one solution possible, there are an inde-. 
finite number of others; and, in the following pro- 
positions, itis proposed to find general expressions 
in which the values of « and y are contained for 
each of the above cases. 


PROP. VI. 

180. To find the general values of x and y in 

the equation 
x —ny’= +1, 

from the values of P and q in the equation 
p—-xg=+l. 

The present problem divides usele into three 
cases, on account of the ambiguous sign +, which 
are as follow; viz. To find the values of x al y in 
the expression a°— ny’, under the following con- 
ditions: 
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Ist, a°—Ny’=1, from the knowncasep’—Ng’= 1; 
ad, 2°- NYS, = eet <=) =) png’ —1; 
By Gis Me dod - ocr iscue) coh — Rg +1. 


Case 1. Resolve the two equations 
P—Ng=1, and 2°—ny’=1, 
into the factors 
(p+q vN)(p—q vN)=1, 
(ety VN)(a—y /N)=1; 
then we have also 
(pt+q vN)"(p-qvx)"=Vst: 
equating these with the factors in x and y; we obtain 
r+y /N=(p+q VN)"; 
t—y yN=(p—q VN)”. 
Whence again, by addition and subtraction, 


pn (Ptd ys)" + (P—4 VN)" 
2 bd 


_ (peta vey" (P—-9 vs)", 
J 2 ./N : 


which values of # and y will always be integral, 
and will, therefore, be the general values sought; 
and these are evidently infinite in number, because 
m is indefinite. 

Case 2. The same method may be followed 
here as in the preceding case, except that the 
powers represented by the exponent m must be even, 
in order to convert —1 into +1, as is obvious 
from inspection; and, therefore, the general 
values of x and y, in this case, are — 


en (Pg N+ (Pog vy) 
i 2 2 


384 Indeterminate Problems 


_(p+9 VN)" = (p=q vn) 
2-/N - 


e * 


Case 3. Here agam we have evidently the 
same result as in the former cases, exeept that 
the powers of m must now be odd, for every odd 


power of —1=—1; therefore, the values of x and 
y are Now 
eg s+ (pg vm 
ee 2 3 
_(P + q yNynt — (p— q as) etl 
y ae 


The number of values of x and y being indefinite, 
as in the former cases. 
Let us now illustrate these rules by a few ex- 
amples. osatial 
Ex.1. In the equation 
“ote el, 
having given p=15 and g=4, to find the general 
values of w and y in the equation 
ve —14y’?=1. 
Here, making m=2, we have 
(15 +4 14)? + (15 —4 14) 
fos 2 
/ (15+4 v14)?—(15—4 fee, 
ay 2 14 


=120; 


which give | 
bee 2 449°—14.120°=1: 
and other values may be. found by assuming any 
other power instead of the second. 
Ex. 2. Given’ “x -4 and g=1, in the equation 


—17¢° Boo hy 
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io find the values of x and y in the equation 
“—17y°= +1: 
Here we have again 
_ (4+ v17)+(4— 17) 
2 
(44+ vi7)?—(4— v17)’ 
a Se ae 


333: 


= 8; 


- whence : 
. 33°—-17.8°=1:; 

and other values may be found by assuming any 
other even power instead of the second. 

| Cor. This method of deducing the values of 
«and y in the equation 

f— ny = 1; 

from those of p and A in the equation 

: _ nq =—l1,; 


is very useful in Seding those values of x and y, 
being much more ready than continuing the ex- 
traction by continued fractions; because, whenever 
the minus sign arises, it always happens before the 
plus sign; this will be evident from the following 
jexample. 7 
|. Ex. 3. To find the values of x and y in the 
sequation 

x —13y° =1. 
We find in five terms, proceeding by continued 
fractions, that, in the equation 7 
; PC Re ay | 
p=18 and qg=5; therefore, without pursuing the 
extraction any farther, we have, by means of the 
above formule, 
| 2C¢ 
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(18 +5 v13)? + (18—5 v13)’ 
us $49 

_ (1845 v13)’— (185/13) 
a 2/13 


= 649, 


=180; 


which, as we observed above, is.a much readier 


method than carrying on the extraction, as in ex. 3, 
art. lol. 
Ex. 4. Given p=4 and g=1, in the nen 
Pp me BT g = +1, 
to find the values of x and y in the equation 


v—l7y=—1. 
Assume, 

Die ry v1) a VAT): 25 6g8: \ 
Action WATE agp 
oe 2/17 : 

whence | 


268°—17 ,672= —1: 


and other values may be found by assuming any | 


other odd powers instead of the third. 


PROP. VII. 


* 181. ‘To find the general values of « and y in’ 


the equation 
x rae ny” = “Ap A, 
A being < N. 


We eee already shown how the first values of 
a and y are to be obtained (art. 154), and shall 
therefore now suppose that these values are known, 


or that we have found the values of m and n in the 
equation OEE | | 
m—Nn’= +A; 


} 


} 


oa FE Sg a Ae ee a 
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and also those of p and q in the equation 
Ae thie: dnehar dale | 
Then it is obvious, that | | 
(pp? —Nq*) x gon —nn)= +4; 
but, by art: 95, 
(7? —Ngf) (mn nt) = 
(pm + ngn)’—N(pn+qm)’*, or 
(pm — Nqn)* —N( pn— qm)’; 
whence we have, for the values of x and y; 
| L=pm+ngn, 
Yy=pn + qm. 
But the general values of p and q in the equation 
p —Ng $8 40-1, 
are, by the foregoing proposition, 
(p+ ag VN + (P—9 ve”. 
P Ts. 2 3 
_(P+9 vN)"— (P= i 
2 /N 


fon 


m heing even or odd, as the case requires; which 
_ general values of p and gq, being transferred to the 
formule | | 

a earth 

Yy =pn X gm; 
will furnish the general values of « and y in the 
equation proposed, 
€or. If the known case be ; 


: Pi REE RS 
_ and we wish to deduce from this _ 
a — Ny? Ss +A, 


we must find p and q in the equation 
a  dieminoe spenalactid 
and then aks 

2c 2 
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‘w=pmtngn, 
| y=pn + qm, 
will be the values of x and.y required. | 
And generally, if the known case have a dif- 
ferent sign from the equation proposed, then we 
must employ the equation 
p-x¢g= 1. 
But if it have the same sign, the equation 
p—xg=t+l | 
is that from which the general values of x id 
are to be obtained. 
Ex. 1. Having given the values of m and 2 in 
the equation 
— in = 
viz. m=3 and n=1, to find generally the values 
of x and y in the ote 7 


—7y = 2. 
First, in the ia 
Pores; 


we have p=8 and g=3; whence the above formule 
give 
t= pm + Nn, - | ©=3, or £=45; 
y=pn tqm; i ms y=, ory=17; 
and it is obvious, that, by finding the other values” 
of p and q in the equation 


PMG Fl, 
we should readily deduce tices of x and y in the . 
equation proposed; but it is perhaps as well to 
consider the values of w and y just found, as new 
values of m and, and then we have immediately, 4 


Ce ee ee a ee ee ee a ee ee | a ee of ee oe ae eee 
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y=pn tqm; Y=271; 

and so on for other values, ad infinitum. 


Ex. 2. Find the general values of # and y in 
the équation 


2 —13y° = —3; 
having given those of m and z in the equation 
m—13V=8; 
viz. m=4 andn=1. 
In this equation, since the absolute quantity has 
a different sign from the know n case, we must em- 


ploy the equation 


p—13¢°= a of :; 
which gives p=18 and g=5; whence 


pit Ai i Magia eer 20 
y=pnrnxrgm ; Ly=2,.or 38; 


which are two of the values sought, for 


13? 412.0 3. 
137° 13.38 = —3; 


and other values are readily found, as in the fore- 
going example. 


PROP. VIII. 
182. To find general and rational values of x 


‘and y in the equation 


a —NYy = +A, 


a being any number whatever. 


Jn this case we have no direct method of finding 


‘ integral values for v and y, as we had in the fore- 
- going propositions, unless A fall within the limits 


ty prescribed in the last problem, in which case the 
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solution belongs properly to that article, and we 
have, therefore, in this place, only to attend to 
the case in which a> YN, 

Now if a, though greater than ./N, be made up 
of any number of factors, as.a’, a”, a’’, &c., each. 
of which is less than the .n, the solution of the 
equation fs : i 

a’ —nyi= +A, 
when it is possible, may be deduced from those of 
the equations 
mM —-NW =+a%, 
m”? —nn”? = +a”, - 
m”? —wn’?= +a", 
&e. &e. 
because the continued product of factors, each of 
the above form, is itself also of the same form 
(art. 95); and we shall therefore have 
(m* — wn’) (m® — nn) (m’° — Nn’) = a — Ny? = A, 
where the values of x and y will be always deter- 
prinate, and integral functions of 
MRE ES RS RR. 
For, by the same article, 
| (m° — n°) x (m”?— Nn”) = 
(mm! + nnn’)? — x(mn’ + mn)’. 
And making now a Ss 


mm’ + nnn’ =P, 
‘ mn’ +mn =e, 


ed 


we have 
(m? — nn*)(m”? — Nn”) = P° — Ne’. i 
Again, | tt 
Ce (Pp? — Na’) (m’* — nn”) me an 
(pm’”’ + Nan”)? ~N(Pn” + am’)*; 
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makin g, therefore, 


* Cpe Neagad YS 


! Pm” +Nan”’ =z, 
Za CPi 
Ph EAM =Y, 


we have 
(m* — Nj") (m” — Nn”) (m’? — Nv’) = 2° — NY? = EA, 
Also, substituting for p and e, in the foregoing 
values of x and y, we obtain - 
| v=m"’ (mm + nnn’) + xn’ (mn’ + m’n), 
Yy=n’ (mm +Nnn’) + mi’ (mn’ + mn). 
Whence x and y are determinate and integral 
functions of | 
Tt Rs Mm, Ws. me, Wo: Se, ; 
which are known integral quantities. 
Having thus found one integral value of x andy 
in the equation 
xv’ —ny’= +A, 
we shall have the general values of those quan- 
tities from the equation 
: p-N¢g=+1, 
as in the foregoing propositions; that is, callmg 
the values of x and y, found as above, m and n, 


the general values of x and y will be 


c= pm-+Ngn, 
y=pnrqm; 
the general values of p and being expressed by 
4 (P+9 VN)" + (P—G VN)" 
= 5 : 
pag DTG ANY NPG ST 
pas 2 /N 


_ the indeterminate power ™ being even or odd as 


the case may requir @. 
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Ex. 1. Required the values of « and y in the 
equation 3 | eC ey | 
(ae — 137° = — 9. 
First, having resolved —Q into the factors 


+3x Sy we must find the values of m and n, 
and m’ and n’, m the two equations 


m ea ida = + 3, 


~13n° = ohn 33 
and also the oe, of p and q, in the equation — 
p- 13q° =], 


and then the gener al values of x and y may be de- 
termined as above; thus, in the present case, we 
have ye, from example 2 of the foregoing proposition, 
m=4 n=1, m at 2 n’ =2; whence the first values 
of. wand y are 


xr=mm’ + nnw=2, or 54; 
| = =m'n + mn’=1, or 15, 


And by means of these Moin 3 and those of p 


and q, in the equation — 

i Se: 13¢°= +1 
an indefinite number of other te may be ob- 
tained, as in the last proposition. 


PROP. IX. 
183. To find rational values of x and y in the 
equation 
ie x — Ny? = + Pe | 
in those cases in which A cannot be resoly cil into 
such factors as was supposed in the last ar ticle. 


When i in the iis 
v— Ny? = + % 


a 


ere 
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A is > /N, and cannot be resolved into factors, 
each of which is less than ./N, we have no general 
method of solution for integral values; -in fact, 
the equation will not always admit of such values, 
although there may be fractional ones that will ob- 
tain, which is not the case if a< ,/N, or resolvible 
into factors that are < ,/N. We must, therefore, 
in this case, employ a different method of solution; 
that is, we must find the values of ¢ and w in the 
equation 
fo — Nu = + A’, 

by art. 176, and then, dividing the whole by x*, we 
have 


yy Se ie u } ms 
or, making =m and eas this equation becomes 
m’ — Nn’ = + A; 
and, calling this the known case, we shall have 
the pede values of « and y, by means of the 
equation 
Poke = <1, 
as in the foregoing article; that is, 
) C= pm+t ngn, 
L y=pn + pms 


« only in this, the general yalues may be fractional 


instead of being integral, as in the former case. 
Hence it appears, that in all eases when one 
solution is given, as many others may be deduced 
from it as we please; and when the given case IS 
integral, all the other solutions will also be integral; 
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and when the first is fractional, all the other de 
pendent solutions will be fractional likewise. 

Cor. The methods that have been explained, 
in the preceding proposition, for finding the general 
values of x and y in sane of the form 


Ny = 
are equally Fare ae to eestina of the Paes 
—ny?= Az’, 


as is evident; ects this equation nos mul- 


tipled by 
Pang 1, 
will leave the second side of it the same as at first. ° 


Practica, EXAmMPLeEs. 


1. Find the least integral values of « and y in 
the indeterminate equation 
x — by? =1. 
Ans... 239; y=. 
2. Find the integral values of x, y, and z, in 
the indeterminate equation 
x — by’? = 132", 
or prove that there are no such values. 
| Ans. Impossible. 
3. Required to ascertain the possibility or im- 
possibility of the equation 
52° = 7y’= 112". 
Ans. Impossible. 
4. Find the least integral values of # and y in 
the indeterminate ay Soars ap Pe 
e—Ty = 1, 
and also’ in the equation 
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ee Vy =—TI, 
if the latter be’ possible. 


t=8, y=5, Ist equation, 
An Rome 2d equation, 


5. Find the two least integral values of x and y 
in the equation 
x — 1. ‘ ) 
ns. {4 = 649, 842431; 
¥y=180, 233640. 
6. Find the least values of x and y in the equa- 
, tion 
x —13y°=A4, 


7- Required the least integral square that, when 
multiplied by 113, shall exceed camera integral 
‘square by unity. 

i Be & = 1204353, 
" Ly= 99296. 

8. Required the least values of wv r and yin the 
equation 


79x°—101y*=1, 


596 


‘CHAP. IV. 


On the Solution of Indeterminate Equations of 
the Third Degree, and those J Higher 


Dimensions, 


PROP. I. 
184. To find rational values of x in the equation 
a + ba? + cx + d= 2". : 

It is only under one partial condition of the ab- 
solute term d, that this equation admits of a direct 
pone that is, when d is a complete square, ag’ 

d=f?, in which case the equation becomes 
ax’ + bx’ + crt fP= 2’; 
and, when this condition has not place, we have no 
other method of proceeding but by trial; and even 
when it has, we can find but one solution at a time, 
which is obtained in the following manner: 


Ist Method. Assume 
: aaft aft 
then, by squaring, we have ~ 
ax’ + bx? ieee best 
ax’ + bx? at whence, 


c° — Abf” 
Aaf” ‘3 


sv", OF 


pr bee 4 
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Ex. 1. Required the value of x in the equation 
e+e +3r+1=2". 
Here g=1, Zo. c=3, and I= =1; therefore, 


cm alf” 


5 : ; 23 
which value, substituted for x, gives 2°= Cot as re- 


quired. 

ad Method of finding. the value of x in the 
equation 

ax’ + ba’ ea ft at 

Assume | 
 g=ftgrtha'; if 
then, by squaring, we have 
ax’+ bv +cxt+fP= 
SF? + Ugur + (g° + ofh)x? + 2hgx’ + ha". 


i make 


eee 
+ 2fh= 
and there will remain 
ax’ = 2hgx’ + h’x*; or 


__ a—2hg 
xv wails (it 
But the two preceding equations give 
P 
g= of , and 
Af°b—c? 
h = ~ ae : 
8f 


Which values, being substituted for h and g, in 
the above expression for x, give 
8af*—Abcf? +e ; 
f= Gif e x 8f”, 
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Ex. 2. Required the value of x in the equation 
—§P 462 — art YS 2. 

Here we have a= — 5, b=6, c= —4, and f=1 
which values, substituted in the above expression, 
_ give x= —1, which number answers the conditions 
of the question. 


If we employ the formula obtained by the pre~ 
ceding method; viz. 


C Ot aOF” 
Aaf* ee a 


" 2 ° " ‘ — . . 
we find Lae, which also answers the reqtired con~ 


C= 


ditions. 

Remark. It should be observed, that though 
these two methods generally give different results, 
yet, when one of them fails (as is the case when 
b=0 and c=0 at the same time), the other fails 
also; and we must then have recourse to the 
method that is explained in the following pro- 
positions: but even this cannot be employed un- 
less we know one case in which the equation ob. 
tains. 


PROP. IT. 

185. Having given the value of m in the equa- 

tion : 
am + bm? +em+d=f? 
to find the values of x in the indeterminate equa- 
tion 
| ax’ + bx? + cx + d= 2". 
Assume y +m=2, then we have 
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ay’ + 3amy’ + 3am’y + am’? = ax’, 

- - by?+2bmy + bm? = be’, 

- - - - - cy+em =cx, 

ee ee te ee dad. 
Whence, 
ay’ + (3am + b)y’ + (3am? + 2bm + e)y +f? = >’. 
Or, writing — 
| Gr’ Os. cade 
| (am DP) can sede, 

(3am + 2bm+c) =c’. 

We have | | 

y+ by + cyt frase. 

Which being thus reduced to the form of the 
equation in the preceding case, its solution may be — 
obtained by either of the methods there given; viz. 
BO vee PL 2 

nage or 

_ 8aft—4i'cfP+c* a, 
7 man ee (Ab’f °c’ — ¢”) Revises Sf ° 

And having found the value of y in this last, we 
shall have a=y+m; and, therefore, x, in the 
proposed equation, ‘will thus become known. 

Ex. 1. Required the value of 2 in the equation 


== 


L+3=2°. 
Here the known case is m=1, which givés 
43.2%, 


therefore /=2; alsoa=1, b=0, c=0, d=3. 
And, applying these values as above, we have 
Qos CL po Sek ioe gia, 
+e (8am +6) - =0'=3, 
(3am* + 2bm +c) =e =3. 
Whence the new equation is 
° y + 3y + 3y+4=2. 
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And the value of y, by the first formula of the 
preceding proposition, is 
. C-Abf? 9- 48 —39, 
s: Tog tO Te 
Therefore, 


mo - me 2S 


ve OR |e 


the value sought. 
Ex. 2. Required the value of « in the equation 
32" +1 = 2°. : 
Here we have a known case, m=1, which gives 
3m? +1=f°=A4, 
therefore f=2; alsoa=3, b=0, c=0, and d=1; 


and hence 
Qe sae ee ee 
‘eo + b3., i SOG, 
3am’ + 26m +c=c = 


Wherice the new equation is 
(By + OY? + 9Y+4=2. 


And here the value of y by the first formula | 


(art. 184) is 


And, consequently, 
eis age eS hrs 5 
L=M+y= hig, e | 
Which value of x will t ia to answer the 
required conditions of the equation proposed. 
If we had employed the second formula instead 
of the first, we should have found 
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- And it is obvious, that we might now consider 
either of these results as the value of m inthe 
known case, and thus proceed.to find other values 
‘of x, providing the equation admitted of more 
answers. But this is not always the case, ‘as it 
often happens that from one known value of #& we 
cannot derive another; and this is still not owing 
to any defect in the method we employ, for it is 

demonstrable, that some of these equations admit 
of only one answer; such is, for example, the equa- 

tlon® 3 

+12’, 


which obtains when «=2; but there is no other 
value of x, either integral or fractional, that will 
fulfil the conditions of the equation, as may be 
demonstrated on similar principles to those em- 


ployed in Part I. chap. v. 


PROP. Ill. 


186. To find rational values of x in the inde- 
terminate equation | | te 
ax + ba’ + ca*® +dxr+e=2’. 


_ This proposition, like the preceding one, only 
| admits of a direct solution in particular cases; viz. 
Ist, When e is a complete square, as e=f”. 


2d, When a is a complete square, as a=m’*. 
3d, When both the foregoing conditions obtain. 


And when no one of thesé circumstances has 
place, a direct solution cannot be obtained, there 
being, in fact, no other means of proceeding but 
by trial; if, however, in this way, one solution is — 
2D 
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-found, a variety of others may commonly be dedaced 
from the one known case, as is shown in the fol- 
lowing proposition. 
187. Case 1. To find a rational value of x ix 
the indeterminate equation 
ax* + ba? + ca? + de + fi= 2°. 
Assume 
| i g=px+gqet+f; 
then, by squaring, we have 
pu’ + Ipgqx’ + (q+ If a+ 29 fat fr= 
ax' + ba+ ca + dx+f?. 
And now, by making | 
2 
ft igp ae ast, 
we have 
pu + 2pga = ax‘ + bx’, or 
(p°—a)x* = (b— 2pq)a. 


Whence, from the latter equation, 


_ = 204 
coring 
But the preceding equation gives 
q= if and p= an PSE 
4cf?—d° 


Which values being substituted in the foregoing 
expression for x, we have 
_ (Sbhf* _ scdf* + d)af* 
- 16¢°¢* — 64af° — 8cd?f* + d* ’ 
and this formula will always render the proposed 
equation a square. | 


Py Ee TR ee ey 
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Ex. 1. Required the value of x in the equation 
ve+at+ae+r+1=2°%. 
Here, since a=1, b=1, c=1, d=1, and f=1, 
we have 


—-40 —8 
L= = . 
65 11 
which fraction, being substituted for x, gives 
_ ly. 
12] 


as required. 
Ex. 2. Required the value of x in the equation 
20° —3r2+1=2". 
Here we have a=2, b=0, c=0, d=—3, and 
j=1; whence 
_ 216 
rig 
which fraction, being substituted for a, will be 
found to answer the required conditions. 
188. Case2. To find a rational value of «x in 
the indeterminate equation 
°ot + bx + ca? + de +e= 2". 
Assume | 
Z=ML + pxr+ gq; 
then, by squaring, we have 
m°x* + 2mp2° + (p> + 2mq)a* + Aga + g?= 


mx" +. bx.+ ca*+ dut+e. 
And here, making — | 
f 2mp = b, 
p+ 2mq=c, 


there remains 
Qpqu +g =dx + e. 
2D 2 
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Whence, by transposition and division, 


2 


ihe i 


0 ==, 
d= lpg 
Also, from the preceding equations is obtained 
| es 
p=—, and q= or, 2 OF 
_ 4cm? — GF 
oy * 8 an 


Which values of p and q, being substituted in 
the above expression for 2, we have 


16c°m* — G4en’ — 8cb’m® + b* 
“f (Sdm' — 4chm? + 6°)8m*> — 
Ex. 3. Required the value of x in the equation 
“*—3xLx+2=2", 
Here m=1, b=0;.¢=0, d=—3, and e=2 
whence : 


tii 2 

i ge 
which fraction, being substituted for «, will be found 
to answer the required conditions. 

Remark. It will readily be observed, that the 
_ above formula fails, as does also that obtained in 
case 1, when the second and fourth terms are 
wanted, that is, when 6=0 and d=0, for in this 
‘case the denominator becomes zero, and the value 
of x infinite, so that in equations of the form 


ms*+cx+e= 2, and 
ax* + cx’ + PS 2, 


we have no method of solution, although they fall — 
under the form we have been considering; and in- | 
deed it frequently happens that such equations — 
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are impossible, as may be demonstrated on other 
principles: thus, the equation 
—2°+1=2° 

is impossible, either in “integers or fractions, and 
several others. But in many cases x has a real 
value, though we have no other means of arriving 
at it but by trials; and in, this manner we must 
proceed under every form of the general equa- 
tion except those of the three cases pointed out 
in the leading part of this proposition. 

189. Case 3. To find rational values of x in in- 

determinate equations of the form 
mx* + ba + cx’? + dxtf? =x’, 

This equation belongs to each of the foregoing — 
cases, and may therefore be solved by either of the 
formule above given, and it also admits of other 
solutions, distinct from both ed them, which are as 
follow: 

ist Method of solving the indeterminate equation 

mx* + bx’ +.0x° + dx +fP =. 

Assume | 
z= me + gutf; 
then, by squaring, wehave 

m°x* + 2mgqu’ + (9° + 2mf )x* + 2g fae +fP= 
mai+be + cet dxet+f?. 


| | d 
Where, by making d=2qf, or q= af” there re- - 


mains 
bx’ + ca? = 2mqau’ + (q? + 2mf x”. 
Whence, - 
ag + 2mf—c 
b— 2mq 
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Or, by substituting for g its equivalent of this 


expression becomes 


ju d’ + 8mf* — a 
cites —Amdf ” 
— 8mf* — 4cf? 
ay + 4mdf - 

Here the last formula arises from supposing f 
negative, which may always be done, because it enters 
into the original equation only in the second power, 
and therefore f itself may be either + or —. 

Ex. 1, Required the value of x in the equation 

At* + 3xn+1=2", 

Here we have m=2, b= 0, c=0, d=3, and 

f=1; therefore, 


d’+8mf°—Acf?  —25 


acne tare eae 
_ ad’ —8mf*—Acf* oe 
TV Abf Ama ok eae 


both of which fractions answer the required con- 
ditions, the former making 


= 0%) 
576° ’ | 
and the latter, on the same principles, giving 
a. sth : 


2d Method of solving my indeterminate equation — 
; moi + ba+ ca © dt + f° =x 
Assume | 
g=mre+ get f, 
as before; by which means we have again 
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m'x* + 2mqx + (g°+2mf jae + agfer+f?= 
maxi+ bat c+ ‘det f?. 
And now, making b= 2mq, or I= we haye 
cx + dr= eg + 2mf)x° + 2g fx. 
Whence, 
_  d-29f 
Gf +2mf—c 
Or, by substituting for g its equal. aa this 


formula becomes 


Am'd — Ambf 
~ + 8m f— Amc’ 

Amd + Ambf 
b’— 8m? f —Am'c’ 
the second formula being obtained as before, by 
supposing f negative. 

Ex. 2. Required the values of x in the equation 

| x*—3r+4= 2’. 

Here 221,60, c=0,° d= —3, and, fads 

therefore, 


or 


Am’d—Ambf _ 
~ B+ 8m fo amic : 7 
Am’d+4Ambf +3 


PP — bmi — ane” Ve 
either of which fractions, substituted for x, will be 
found to answer the required conditions. 

Remark. It will be observed again here, that 
the formule which we have thus found, all fail under 
the same circumstances as before; viz. when b=0 
and d=0: we must, therefore, in all such cases, 
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endeavour to find one value of x by trials; and, if — 
ihis cannot be done, then it is in vain to attempt 
the solution of the equation, which, as we before 
observed, may not admit of one; but, if one value 
can be found under any circumstance, then we may - 
deduce others from this one, as in the following 
proposition. | 


PROP. IV. 
190. Having given the value of m in the equa~ 
tion 
am‘ + bm’? + cm?+dm+e=f", 
to find values for x in the indeterminate equa- 
tion . ‘ 
| ax* + bx’ + cx? +dr+e=2°. 
Assume y +m=a, then we have 
ay‘ + Aamy + 6am’y*+ 4am’y + am* = ax’, 
- - by +3bmy* + 3bmiy + br’ = ba’, 
- - -~ = = cy?+2cmy + cm’= cz’, 


- - - = = = = dy +dm =dz 
ee ne ee ae ee 
And now, writing 

QAi- = -— ee eee ee Se, 
Aam+b - - - = = - - =’, 
Gan’ + 3b FC = ee ee Se; 
4am’+3bm?+2cem+d - - - =d’, 
am‘ + bm’+ cm’+dmt+e - =f". 


we have - : 
ax‘+bae+ca’+dxt+e =2°, or 
ay +Vy+cyt+dy+frax. 
And now, the last term of this formula in y 
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being a square, we have, by case 1 of the pre- 
Pas proposition, 
“i (8b’f* —Ac’d’f? + d”)8 f? 
da 160°f* — 64a f° —8c'd*f? +d” 

and, consequently, since r=y+m, we shall have 
the value of x as required. 

Ex. 1. Required the value of x in the equation 

Sax] = 2, | 


the known case being m=1, which, in the equation 
5m‘ —1=f°, 

gives f*= 2". 

Here we have a=5, hud 0; c=0, d=0, and 
e=—1; therefore, a’=5, b’=20, c’=30, d’=20, 
jf =23; whence ! 

oe (sb/ft —4c'd’f? + d)8f? 24 

I~ 60 toban' Poa d fi 4 dt ogy" 


and 


And, since x enters only in the fourth power, 
we may likewise take x positive as well as negative; 
and, therefore, the value of x sought is 


which fraction will be found to answer the required 
conditions, making 


Ex. 2, Required the value of 2 in the equation 
2u*-1=2". 


Here we have a known case, viz. m=1, and f= 1; 
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therefore, since a= 2, b=0, c=0, d=0, f=1, and 
m=1, we have a’ =2, b'=8, ci= 12; d'= 8, and 
J=1; whence | 
, (8b'f* — 4c’d’f? + d’)8f° a 
B diac 16¢2f'+.— 640° 8e'd’f? +d’ P55 
and, consequently, y +m, or r=12+1=13; which 
may be taken either + or —1, because only 
the fourth power of x enters into the proposed 


equation, and this number answers the required 
conditions for 


2.13*— 1=(239)’, 

We might now, in both the foregoing examples, 
consider these known values of 2 as new values of 
m, and thus proceed to find others; but it is ob- 
vious that we should soon be led to very compli- 
cated fractions, which would render the practical 
operation very laborious. 


_ PROP. V. : 
191. To find rational values of 2 in the indeter- 
minate equation 
ax’ + ba? + cn+d=x°. | 
This equation, in its present general form, will 
not admit of a direct solution, this being only ob- 
tainable under the three following conditions; viz. 
Case 1. When d is a complete cube, or d= f*. 
Case 2. When a is a complete cube, or a=’. 
Case 3. When both these conditions have place. 
192. Case 1. To find the value of x in the in~ 
determinate equation : 
aa® + ba? + on + f? = 2. 
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Assume 
pet f=; 
then, by cubing, we have : 
px + 3p fet 3pfre+ fr = 


axv+ ba+ cxt+f?. 
c 
And now, making 3pf*=c, or p= af” we ob- 


tain 
ax * + ba® = pu’ + 3p°fe’, or 
) _ 3p *f — b 
| a—p 
And, by substituting here the above value of p, 
this expression becomes 
_(¢-3bf")9f" 
eee get wae ee 
Ex. 1. Required the value of x in the equation 
3a° + 22+1=2. 
‘Here a=3, b=0; c= 2, and f=1; whence 
c—sbf)of* _36 
27af°—C he oe 
which fraction answers the required conditions for 
36 sy 36 97,, 
3 73) t (7 bel (3) 
Kix. 2. Required the ne of x in the equation 
| e— 5brx-1=2. 
Here a=1, b=0, c= — 5, and f= — 1; therefore, 
(?—3bf*)9f*  —225 
= 7... TBS 
“which fraction answers the required conditions, 


making 


ss eae 
. 152 
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193. Case 2. To find the value of x in the in- 
determinate equation 
mx? + bx +crt+d=3', 
Assume | | 
= Mr + P3 
then, by cubing, we pal 
mx + 3m'px + 3mp x + p= 
met b+ card. 


And now, making 3m*p=b, or eer a there 


remains | 
exw +-d=3mp r+ pr’. 
Whence 
‘_ d 
t= P ve 
—e—3omp 


b 
Or, substituting for p its equivalent = sme We have 


er — 27dm’* 
ra Sain b°) Om? © 
Ex. 3. Required the value of x in the equation 
Y — 30° +x =2°. 
Here m=1, b= ae c=1, and d=0Q; therefore 
—27 dm’ = 


2 ies — bom * 3” 


al 7 ° * 1 « 
which fraction gives 2° = (5) as required. 


Ex. 4. Required the value of x in the equation 
| P+ Tag 3 
ie m=1, F=0, eit and d= —7; therefore, 
—27dné — 
if “oe — b*)9m’ 
which is the value of 2 required. 


- 


ah 
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194, Case 3. To find the value of x in the in- 
iieterminate equation 

mex? + bx° +erp fis ; 

Under this form the equation belongs to each of 
the foregoing cases, and may therefore be solved 
by either of them; it also admits of another so« 
lution on the following principles: 

Assume 

=mx +f; 
then, by cubing, we How , 
mx + 3m fx? +3mfrx? + f*, 
mie+ b+ crtf. 
Whence, 
bx? +x S3m°fx? +3mf'%x, or 
_3mf*—¢ 
~ b—3mf 3m fi: 
We have, therefore, for indeterminate equations 
of this form, the following distinct solutions; viz. 


c= 3bf°)9 f° 


By case 1, «= 


° 


27m f° — ce 
PP nine 27 fm 
By case 2, 7= (Som = Bom 
kone stant c 
By case 3, r= or 


That is, by writing py a, in case 1, and f* for 
d, in case 2. 
Ex. 5. Find three values of x in the equation 
Sr +1= 2". 
Here m=1, b= —8, c=0, f=1; whence the 
three values of x, as determined by the above 


2 | 
formule, are r=3, v=Z = and Pay 
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Ex. 6. Required the values of x in the equatiori 
~~, f~3r—1=— x2 
Since m=1, b=0, c= —3, f= —1; therefore, 
i rog Oy 


the required values of x are, r=——, r=——, and 
2 3 


r= 2. 

Remark. The above are the only cases in 
which the proposed equation admits of a direct 
solution, and even. these all fail when 0 and c are 
both zero at the same time; that is, in equations of 
the form 

ax? +d= z', 
which are, in fact, frequently impossible, as we 
have seen in Part I. chap. v. But if in any proposed 
equation of this kind one solution is known, others 
may be deduced from the known case, according 
to the following proposition. 


PROP. VI. 
195. Having given the values of m in the 
equation 
am + bm’? +cm+d=f*, 
to find the values of x in the indeterminate equa~ 
tion 
: ax’ + ba? +cr+-d=2'. 
Assume 
YrMHXl;3 
then we have | 
; ay’ + 3amy* + 3am*‘y + am’ = ax’, 
- = by’ +2bmy +bm' = ba’, 
- - - - scy+cem =cx, 


‘ 5 3 ‘ 
, . Ld ae +s 
© - ~ - - — ~ — re 
“ 
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_ And now, writing 


A (eed te eh) eee, 
3am +50 a2 =H Shia) eee, 
3am* +:2bm'4+c = > - f= Sey 
am’+ bm?+cm+d - =f, 


we have 

av+bxe*+curt+d =, or 

EP AVP CY RS Ae 
which last equation being of the form of that in the 
first case of the preceding proposition, we have 

ee See 3bf*)of* 
STF mie, ? 

and, consequently, since r=y+m, the value of 
this quantity will also become known. 
Ex. 1. Having given m=1 in the equation 


2m’ —1= f°, 
it is required to find the values of x in the equation 
227° —-1=2". 
Here, since 
on 168 3", q 


we have m=1, f=1, a=2, b=0, c=0, d=—-1; 
therefore, a’ =2, b’=6, c’=6, and a #2 
W hence 


es (cf = 3b’ f*)9 f° in 

Be hace es " 
so that r=y+m=—1+1=0, or c=0; that is, 
we cannot find a second value of the indeterminate 
equation: and this is no imperfection in the rule, 
for the proposed equation is impossible, except in 
the particular case of m=1, as may be readily de- 
moans by the NS contained 1 in art. 69. 
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Ex. oa Required the value of « in the equation 
V+LL+L=2, 
the known case being m= — 1. : | 

Here a=0, b=1, c=1, d=1; and, therefore, 
by the foregoing formula, we have a’=0, b’=1, 
e’= —1, and f=1; whence 

» PBA AB 
ag BR Ee Coy in 
whence r= —18—1=—19, which number will be 
found to answer the required conditions for 
19°—19+1=7°. 

Wevshall het conclude our investigations with 
regard to those indeterminate equations in which 
ie enters only one unknown quantity, and pré- 
ceed to those in which two or more indeterminates 
are concerned, which, notwithstanding their ap- 
parent difficulty, frequently admit of general so- 
lutions, as will be seen in the following propo- 
sitions. 


“PROP. Vit. 
196. To find the general values of x and y iy 
@ equation, 
x° + ary + by’ = 2°, 

We have demonstrated (art. 100), that if m and 

n are the two roots of the quadratic equation 
4 > — a9 + b= 0, 
the product of the two formule (x+my) and 
(a+ ny); will be equal to - 
a + axy + by’; | 
or, writing ¢ for x, and w for y, we have 
3 (+ mu) x (¢ + nu) = + atu + byt. 
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It also follows from art. 101 (retaining ¢ and u 
instead of w and y), that the product of any number 
of factors of the form ¢+mu is also of the same 
form; thus 
(€+ mu)(l + md’) =T + mv, 
by making T= ¢é’— buw’, and u=tu' + tut aw’; 
and, in the same manner, we have 
(r+ mu)(t’ + mw’) ST +mv’, 
where 1 =f + buw”,..and).u’ =Tw’.+ tu + auw’; 
whence again, 
(E+ mu)(t + mu’) (t” + mu’) =1’+mu’, and 
(¢+ nu) (t+ nw’) (t + nw’) =T + nv’: 
and, therefore, the continued meres: of som six 
factors, gives 
(r+ pik vis 4 nv’) =? +ar'v’ + bu”. 
Now if in the above six factors we gongs 
tam toon WS and teed == 2 
our product will become 
(t+ mu) (é+nu)y = 7" + ar’v’ + bu”, or 
(+ atu+ bu’)? =r?+arvu’+bv’; 
that is, we shall have T° + aT’u’ + bu” a eompiete 
cube; and it only remains to find the values of 1’ 
and. U in terms of ¢ and u. 
Now, for this purpose, we have 
v= tt’ — buw’, and u=tu’+u+auw ; 
or, since t=t’/=t”, and u=w =u’, these become 
T=f — bu’, and u =2¢u re aur, 
But we have again, | | 
v =tt”—buw’, and v’=Tw’ +¢’u + auu’; 
and making ¢” =¢,u” =u, and substituting the above 


value of r and vu in this expression, we have 
25 
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T =? — 3btu’ — abu’, 
vu’ = 3fu + 3atu’ + (a? — bye’. 
Hence, then, we have the general solution of 
the equation © 
T°’ + aru’ + bu” =’, or 
x + ary + by’ =2’. 
For we have only to assume 
x2=F — 3bt — ab’, 
y=3ut+ 3atw +(e —b)w; 
and in these expressions we tay give any values at 
pleasure to the indeterminates ¢ and w, and we shall 
thus have 
x= (4+ ate t bu’)’. 
Ex. 1. Required the values of # and y in the 
- equation | 
xv + 3xry + by? = 2. 
By the above formule, we have a=3 and b=5, — 
whence | 
a= —15tu’— 152’, 
y= Su + Otu’ + Ar’. | 
And here, tf we assume ¢=1 and w=1, we have 
z=1 and y=16; but if, in order to obtain a dif | 
ferent value for x, we take #=5 and w=1, then 
the formule give x= 35 and y=124, whence 
x + 3xy + by? =45°; | 
and it is obvious, that we may thus obtain an inde- 
finite number of values of x and y, by only chang-_ 
ing those of ¢ and w. ; 
ix. 2.. Required the values of x and y in the 4 
equation . | 4 


% x — xy + Qy° = 2". 
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Here we have a= —1 and b=2, so that the 
general values of x and y are 
a> hx bie? +20°, 
y = 3fu —-3tu’—w. 
And here, assuming ¢=3 and u=1, we fave 
e=11 and y=17, whence 
x — ry + 2y’? =8°. 
Ex. 3. Find the values of x and y in the equa- 
tion 
xv — Ty =z. 
Here we have a=0 and b= —7, whence the 
general expressions become 
‘Crt 21ty’, 
y=30u+7w. 
Assuming now ¢=3 and u=1, we have Z=90- 
and y=34, which gives 
xv — Ty? = 2. 
And an indefinite number of other values of 


and y may be found, by changing the values of ¢ 
and wu. 


PROP. VIII. 
197. To find the general values of x and y in 
the equation. 
; a + ary + by* = 2’. 
By the foregoing proposition, we have 
7 (¢+ mu)? =T + mu’, and 
(f+ nu)’ =T + nv’. 
In which expressions we have 
Y = & — 3btu’ — abu’, 
wu’ =3tu + Satl’ + (a — bw. 
2E2 
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‘Now, from what has been before demonstrated, 
(r’ + mu’)(t +mu) =" + mv", 
(r’ + nv’) (+ ws) =” +n”, 
in which we have | 
r’=Tt—bu’u, and pain + tu’ + au; 
and since | 
(t+ mu) =1 +mv’, and 
(te nu) =7 + nv’, 
we have 
(r’ + mv’)(¢ + mu) = (+ mu) =T" + mo”, 
(7 + nv’) (+ mu) =(t+ nu) =7" +n”. 
And hence (by art. 101) we obtain 
(t +mu)*(é+nu)*=T + ar’v” + bv", or 
(@+atut+ bu’)? =r" + ar’u” + bu”. 
It ssaichipi only remains to find the values of 
7” and u” in terms of ¢ and wu. 
Now we have 
a” =1't — bun, and u” = T’u + tu’ + av’u; but 
7 =f — 3btu’~ abu’, and 
| v’ =3fu+3atu’ + (a’—b)u’; 
and substituting these values of T’ and vu’ in the 
above esPregsyonssr we have : 
o’ =f —6btu —Aabtu — (@b—b’)u', 
up” = Abu + Gatue + 4(a* — b)tu’ + (a — 2ba)u’. 


Hence, then, we have the general solution of the 


equation, | 
oe? 4 ar’ ou” + bu”, or 2° + axy + by? = 2"; 
having only to assume for a and y, as above; viz. 
zat —bbtie —4abiu —(¢b=0')u', | 
y = APU + Cabal + Aa? ~ b)tu’ + (a — 2ba)v’, 
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in which expressions we may give any values at 
pleasure to the indeterminates ¢ and w, and we shall 
thus have 

z*= (+ atu + bu’)*. 

Ex. Required the values of x and y in the equa- 

fion | 
a Zu? 2 2, 
_ Here we have a=0 and b=7, whence the gene- 
ral values of 2 and y will be 
x= t'—42fu’ + 49u', 
y=4fu— 28tu’. 

And as it is indifferent whether x and y be 
negative or positive, we may assume ¢=1 and 
#%#=1; whence r=8 and y = 24, which gives 

e+ Ty = Bt. 

And it is obvious how other values may be ob 

tained by changing the values of ¢ and uw. _ 


PROP. IX. 
198. To find the general rational values of x 
and y in the equation 
a + axy + by’ = 2", 
As the quantity 2° + aay + by’ is formed from the 
product of the two factors, 
(w+ my) («+ ny), 
in order that it may become a power of the dimen-. 
sion k, each of its factors must be also complete 
powers of the same dimensions. 
Let us therefore make 
= “(x2 +my) = (t+ mu)*, and 
| (x+ny) =(t+nu)*. 
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From the development of the first of which ex- 
pressions, we have, by writing 1, a, 8, y, 6, for the 
coefficients of the expanded binomial, : 

(t+ mu)*=a+ my = : 

ti +o .t*-'(ma) + Pe ~*(mu)® + yt"? (ma) + &e. 

Now, since m is one of the roots of the equation 
o°—ad+b=0, 
we shall also have | 

we m—am+b=0; 
therefore, é 
m?=ma—b, m>=m'a—mb= (a? —b)m—ab, 
because a=(m+n), and b=mn, whence 
(a? —b)m—ab=m’; 
and, in the same way, we find 
m' = (a° — b)m* — mab= 
(a? — 2ab)m— ab + 0°; 
and so on for the other powers of m. | 

We shall therefore only have to substitute these 
values in the preceding formula, and then we shall 
find that the expression will be compounded of two 
parts, one wholly rational, and the other a multiple 
of m; equating therefore the first with x, and the 
other with y, we shall obtain the general values of 
these quantities. And if, in order to siinplify the 
result, we make 


A’ Sh; B., s20, 

Poe = tt, | B” = bh, 

A Mis — A” th ba’, Be” = aR’ fa bp’, 

av =aa’”’ — ba”, BY =ap’” — bs”, 
AY saat 04% wccray — bn’, 


we shall have 
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m=A’ m—B’, 
m =a’ m—B”", 
m= A’’m—B”, 
mic «ma. 
ic &e. 
Therefore, substituting these values, and com- 
paring, we shall have 
f a= t* — at*-'up’ — Bt ??u'p” — yt*-°u'p’” — 
Of" *utB'Y — &e. 
{ y = at" ua’ + Bt Pura” + yb Sura” + 
Ot" *uta™ + &e. 
1,a, 8, y, &c., representing, as before, the coef- 
ficients of (£+u)*. 
And, as the root m does not enter into this ex- 
pression, it is evident that, having 
— £+my=(t+mu)", 
we shall likewise have 
a +ny = (t+ nu)"; 
and, consequently, multiplying these two equations 
together, we obtain 
a + axy + by’ =(F + atu + bu’)*; 
and the values above found will be the general 
values of x and y in the equation 


a+ ary + by =x". 

Cor. When the coefficient a, in the above 
formula, becomes zero, and the equation takes 
the form 

x + by’ = x", | 
the above values of x and y become more simple, — 
the alternate terms being destroyed; and we have 
then 
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eat — Bt ub + btw st ‘ub - re 
y=at™'u— yt wht et wh? — &e. 


Ex. 1. Required the values of x and y in the 
equation / 


x + Qry + 3y° =z. 
Here a=2 and b=3; therefore, 


army .- y Be =O a 
AY oe a ae 0 ie. 3, 
a = aa we bal es | B’’ =aBp”’ — bp’ Bi 6, 
as a wea tel cs ba” = le A, BY sign’! nis bp” aint 3, 
av =aa" —ba’”=—-11, BY sap” — bp’ = —- 12. 


Also the coefficients of (é+ u), being 
1, 5, 10, 10, 5, 1, 
we have a=5, P=10, y= 10, 0=5,¢e=1; whence 
the general values of « and y become 
x=t?—-10.30u—10.6fw —5.3tu*+12u’, 
y=d5tut10.20u'+ 10.10 w — 5. 4tu*— 11’, 
By assuming ¢=1 and u=1, we have a= —92 
and y=4; whence 
a + Qay + 3y° =6". 
Ex. 2. Required the values of 8 wand y in the 
equation 
e+Y= Sey : 
Here a=0, b=1, k=6; and, therefore, we have _ 
a=6, B=15, y=20, $=15, e=6, 5 = 1, forsthe 
coefficients of (+ 2)’. 
Whence, by the foregoing corollary, 
x=— 15h + 1bf ee, 
y= 6t’ — 20f'w’ + 6tw’. 
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Assuming here ¢=2 and w=1, we find r=117 
and y=44, which gives 
w+ y? = 5°, 
as peiilisad And other values may be found by 
changing those of ¢ and wu. 


PROP. X. 


199. To find the general values of x and y 

in the equation 
x + ax°’y + bay’ + cy’ = 2. 

This is one of the most difficult problems we 
have yet attempted, and is deserving of particular 
attention, not only on account of its difficulty, but 
because a general solution would be obtained with 
very great difficulty, if indeed it be at all possible 
to arrive at it by any other method. 

Here we must consider the product of these three 
factors 

pein et ik A NCO trunk as w), 
m, n, and p, being the three roots of the cubic 
equation 
o—ad’?+bo—c=0; 
and, consequently, 

m+n+p=a, m+mp+np=b, and mnp=c. 

Now by the real development of the above fac- 
tors we obtain 

(é + mu + m° w)(é +nu +H Sw) (¢ ple -hp” aan 
fi +. 
(m+ n+ p)Pu+ 
(m? + n° + p°)éw 4- 
(mn + mp + np)te + 
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. (m'n + mp + nm +n°p + pm + pn) tur + 


(mn? + m°p* + n°p*\tw? + 


(mnp)w + 


(m’np + n°mp + p’mn)uw + 
(m°n*p + m°p'n + n'p’m)uw + 


(m’°np*)w’. 


And, since 


min+p=a, m+mp+np=b, and mnp=c, 


~ we shall find that 


2 eae a 
(m+nm+pj- - 
(me +n? +p’) - 
(mn+mp+mp) = - 


1 
$ 


=b, 


(mn + mp +n'm + np + pm + pn) = ab— 3c, 


(nn? + mp +n°p’) tt 


(mmp) - = + = = 


(m°’np + n°’mp + p’mn) 
(m°n*p oe m'pn + np em) 
ee eae 


= C5 
= ac, 
a be, 


=< 


Therefore, making these substitutions, the product 


becomes 


+ af’u+(a’— 2b) w + btw’ + (ab—3c\tuw + 
(b° — 2ac)tw* + cw +.acu’w + beuw? + cw". 


But any two factors of the form’ 


(¢+ mu + mw)(t + mu’ + mw’), 


_ always produce a product having the same form as 
each of those factors; and, therefore, the above 


formula will have this property, that, if we multiply 


together as many similar formule as we please, the 


product will always have a similar form. 
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Suppose, for example, that it were required to 
multiply the above by a similar formula, 


E° + atu’ + (a — 2b) tw’ + bt'u? + (ab— 3c) tu'w’ + 
(b° — 2ac)t’w” + cu? + acuw’ + bew'w” + ew”. 
Since this last may be supposed to be generated 
from the multiplication of 
(t’ + mu’ + m'w’)(t’ + nw’ + n?w’)(t’ + pu’ + pw), 
we have only to seek the product of the six fol- 
lowing factors, 
{ (¢+ mu + mw) (t + nu + vw)(t + pu + pw) 
(0 + mu’ + m’w’) b+ nw’ + n’w’)(t + pu’ + pw’): 
and, first, let us take two of them; viz. 
(¢+ mu + m*w)(t’ + mu’ + mw), 
the product of which is 
{ tt’ + m( tu’ + ut’) + m°*(tw’ + wt’ + we’) + m?(uw’ + 
wu’) + mww’. | 
Now, m being one of the roots of the equation 
o—a’?+ bdb—c=0, 
we have 
| m> —am? + bm—c=0, or 
m = am’— bn +c; 
whence 
m' = am — bm? + me= (a — b)m? —(ab—c\m + ac; 
so that substituting these values, and, in order to 
simplify the result, making 
v =tt’+cluw + wu’) +acwu", 
u =tu + ut’ — b(uw’ + wu’) —(ab—c)ww’, 
w= tw’ + wt’ + uw + aluw’ + wu’) +(@—d)wu’, 
we shall have | 
(t+ mut mw)(t + mu’ + mw’) = 7 + mu + mw; 


428 Indeterminate Problems 


and, in the same manner, we obtain 
(¢+nu+ nw) t + nu + Wu'\)=T+nu +n'w, 
(€+- pu+ p'w) (tl + pu’ + pw") =T +.pu + pw. 
And, therefore, the product of the six foregoing 
formule is the same as that of the three, 
(r+ mu + m'w)(T +nu + now\(T + pu +p °w)= 
T+ aru + (a’— 2b)r°w + bru* + (ab—3e)ruw + 
(6° — 2ac)rw* + cu® + acu’w + beuw’* + cw’. 
Now, making t=, u=w’, w=vw’, this last — 
formula becomes equal to the product 
(¢+mu+ mw)*(t +nu+n'w) (t+ put po)’, 
and is therefore a square, and the values of -T, v, 
and w, before determined, now become 
T =f 4+ 2cuw + acu”, 
U = 2tu — 2buw — (ab—c)\w", 
W= 2tw+w + 2auw + (a? — b)w’. 
We have, therefore, the general solution of the 
equation above given; viz. 
T + aru + (@ — 26\1’w + bru’ + (ab—3c)Tuw + 
(B° — 2ac)rw* + cu’ + acu*w + bcyw* + w* = 2", 
But in order to make this apply to our equation 
, & + ax'y + bry + cy = 2, 
we must take r=T, y=vu, and O=w, which re- 
duces it precisely to our case. 
Therefore, when it is required to find rational 
values of # and y in the equation 
a + ax’y + bry? ia = 2", 
we must have, first, 
 Qtw+u' + 2auw + (@ —b)w® =03 or 
w+ 2auw + (a? — b\w? 
o Qw 
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Then we obtain, by writing # and y for rT and U; 
r= + 2cuw + acw’, 
y = 2tu— 2buw —(ab—c)w’, 


in which expressions w and w may be assumed at a 
pleasure, but the value of & will depend upon the 
equation 
u> + 2Qauw + (a? — b\w" 

2Qw _ 


Cor. When any of the coefficients a, b, orc, 
become zero, the result is much simplified; thus, if 
a=0 and b=0, or the equation takes the form 

e+ cy =z, 


then the values of x andy will be ape by the 
formule 


2 
u 
t= — —, and 
2W 
r= + Qcuw, 
y = 2tu + cw"; 
er, by substituting for aw, we have 


to ree 
a uitee 
: eae 
y atu + Tae or 


x=At'—Acut, 
y=S8hutcu; 
the last formule being found by reducing the two 
first to the common denominator 4¢°, and then re- 
jecting it in both the values of x and y. : 
Ex.1. Required the values of x and y in the 
equation 
a+ y= 2. 
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Here we have c=1, and therefore the values of 
x and y are expressed by the formule 
2 8 Sag 
y= 8lu tua, 
where ¢ and w may be assumed at pleasure; if we 
take ¢=1 and u= —3, we have r=112 and y=57, 
which be 
a +y'=2%, or 112° 4+57°= 1961"; 
and other values of x and y may be found _by 
changing those of ¢ and w. 
Ex. 2, Required the values of x and y in the 
equation 
v= 3y' = 2°. 
Here c= —3; and, therefore, the general values 
of x and y may be represented by the formule 
/ r=At + 12WE, 
y =8Pu— su‘; 
where, by taking ¢=2 and u=1, we have r=88 
and y=61, which give , 
88°—3. 61° = 23°: . 
and if we had taken ¢=1 and u=1, we should 
have had £=16 and y=5, whence 
16°—3.5°=61°; 


and an infinite number of other values may be found 
for x and y, by changing those of ¢ and wu. : 
Ex. 3. Find the values of x and y in the 
equation ; 
D+ Sy’ = 2°, 
Here c=5, and hence the general values of « 
and y are 
x= 4t' — 200't, 
y=8Fut+ 5u'; 
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by taking ¢=2 and w=1, we have =24 and 
y=69, whence 
24° +5 .69° =1287°; 
and, by changing the values of ¢ and #, an infinite 
number of integral values may be found for x and y. 
Ex. 4. Find the values of x and y in the 
equation 
x pane kona +y° = 2°, 
Here we must have recourse to our first values 
of x and y; viz. 
w+ Qauw + lt — b\w* 
2W 
x=t? + Qcuw + acu’, 
y = 2tu — Qhuw — (ab—c)w", 
In which expressions we have a=2, b=2, c=1, 
and « and w indeterminates that may be rs 
at pleasure; by taking w=1 and w=1 we have 


is Lib ey ll 
A 5 
ee ee 


oy 4 — Oo = 14; 
which values of 2 and y answer the required con- 
ditions of the equation, as will also the integers 


z=65 and y= — 56. 
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PracrTicaL EXAMPLES. 


1. Required the value of x in the equation 
teh’ ae. i te 
i938 4 1873 
Ans. £= : 


aR Rito . 
16’ 152k 


Required the value of 2 in the equation 


pd 


3” +1= 3". 
ao 8 — 629 
Ans. Rt Or gO eee 
3. Required the value of 2 in the equation 
v—32°+2=2", and «*—# +1= 2’, 
or prove that such values cannot be found, except 
in the obvious case of | 
; H 1 aie aad 


Ans. Impossible. 


oad To ascertain the values of x in the equation 
u* + Sa2° + 1 =2*. 


AD ¢ 58 
Ans. x=2, or —, or —~. 

28’ 2911 

5. Required thevalues of x in the equation 
+ 2=2°, 
| 383 
As: -f=5, or 
1000" 


6. Feaaived the possibilityas or r impossibility of 
the equation 


P+1=2%, 
except in the known case of x= 2. 


Ans. Impossible. 
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_ ¥. To find the values of x in the equation 
| 32° +3 = 2°. 


— 20 
Ans. «x=2 é 
ns Pu ae 7 
8. Required the values of z inthe equation 
+4 x. 
; ~1090 * 
Ans. =]1 papeontnerc—mer § 
Ans., «%=11, or 27 
9. To find the value of x in the equation 
Clee oe a 
367 
. ¢=—-, 
we 144 


10. Required the integral value of x and y in 
the equation 
- #° 4+ 7ry + by’? = 2°. 
11. To find the integral values of x and y in 

the equation 

x ee Vy —_ . 
12, Required rational and integral values of x 
and y in the equation 
‘ vt 4 Ty —— ef 
- 13. Find integral values of x and y in the equa- 
tion 

20° — Ty = 162". 


aF. 
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CEDAP.. Vv. 


» On the Solution of Indeterminate Equations of 
the Form v"—b=m(a). Or the Method of de- 
termining «, such that «2"—b may be divisible 
hy a. 


PROP. TI. 
200. To ascertain the possibility or impossibility 
of every equation of the form 
a" —b=M(a), 
and the number of solutions in the former case, @ 
being a prime number. | 
First it is obvious, that, if b=a, or any multiple | 
of a, the equation admits of an infinite number of | 
solutions, by assuming a= a@, or any multiple of a; 
we shall therefore only consider those cases im 
which 6 is prime toa. ! 
Let, Hae b be prime to a; and suppose, first, 
, that m and a—1 have a eanan measure w; that 
is, suppose n=n’'w, and a—1=a'w; then I say, | 
that, if the equation admits of ene solution, it will - 
also admit of w solutrons, and no more. i : 
For, if the equation be possible, we shall have 


ao"” — b= (a). 


-~ But, since @ ‘is a prime number, 
xv” —T=m(a) fart. 87). 


7) "g * 
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And now, if by art. 159 we find two other num- 
bers, p and g, such that 


n’'p—aq=1, or n’p=a'q+i, 
ive shall have, by means of this and the foregoing 
equations, which, by rejecting the multiples of a, 
may be written thus, 
x’ *b, and 2°” 1, 
the following results; viz. 
BP ey PO oe OE a” or a’ hb; 
whence 
a” —b? =M(a). 

Therefore, when the equation is soly ible, x must 

have such a value that x”, when divided by a, shall 


leave the same remainder as b? divided by a; but 
(by . cor., art. 87) the equation 
a” — ¢= (a), 
will have w different solutions; and no more; and, 
consequently, when the proposed equation is pos- 
sible, it will have also w solutions, and no more. 
Now, with regard to the possibility of the equa- 
tion, it will depend upon that of 
a+1 
5” —1=mM(d); 
at | Soak | 
that is, if b* —1 be divisible a, the proposed equa 
tion will be possible, but otherwise it will not. 
For, since 2”’ 4b and a®’ 1, we have 


bY sea" 1" sel, or be 2; 


* This character indicates, that 2” is of the same form as 
6 to modulus a, or that their remainders are equal when divided 
by a. 
2F9 


i 
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but a—1=a’w, therefore Pg el ia and, conse- 
a-) 

quently, b® +1, or 

amt 

ee =M(qa), 
which’ equation must necessarily have place wher 
the proposed equation is possible; and, therefore, 
_ by means of this, the possibility or impossibility of 
the proposed equation may be readily ascertained ; 
and, in the former case, the number of its solutions 
will be w, as we have seen above, the whole of 
which are contained in the equation 

bs "bP =m(a). 

And it is obvious that, when one of these seth 
tions is obtained, the others will be found by mul- 
tiplying the known root by each of the roots of the 
equation 

z"—1l=m(a); | 
for if r* divided by a leave a remainder 6, and — 
rv’ divided by a leave a remainder 1, then will r*r” | 
divided by a, also leave a remainder 6; therefore, ! 
if r be one reot of the equation | ; 
a’ —b=m(a), 


/? 


and 7”, r’, vr’, &c., be roots of the equation. 


| @=1=m(a), 
the other roots of the first equation will be 
r, pr, rr TH, OC : 
We shall, therefore, after illustrating what has 
been taught by two examples, proceed to the solu- | 
ition of this last.equation. | 
Cor.1. If n>a—1, we need only consider the 
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remainder arising from the division of » by a—1. 
For since 


LS M(a) (art. 87), 


or, according to our contracted notation, 2*~'=51, 
we shall have 


man 1)+n + ; 


that is, «”*-"*" will leave the same remainder as 
x*, when both are divided by a. 

Cor. 2. It follows also from the above propo- 
sition, that when 7 is prime to a—1 the equation is 
always possible. For in this case w=1, and, there- 
fore, x6”, the exponent p being deduced from the 
equation | ) @ 


pn—g(a—1)=1. 
Ex. 1. It is required to ascertain whether the 
equation 
2’ —11=mM(29) 
be possible in integers. 


By the above proposition, if this equation be 
possible, so also must 
a-1 
be T= m(a). 
Now, in this case, a= 29, D=11, and w=7; and, 
therefore, this last becomes 
11*—1=M(29); 


which equation being impossible, the proposed 

equation is impossible also. 

- Ex. 2. Required the number of possible solu- 

tions that may be given to the equation 
g—2=m(31), 
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Here a=31, b=2, and w=6; and since we have 
‘ 31-1 


2 “athe l =M(31), 
the equation is possible, and admits of six solu- 
tions. | 


PROP. Il. 
201. To find all the values of x in the inde- 
terminate equation 
x2"—1=mM(a), 
a being itself a prime number. | 
Case 1. When nis prime toa—1. 
Here we shall have (by art. 87, and by writing 
r instead of x) r*-'—1=M(a); and, consequently, 
re-™"— 1 =m(a), or (r*-')"—1=M(q); 
and, therefore, 
(3? eee or t~=r*'=]1 ; 
that is, .7=1, which is the only possible solution 
in this case. 
Case 2. Let n be a divisor of a—1. 
Since we may here make a—1=a’n, we shall 
have (by art. 87) 
r"— 1 =M(a); 
and, consequently, - 
yy" =2, Of f=F, 
where 7 may be assumed any number whatever 
prime to a. | 
If now we make r*s=7’, r’ being the remainder 
arising from the division of 7“ by a, then, since 
illo 1 =M(a), 
we have also 
vl =M(a); 


of the Form 2° —b=m{(a). AG 


therefore, if 7’ be one root, 7” will be another, 
whatever value we give to m, and since the equa- 
tion 

| “1 =m(@), 
can have but 2 ‘solutions, or roots, these will be 
found, either wholly or in part, i the series, 

1, 80, Uo ,ie, Wee. “n'”*; 

that is, this series, or the remainder of each term 
when divided by a, will furnish all the roots of the 
proposed equation, if these remainders be all dif- 
ferent from each other, but they will give only a 
part of the n roots, if any two or more of them leave 
the same remainder. 

Remark. When the root 7’ is such that the 
terms of the above series leave different remainders, 
then 7’ is said to be a primitive root of the equa- 
tion 3 

2"=1=M(a); 
and as we shall have frequent occasion to em- 
ploy these quantities in chapter vii., it will not 
be amiss to demonstrate here some of the principal 
properties of these roots, after which we will give a 
few examples by way of illustration. 


PROP. III. 


202. Ifr bea root of the indeterminate equa- 
tion Ww 
x"—1=mM(a), x a 


and such that r” —1 be not divisible by a (m being 
any divisor of n), then I say, risa primitive root; 
or, which is the same, all the roots of the above 
equation will be contained in the series 
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Co. 965.15 Se PG 
or the remainders of these, when divided by a, will 
be all different from each other. 

For, if possible, let any two terms of this series 
give equal remainders, and let them be denoted by 
r? and r’, then it is obvious that we shall have 

r? —ri=mM(a), or 
or, making p—g=s, it becomes 
r—1=M(a): 
and let the common divisor of » and s be k, which 
will be unity, when 2 and s are prime to each other; 
and if now, as in art. 200, we resolve the equation 
np’ — sq’ =k, or np’=sq' +k, 
we shall, as in that article, have this result, 
rh cag" th 
and since, by hypothesis, 
r”—1=mM(a), and 7*—1=M{(a), 
we shall have, by iii the multiples of a, r°==1; 
therefore, : 
ge et TN scape) 
that is, 
r*—1=M(a). 

Now, since s=p—gq must necessarily be less 

than », and since & is the common divisor of s 


n 
and 2, we may make n= mk, or paso and s=s’k; 


and, consequently, 


n 


r™—1=M(a), 
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which i is contrary to what we have supposed ; there- 
fore, no two of the terms in the series 

f, eT heir 
can leave the same remainder, and, consequently, 
r is in this case a primitive root of the proposed 


equation; and, therefore, all its 2 roots will be 
found in the above series. 


Cor. It follows from this demonstration, that, 
if n be a prime number, every root r, of the equa- 
tion 

x2—1= (a) 
is a primitive root, and au give, by its successive 
powers, all the roots of the proposed equation. 

Thus, for example, since 

3°—1=M(11), 
we shall have also 9°—1, 5°—1, 4°—1, each di- 
visible by 11; or, which is the same, 

eae ae. 
or their remainders when divided by 11; viz. 

Tagh oads Plle 

for the roots of the equation 

x2’ —1=M(11). 


PROP. IV. 

203. If m, p, q, &c. be different prime divisors 
of n, then will the number of primitive roots of the 
equation 

a" —1=M(a) 
be expressed by the following formula, 
| m—1 — | —1l 
x P > d -. CC, 
m p q 


= 


xX 
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For (by cor., art. 88) there are only 7 values of a, 
that satisfy the equation 
a” 1 =M(a); 
! ’ R 
and there must also, by the same article, be ag 


values only that fulfil the condition of the equation 


v”™—1=m(a); 


and, consequently, out of the x first roots, there 
are n———, that will not answer the last condition; 


i ‘ | oT 
and, in the same manner, we find there are n—— 


that will not fulfil the conditions of the equation 


x? —1= M(a); 
and proceeding thus with all the factors of m, we 
ascertain, finally, from the same principles as those 
employed at art. 24, that the whole number of 
primitive roots is expressed by the formula 


m— 1 —J] rn A 
2 x wy xf 5 Ee, 


m P q 


@i' 8 Dp? 

Cor. 1. If n be a prime number, every number 
that is prime to @ is a primitive root. 

Cor. 2. If x be any power of a prime number, as 
n=m", we must assume such a root r for a, that 
the equation 


n 
r”™—1=M(a) 
has not place, then will the successive powers of r 
be the roots sought. 


Cor. 3. If nm he of the form ae se we may 


seiko cg Mae 


— 
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‘ k ace) 6B , ¥ ae), . - 
make m =p, p =p’, g =p”, by rejecting the 
multiples of a, if these quantities are >a, and then 
resolve the separate equatiens 


he ” 

Zot =m(a), ¢ —1 =m(a), ¢ —1 =M(a). 

Now supposing the roots of these equations to be 

ee ee 

the root of the proposed equation will be rr’r”; 
and the other roots will be the successive powers of 
this last quantity. 

Ex. 1. Required the seven values of x in the 
equation : 

x’ —1=M(379). 

Since 379—1=7.54 we have r=r"*, where r 
may be any number prime to 379 (art. 201). 

Assume, therefore, r= 2, and we have, by reject- 
ing successively the multiples of 379, 

r'64, r?2306, re 23, rch 150, r*125. 


Therefore, r=125; and since the power 7 is a 
prime number, this root is a primitive root, and 
gives, by its successive powers, or by their remain- 
ders, all the seven roots of the proposed equation; 
that is, 3 

v=125, 125°, 125°,: 125°) 125°, 125°, 126’; or 

£=125, 86, 138, 195, 119, 94, 1; 
which last are the seven roots required. 

Ex. 2. It is required to find the values of x in 

the equation 


x —1=M(379). 
Since 63 = 7.9 we may (cor. 3, above) resolve the 
two equations 3 
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x’ —1=M(379), and «°—1=M(379); : 
the roots of the first being r=125, and of the 
second r’=180; and the product of these, rejecting 
the multiples of 579,, is 139,. which is one of the 
roots of the proposed equation, the others being 
contained in the series 


139, 139°; 139°,139', &c...139°. 


PROP. V. 
204. ‘To find the value of x in the indeter- 
minate equation 
2 2” +1=mM(a),° 
a being a prime number, and 47 a divisor of a—1. 
Pind the general value of 2 in the equation 
xe” —1=M(a) 
by the foregoing propositions, and let this sitll) 
root be represented by r”, then will 7”*’ be the 
general root of the proposed equation » i 
a" +1=M(a), 
where p may be taken any number whatever. 
For, r” being any root of the equation 
, “"—l=mM(a), ; 
it follows, that r°" is a root of the equation 
| ee | : 
because r”, being substituted for x in 
| a M(@), 
is the same as 7°”, —o for x in the equation 
—~1l=M(a ‘ 
Now 
* etttaaknese oo Mtge h(a ~1)(a"*+3)3 | 
and s since the first of these factors has for its roots 


of the Form x"~b=m({a). AAS 


_ all. the even powers of r, there remain all the odd 
_ powers of r for the roots of the other factor, which 
is the equation proposed. 
Ex. Required the values of x in the equation 
x? + 1=M(433). 
First, the solution of the equation 
2° —1=M(433), 
by proposition 2, gives r=r’, because 
433 —1=432=72x6. 

And by assuming r=5, we have 5°=37, reject- 
ing as before the multiples of 453; and, therefore, 
377° = 2, 
is the general root in the proposed equation, 
which, by assuming p=0, 1, 2, 3, &c., and re- 
jecting the multiples of 433, we have the following 

solution: . 
rad £37, 8, 127, 203, 79, 99, 2, 140, 159, 
| 1285;*133;' 216, 955.248,'32, 75, 54; 117, 


the sign + being common to each of the roots. 


PROP. VI. 
205. To find the values of x in the equation 
xz" —b=m(a), 


b being such that b"+1 is divisible by a, and ma 
divisor of xslt 
n 
This proposition divides itself into two cases, viz. 
first when x and m are prime to each other, and 
second, when these quantities have a common 
measure. - 
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Case 1. When n and m are prime to each other. 
Find two other quantities, p and g, such that 
pr—qm=1, or pn=qm+; 
then will «= b*y be one root of the equation sought, 

y being itself a root of the equation 
y*— (+ 1)"=m(4). 
For, by making x=6’y, we have 
aby" ab ay" aby’ ab; 
and, consequently, 
xa" —b=m(a). 
Case 2. /Fhennand m have any common divisor w. 


Let n=n’w, and find the values of p and gq, sucly 
that 


pw —qm=1, or pr’'=qm+ 1; 
then we shall have x” = 6’y, or 
x’ — b’y=m(a), 
y being one of the roots of the equation 
y" — (£1) =m(a). 
For, by making here 2” = b’y, we have 
eb oy Pe ee by” 0 
and, consequently, - ; 
; x" —b=mfa). 
Remark. By means of the above proposition, 
we are enabled to convert a number of equations, 
such as 


e"—b=mn(a) 
imto others of the form 
a" +1=M(a). 
It fitnishés us also with the means of resolving, 
in an infinite number of the cases, the equation. 
x" —-b=M(a), 


of the Form «"—b=m(a). A447 


into n’ equations of an inferior degree, as will ap- 
pear from the following examples. 


Ex. 1. Required the values of x in the equation 
a + 49 =M(223). 
First, since 223 -1=3.74, and 
(—49)""— 1 =(293), 
the proposed equation is possible (art. 200); which 
fact being ascertained, we have m= 74, and it now 
remains to find | 
3p—7Ag=1, or 3p=74q +1, 
which equation gives p= 25. 
Whence 
a=(—49)"y, 
y being a root of the equation 
y —1=M(223), 
the general form of which (by art. 201) is y=r”, 
where r may be assumed at pleasure; and, there- 
fore, the required root x, of the proposed equation, 
is 


ry 


e=(—49)”.r%, 
the remainders of which, when divided by 223, will 
be the simplest form of the root sought: thus we 
find the required roots are 
x= —36, —66, + 102. 
Remark. We should have obtained this solution 
more readily by first solving the equation 
x +7 =M(223), | 
the three roots of which, squared, would have fur- 
nished the roots of the equation proposed. 
And this method may be employed in all cases 
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in which bis a complete power; for, generally, if 
r be any root of the equation | 
x"—b=m{(a), 
we have r’ for a root of the equation 
| xv” —b'=m(a). 
Ex. 2.. Required the value of x in the equation 
a +20=mM(61). 4 
First, since 61 —1=6.10, and b= — 20, we have 
(— 20)'"°—1=m(61), or (— 20)°+1=mM(61); 
therefore the proposed equation is possible (art. 
200); and since this last exponent 5, or (m), is 
prime to that proposed 6, or (x), it follows, from 
the first case of the preceding proposition, that 
x=b’y, p being first found from the equation 
6p-5g=1, or Op=5q +1, 
and y from the equation 
y" +11=M(61); 
therefore p=1 and g=1; also (by art. 204) the 
general root of y is 29”*'; and, consequently, the 
general value of x, in the proposed equation, is 
oe 20 Jes. 
whic by involving and dividing, gives 
es r= +7, 424, +30. 
Ex. 3. To find the values of x in the equation 
a’? — 5 =mM(601). 
Here we find 
b°+1=m(601), 
and since 10 and 6 have a common measure 2, we 
shall have, by the second pee of the above eee 
posing, 


av =D y, or «°— b’y =mM(601), 
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y being a toot of the equation 
| y —1=M(601), 

the general root of Which is y=(— 169)"; and thus 
the proposed equation may be transformed into the 
five following ones of the second degree; viz. 

#°—120=m(60t), 2*—154=M(601), 

x RTS SEES a*— 234 =m(601), 

x + 183=M(601). 


seca tener oc PROB VII. | 
206. To find the value of x in the equation 
| 2"—b=m(a), 
in which > 


be 1=m(a); 
w being a divisor oft, 


Let r=r” be the x agtied root of the equation 
2” —l=mM(a), 
now, since 6 is found i in the series 
Py Orr Re, pen ins 
fet the term in which it is Sin dhdata be in, then 
will the general root of the proposed equation be 
pape, 

For, since r""+“ =, we have 

i primes nfh ee ri i b; 
and, consequently, 
#—b=m(a\i- 

It therefore only remains to ‘be demonstrated, 
thiat b must necessarily be found amongst the re-— 
maindérs oi the series 

rm, ro, 7, Mey 1 
26 
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Now, because r” is the general root of the equa- 
tion 
x’ —1=mM(za), 
we shall have 
(7™")" 1 = m(a) ; 
that is, 7" is a general root of the equation 
x*—l=M(a@); 
and since, also, 
b*—1=m(a), 
it follows, that 6 mmst necessarily fall amongst one 
of the remainders corresponding with r”; that is, 
in one of the terms of the series 
5 Te aa ee 

Remark. There is no exception to this method 
of solution, but it will sometimes be very laborious 
to find 6 in the above series of roots. 

Ex. Required the value of 2 in the equation 

x" — 5 =m(601).. 

We have already considered this example, and 
have decomposed it into five equations of the seeond 
degree; we shall now attempt the solution on the 
principles of the last proposition. 

Since b= 5, we have, by rejecting the multiples © 
of 601, b= —1 and b"’=1; thus w=12. 

Now the complete solution of the equation 

—1=™m(601), | 
found by article 201, is w={—140)", and, con-— 
sequently, xin the equation — ; 

“a? —1 =M(601), 


is v= (—140)'" = 120"; therefore, b ought to be 
Gontained in the formula 120”, and ‘we find this— 
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succeed in taking m=5. Therefore, the complete 
solution of the proposed equation is 
a=(—140)°+"; or r= 214, (169)"; 
from which expression result the values 
v=+214; +106, +116, +229, +237. 

Reniark. We might have pursued this subject 
much farther, by finding the value of a in similar 
equations, in which the divisor is any power of a 
prime number; and, finally, for any composite 
number whatever: but what has been said will 
enable the ingenious reader to arrive at the solution 
of these cases, and others that may arise, by the 
application of the rules and principles laid down in 
the foregoing pages. 

207. Scholium. Iniallthe propositions which have 
been hitherto the subject of our inquiry, we have 
been able to pursue the i investigations, atid derive the 
results of our operations, by means of certain rules 
and principles, as direct and satisfactory as in any 
other branch of algebra; but in what follows, few 
or no rules can be given, and consequently much 
must necessarily be left to the skill and ingenuity 
of the analyst himself: still, however, the results 
that have beén obtained in the preceding chapters 
will be found of essential service in our future 
inquiries; nothing more being requisite than a 
judicious application of them to the various cases 
that may occur; and it will therefore be conv enient, ; 
for the sake of reference, to have exhibited here, in 
the form of a table, such of the foregoing resulting 
formule as are most conimonly employed in Dio- 
phantine researches. 

262 
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TABLE OF INDETERMINATE FORMULE, 


FORM I. 

_ Equation ar—by=+c. 

General value of «= mb + cq, 

8 ER Ce Gr Oe a 6 eee 
In which expressions m is indeterminate, and the 
values of p and gq result from the solution of the 
equation ~* | | 
, -ap—bq=+1 (art. 160). 


It. 
“Equa. az + by =e. 
General value of x=cqg—mb, 
- - - - - y=ma—cp. 
Num. of solutions =“4-“, 
, ash ie 
The quantities p and q being ascertained as above ; 
also m indeterminate (art. 161). 


: ; 


| IIt. 
Equa. aa + by + ez=d. 
General value of «= (d—cz)q—mb, 


- - - = = y=ma—(d—cz)p. 


¥ 


The quantities p and q being found as above: — 


| inde : PoGe eg a aot oye i 
also m indeterminate, and. % any integer <<a 


(art. 162). 
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iV./ 
Equa. 2° —ay’?=2°. 
General value of «=p* + aq’, 
ee ie sag ep 
ge ae i =p — aq. 
In which expressions a is given, and p and g are 
indeterminates (art. 171). 


Vv. 
Equa. «°+ ay’ = 2". 
General value of »=p*—aq’, 
+ 1, tak ee APD, 
- - - = = g=p'+aq’; 
a beg given, and p and q being indeterminates as 
above "tae 171). 
VI. 
Equa. aa’ + bry +y’?=2". 
General value of x= 2pq +bq’, 
ie to Le Sees 
- - - - - s=p’+ bpg + aq’; 
p and g being indeterminates, and a and b known. 
quantities (cor. 1, art. 100). 


VII. 
Equa. ax* + be=*. 
: b 2 
General value of r=-— d <5 
, ag 
eo Se ott 
—aq’ 


when p and q are indeter sacasted (art. 168). 
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Vill. 
Equa. mia? + be+c= 2. 

; p- cg 
es aed 
oe +mcq°> — bpq 

by’ —2mpq 
Here m, b, and c, are any given numbers, and 
p and q indeterminates (art, 169). 


General value of x= 


= “< = - > 


IX. 
Equa. a2* + br + m=’. 


General yalue of r= ie ik , 
7 ; p—ag 
RL + el — bpq 
; rag? . 
In which expressions a, 8, aa m, are known, 
and p and g indeterminates (art. 170). | 


= ae on = ~~ 


x, 
Equa. a°— xy = +1, 


General value of pn (ht4 JN) Ue q ys)” 


ABR eS PEE OY eh pe gv)" 
e 2/N _- 


Where p and q are determined by the equation 

p-sg= +1, | . 
and m is indeterminate, except that it must be even — 
or odd, as the case may require (art. 180). 
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XI. 
Equa. 2°~ny°= +A. 
General value of x=pm+ Nqn, 
ee et ea 


Where the values m and n are first found from 
the equation 


m—Nn?= +4, 
and those of p and g from the equation (art. 181) 
pP—-NG= +1. | 


XII, 
Equa, ax’ + ba’ +cx+ fi=x'. 


ce’ — 4bf? 


Particular value of r= 


—— 
; _ (8af* — Ab f*e + c°)8f* 
‘ORo - tieteonmine Ale (4072? ; 


All the coefficients, a, b, c, and f, being given 
and determined quantities (art, 184), 


en ee 


XII. 
Equa, ax‘ + ba’ + ca® + dx+ f?=2'. 


(8bf* — 4cdf” i d*)sf* 
16c°f* — 64af° — 8cad*f? + it 


Particular value of r= 


Where a, b, c, &c., are known quantities, as 
abave (art, 187). 
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XIV. 
Equa. meas + ba + cx? + dete = 2. 


16c°m'* — 64en? — schim? ht} 
(8dm* —4chm* + b*)8m? 


Particular value of r= 


Where, also, m, 6, c, d, and e, are determined 
quentiic:, as above (art. 188). | ty 


- 


XV. 
Equa. m‘x* + ba’ + ca’ + dv + fP =. 
d° + 8mf° — i 
Ab f* +Amdf ” 


a Amd + Ambf 
oS Ge 8mif = Ame 


Particular value of += 


or - = = & 


In these expressions m, 0, ¢, &e., are known 
quantities, but, with regard to the ambiguous sign; 
it must be observed, that when that, in the nu- 
merator, is taken +, ‘the corresponding sign, i in 
the denominator, must be —; and the contrary 


(art. 189). 


_—_——— 


XVI. 
Equa. aa’ + bx*+ crt f'=2". 
& —3bf*)9f? 
27af° oes 


a, 6, C, &e., being known quantities (art. 192). 


Particular value of «= 
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XVII. 
Equa. m’x*+ bx? + cr+d=2', 


. : B i aa y don? 
Particular value of giz = fs et 
| (3 cn? — 6°) Gn 


Where m, b, c, &e., are given quantities, ag 
above (art. 193). 


XVIIE. 
Equa. nex + bx + crt fr=x', ‘ 


Particular ‘ile of ae (C a ie = i. 


; a 27h °m* 
or inp hes = wh L= i a 
“than b°) 9m’ 
. a —C 
Of oe ee Oe detain 
4 rr. ee 


Where, also, m, 6, c, 


> are Lea wil quantities 
(art. 194). od 


XIX. 
Equa. 2° + ary + by’ = 2’. 
General value of x= — btu’ — 


abu’, 
- - - - = y=3fu+ 3atu’ + (a = bu’, 
air wens t= A+ ate + bie. 


Where a and b are -khown quantities, and ¢ and 
4u indeterminates, that may be assumed at pleasure * 


(art. 1 90). 
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XX. 
Equa. 2° + by’ = x’. 
General value of a=f— bt, 


Ae toe ico ano PR ag yt bu’, 
- - - - = g=0+4+ bw. 
Note. This is deduced from the foregoing ane, 
by making a=0. - 
XXII. 


Equa. 2° + ary + by’ = 2‘, 


Gen. value of «= t — 6b¢°u? — 4abtw’ — (a°b— B*)u', 
A4tu + Gat'u’ +4 (ag — ses tu’ + (a 
FS ae y= t — 2ab)u‘, 
~ - xs=t+atu+t by’, 


Where a and b are known quantities, and ¢ and 
w indeterminates which may be assumed at pleasure 


(art. 197). 


XXII. 
Equa. g° + by’ = 2". 
Gen. value of x= # — 6bfu? + But, 


- - - y= 4fu—Abty, 
om pp  mgaee ae, 


Note. This form is deduced from the foregoing 


one, by making a=0. 
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| XXIII. 
Equa. 2° + by? = 2". 
Gen. value of # =?" —6f"-*u°b + 3t"-*u' Bb — &e., 
- = = y=at™ u— yt" ub + et” wb? — &e., 
- ~- = @=l+ bee. 
In which expressions b and m are krown quan- 
tities, as are also 1, a, B, y, 9, ¢, &c., these letters 
representing the respective coefficients arising from 
the binomial (f+ uu)"; but ¢ and w are indetermi- 
nates that may be assumed at pleasure (art. 198). 


ASIV. 
Equa. 2° + cy’ = 2”, 
General value of r= 4t*—Actw’, 
- - = = = y=8Fu+ cu," 
ose a = PSPS. 
Where c is given, but ¢ and w are indeterminates 
(cor., art. 199). 


XXV. 
Equa. 2° + axy + bry’? + cy? =2. 


: u + 2auw + (a? — b)w? 
Particular value of f= — ( 3 ) 


s 


| 2W 
General value of r=?" + 2cuw + acu”, 
~ - - = = y= 2tu— 2buw— (ab—c)w*. 


In which expressions a, b, and c, are any given 
quantities, w and w indeterminates; but ¢ is limited 
by the above equation, and depends upon the values 
of uw and w (art. 199). 
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CHAP. VI. : 
The Solution of Diophantine Problems. 


PROB. Il. 
208. To divide a given square namber into two 
other sqdare numbers. 
Let a represent the given square, and a* and 7 


the required squares; then we have only to satisfy 
the equation — 


ps or 


au 2°: 
In order to which, let us assume | 
Pe 
CEU» 
a+y q 
qe 
a—y=—. 
J Pp 
Frem which we readily deduce 
en oe ie ees 
, Sos a PE 
SE i egite i' altle Bas 
aes PY 
Whence, by’ multiplication and division, 
wpe 
pt Gg 


P-¥, pia _(p- Fa 
LPG: AME Ah Ea 
Where the indeterminates p and q, may be as- 

sumed at pleasure. } 


~ 


y= 
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Cor. If a be the sum of two squares, p and g 
may be so assumed that p*+9°=a, or any factor of 
a, in which case the above expressions will be in- 
. tegral; and as many different integer values may be 
found for x and y as there are different ways of re- 
solving @ into the sum of two squares, or any of 
its factors. 

Ex. 1. Resolve 65° into two other squares. 


Here 
(2p x 65) 


re ae 
_(p—9')65 
| pt g° 
And, since 65 = 8° + 1°=7°+ 4°, we may take 
Re 8 and q=1, which gives x=16 and y=63; 
7 and g=4, which gives r=56 and y=33. 


: re since 13 =3°+ 2° is a factor of 65, we may 
take . 
p=3 and g=2, which gives r=60 and y=25. 
And, again, 5=2°+1° is a factor of 65, there- 
fore we may take 
p=2 and g=1, which gives x= 52 and y= 395 
so that 
65° = 16° + 63° = 56? + 33°= 60° + 25° = 52%4 39°. 
Which are the only integral solutions that the 
equation admits of, but fractional answers may he | 
obtained ad Libitum. 


PROB. Il. 
209. To divide a number that is equal tip the 
‘sum of two given squares into two other square 
numbers. 
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Let a° and 6 represent the two given squares, 
and «° and y’ the two required ones; then we must 
solve the equation 

— + haat y, or 


G— a sy’ — bv. 

for which purpose let us assume 
WILY 

Y 2 
a—e@= UY a : 
: Pp 
Whence; ‘ 
1 ag + gx =py + ph, 

ap — px =qy — Gos 

Or, 


} qv — py = po — aq; 
pe + qy = gb + ap. 

Now, multiplying these equations by p and q, so 
as to eliminate x and y, we have, by the commor 
rules, 

ha dees =p(ph—aq), 
por hg'y =4q(qb-+ ap). 

Whence, 

hy + 2apg — bp 
CS = re ¢ 
d  ptg 
and, in the same manner, 
6p) Phe 2hpq —- aq’ 
Prq 

In which expressions p and g are cidctceiginisies, 
_ and may be assumed at pleasure. 

Cor. Ifthe given sum a’ + 6° be such as to admit 
ef a resolution into twe other integral squares, it 
will be better to resolve the given number, or sum, 
into its factors, which, in that case, will also be 
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the sums of two squares, then their product will 
give the required squares: thus, if 

a’ +b = (m* + n°) (m”" +n"), 
then, by art. 91, 
a’ + b= (mm + nn’)? + (man! F mn)’; 
therefore, 
{ c=mm’' +nn’, 
y = mn’ + mn. 
Ex. 1. It is required to resolve 
85 = 9° + 2° 
into two other integral squares. 
Here 
85=5 x 17 =(2?+ 1°) x (4° + 1°); 
whence m=2 n=1, also m’=4 and n’=1. 


Whence, 


that is, 
85 = 9° + 9°= 7° + 6. | 

But, if the given number be not resolvible into 
factors of the form we have supposed, then it is 
in vain to seek for integral solutions, and we 
must then proceed according to the foregoing pro- 
position. 

Ex. 2. It is required to resolve 

| 5=2 41° 

into two other squares. 

Here a=2 and b=1; and, by taking p=2 and 


: Se re BR 
. ape GS io Ps Be Uae. 
g=3, we have r=7> a dy ce 
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PROB. III. 3 

210. To find three square tinmibers in arith- 
inetical progression. 

Let 2°, y’, and 2°, represent thte three required 
squares ; “sata it will then be necessary to solve the 
equation 

D +.%° = 2y". 

In order to which, let L=mtn, andz=m—nA; 

then 
x + y= Sm’ + 2n° = 2y/". 

And it only remains to find - 

m+n=y*. 

We have, therefore, by form v., 

| m= e —g", 
n = 2pq. 
Which values, being substituted for m and n in 
the equations c=m +n, and y=m—n, give 
es i + 29; 
1: a a 7 — 2pq; 
y=p +g. 

In which formule p and q may be assimed at 
pleasure. 

If, for example; we take p=2 'qg=t, the three 
squares will be 7*, 5°, and 1°. 

Again, assuming p=3 and g=2, we have 17° t 
13°, 7°, for the uated squares. ug 

2d Method. ‘The go : 3 

HB” + BF = 2y* 
amay be ‘put under the form 
2° ~a° = 2°; Ada ¢ aay 9 
pi this again (by art. 97) may be represented i. 
(2y+2)*— ay ha)= 3% Bites 
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Therefore, by form v:, make 
! 2y+x=p + 2q*; 
Y + x2 = 2Qpq. 

Whence, by subtraction, 

{: y= Pp + 2g" — 2pg5 
v= apy p= 29" 
S= p+ 2q°. 

These results are apparently different from the 
former, but they are readily reducible to the same, 
and will, in their preserit for m, equally answer the 
required conditions. 

Ex. Assuming p=3 and g=1, we have y=5, 
*%=1, and z=7; which is the same as one of the 
preceding solutions. 


PROB. IV: 

211. To divide the sum of three square num- 
bers; in arithmetical progression; into three other 
squares, which shall also be in arithmetical pro- 
gression. | 

Let s=a°+6°+c° represent the sum of three 
square numbers in arithmetical progression, and let 
x, y°®, °, be the required squares, then it will be 
necessary to solve the equations 

{ e@t+yo+ v=s, 
Atlee , = 2y". 


AIS 1 
And here we soon see that y= 3% and also 


b=3s, therefore y°=D'*; substituting this value of 


y’, the equation is reduced to that of finding the 
values of x and x in the equation 
| Le =O’, * 
a ae 
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the solution of which has been given at problemii., 
where we find (by making a=)), in that article, 


_ bp’ + 2bpg— bq? _ (p+ 2pq— qb 


P+¢ rie 
__ bg + 2bpq—bp* _ (9° + 2pg—p*)b 
P+e ol ae eas 


_ In which expressions p and g may be assumed 
at pleasure ; and thus any number of sets of squares 
may be obtained, which shall be in arithmetical 
progression, and their sum equal to the given sum. 
.Ex. 1. Find three square numbers in arith- 
metical progression, whose sum shall be equal to | 


?4+5°+7°=75. 
Here, since b=5, we shall have, by assuming 


SOCCEPSIISL y 


He 8 2, for the squares (— oy Bh (= 2) 


p=ig=3, - - - - eos (Dress 
| 245 155 
Perey ess ae ea et ae " pipe 
eg ee 9 &e. 


Cor. If it had been required to find three in- 
tegral square numbers in arithmetical progression, 
that should ke resolvible into other integral squares 
having the same property, then b must be so as- 
sumed that 6° may be resolved into two integral 

squares, which may be done by making b equal to 
the - product of any number of prime facta. each of 
the form 4n+ 1, these having the property of being 
equal to the sum, of two squares (cor. 2, art. 111), 
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and consequently their product is so likewise (art. 
91); thus, if b=5 %13 =65, then we have the 
tollowing sets of squares: 
; 13° + 65° + 91° = 12675, 
| 23° + 65° + 89° = 12675, 
_ 36° + 65° + 85°= 12675, 
47° + 65° + 79°= 12675; 
these numbers being found by the forégoing formule, 
by assuming for p and q, so that p*+q° may be a 
divisor of 65, as in prob, i. 


. PROB. V. | 

212. To find a number such, that two given 

squares being each subtracted from it, the two re- 
mainders may also be squares. ; | 

Lheorem. Let a’ and b* be the two given squares, | 


atb . 
_ and resolve ae mto any two unequal factors, m 


ab: : 
2 into any two unequal factors x 


and m’, and 
and n’, then will 

: 3 (m* + n*)(m’ +n”) 
be the number required. __ 

Demonstration. For, by art. 91, 

ae 4\2 / , 2 
wa? a an®) (onl acs ew oh den’ + nn’)* +-(mnn’ — m’n)*, 
Cee Gat ers (mm! — nn’)* + (mn’ + m’n)’. 


a—b 


b . 
= mm’, and 


And since wi = nn’, therefore 
a=mn+nn’, and b= mm’ —nn’; 

and, consequently, the square of each being taken 

from the above product, will leave a square. re- 


‘mainder. . 
2H 2 
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Cor. Hence, when the two given squares are 
both even, or both odd, the question will admit of 
one or more solutions in whole numbers, according 


: ; 3 @t+6 
to the number of different ways in which ; and 


a—b 


, may be resolved into unequal factors. 


Suppose, for example, 18° and a were the two 
given squares; here 


18+2 


=2x5, or 1x10; and 


18-2 } 
-= 2x4, or1 x8. 


Then the number of solutions will be four, which 
are as follows; viz. — 

(2? + 2°) x ( 5°44") =398, 

(2?+ 1°) x ( 5°+8°)=445, 
(1°+ 2°) x (10°+ 4°) =580, 
(1° +1°) x (10° +8) =328. 

Two of which values of the required quantities 
are equal, because the first factors of m and nm are 
equal. 

So that, in fact, we have only three solutions; 
namely, . | 

328 — 2°=18*, 828—18°=2’, 
‘as _ 9? = 21°, 445—18?= 11°, 
580—-2?= 24°, 580—18°= 16°, 


But fractional solutions may be found ad kbitum. 


PROB. VI. 


213. To find two integral numbers such that, 
anity being added to each, as also to their sum 


Diophantine Problems. A469 


and difference, the four results shall be complete 
squares, 7 

Let x and 2 x represent the required numbers, it 
is required to find : 


Geb Fo ae, 


y+1*> =n’, 
rt+y+l=r, 
L-yYy+tls=s, 


Now here it is obvious, that the three squares 
r°, m°*, and p*, are in arithmetical progression, 
their common difference being y. 

Let us, therefore, represent these three squares, 
according to prob. ili., by 

™ = (4pq- p—2¢')'; 
{* "= (p+ 2g°— 2pq)’, 
r= (p’+ 2g)’. 
Then we have, for their common difference, 
y= 4P 9-1 pg’ + Spe ; 
and all that is required is te find this quantity, 
plus 1, a square, or 
Ap’q — 12p°q° + 8pq° + +1=n', 
Assume, therefore, 
n=1+ 4pq’; 

then we have, by squaring and cancelling the like 
parts, | | : 
Ap = AAP = lipid. | 

Whence, : 

p=4¢ +343 

in which expression g may be assumed at pleasure. 

And thus the general values of « and y will be 
determined; viz. by first making p=4q’+3q, and 


then 
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oe = (p* + dy? apg)? Ppacietih oup 
y= (1+ 4pq’)’—1. eVIE 3 
By taking g=1 we have p=7, whence r= 1368 
and y= 840; which numbers answer the required 
conditions: for 
136841 *~ “37°, 
840+ 1 == 20°, 
1368 +8404 1=47°, 
1368 —840+1=23°, 


PROB, VII. 


214. ‘To find three or more numbers, such that 
the sum of their cubes may be a square, and if from 
this sum the square of each of the quantities be 
subtracted, the remainders shall be squares. 

Let x, y, and z, répresent the three numbers, 
then the conditions required are as follows; viz. 


eee 1 ee 


—-x=r', ) =r +x” 
: pose J o fgnes 
i mT gs "= P+ 2; 

&e. &e. 


Which, in ng ut aout form, appear to involve 
considerable difficulty; they are, however, rendered 
very simple, as follows: 

Assume any square number, a’, and, by pro- 
blem i., resolve into two square numbers, as many 
ways as the problem requires; thus, : 

A=a +8%, 

A =a? +b", 
Maa? eh”. 
&e. &e. 


In which equations all the quantities that. enter 


~ 


/ 
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are known; but these expressions will obtain also, 
if we introduce any indeterminate square m*: thus, 

A Le 


And these will evidently answer the required 
conditions, if we make 
. ae 2 7,72 I I 70, 
fp et - =y" % — ad . 
5 gia ge tail a aie 
providing m he so assumed that 
a? ® -W 13 


which gives __ 
b+ bb”? ape Sed 4. &e. 
fs ; ; 
| A ! 
And thus we have immediately the solution of 
the problem proposed, 
Ex, Assume a=65, then, by problem i., we 


haye 
65° = 63° + 16°, 
65° = 56° + 33°, 
65° = 60° + 25°, 
65°= 52° +39", : pale Be 
Whence, 6=16, b’=33, b”=25, 6” = 39, and 
16° + 33° + 25° + 39° _ 114977 
a Gat oh hc aaes y. 
And, therefore, from the foregoing formule, 


A472 Diophantine Problems, 


16x 4225 67600 ork 
ye AdAOTZ. 4149777001 aii 
33 x 4225 139425 

114977, 114977’ 
25x 4225 105625 

114977... 114977’ 
_ 39x 4225 164775 
w tdag7e 194977" 
Which are ftir numbers, such that the sum of 
their cubes is a square; and if from that sum the 
square of each be subtracted, the four remainders 
are squares. 

Remark. This solution deserves particular at- 
tention, as it would perhaps difficult to solve 
the problem i in any other way; it is also applicable 
to various other questions of this kind. 


I 


e 
& 


PROB. VIII. 


215. To find three integr®™ square numbers, 
such that the sum of each two, with double the 
other Hog may form three perfect squares. 

Let 2°, y°, and z*, represent the required | 
and we Hate to find 

a + yf? + 22" =P , 
a+ 2? 4+ 20 7 =o", 
y+ e+ 2a? ae 

Since these quantities are all integers, it is evi- 
dent that we may suppose them ‘prime to each 
other; they niust also be all odd numbers, as will 


appear by cons idering the possible form of squares 
to modulus 4. 
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Let then, y=x + 2p, and s=x+ 2g, and we shall 
haye, from the first two formule, 
2 +7? + 22°= 42° + 4(p + 2q)a + 4(p* + 29°), 
@ + 2° + 2y? = Ax" + 4{ 2p +)" + 4(2p* + 9°). 
And, by making this first quantity equal to 
A(x + I )*, we obtain | 
shes Mina AY 
2f—p—2q" 
And, in the same manner, the second formula, 


*y making it =4(v+g)*, gives 


Qp* + gr o° 
t= 
“ Qg—I2p—q' 


which expragsion must be equal ; make, therefore, 
p+ 2g ron we aa ie 
; Pio dapep ia Aa = 23 — 2p— es; 
from which * eetane we readily deduce the fol- 
lowing general values of f and g; viz. 
= F=60-+99, 
+(5p + 3q). 

“And by 3 lie these values for f or g, in 
_ the above expressions, for 2, we obtain 
_ tp = 30p9 +79" 

8(p+ 9) 

This value of x will satisfy the first two con- 
ditions, and we shall have, by means of this, the 
corresponding values of y and x, because 

y=x+2p, and z=2+ 29; 
so that, by multiplying each of these quantities by 
the common divisor 8(p+4q), we have 
: 7p 30pq+ 79, 
y= 23p’—14pq+ 79’, 
z= Tp’ —14pq+ 239°. 


“ 
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And with these expressions, in which p and q 
are indeterminates, it remains for us to fulfil the 
third condition, 

Yi + 2+ 20> £. 
Now, in order to simplify, make p= q+ 995 apd 


we have 


x=(7¢°— 16 —16)9", 
¥ = (230° +320 + 16)9’, 
%=(79" + 16)q°. 


And these SxPreag@ions being squared, onl subs 
stituted for x, y°, and 3°, the equation becomes, 
when divided by q', 

169 , 
250 

Now this equation agrees with our form : XV., pre- 

ceding chapter, whence : : 
Amd + Ambf 
~ BF8m f— Amc’ 


“9 + g 4 2¢° +2G41 =F. 


1B. ¢ 
where m= — ey b=1, c=2, d=2, and f=1; there- 


fone. $= 208, and since g may c taken at pleasure, 
let g=1, whence p=209; so that the required 
values of x, y, and x, are 


*=18719, y=62609, z=18929; 
and it is obvious how other answers might be ob- 


tained by changing the value of J, as wen as by 
means of the other formule i in form XV, 


q 


PROB. IX. 


216. To find three such square numbers, that 
each being subtracted from the sum of the other 
two, the three remainders may be squares. 
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Let 2°, 9°, and 2", be the required squares; it is 


required to find 


Q 9 i 
oh 7s a ” =r, 
e+ n¥7s 
y + a—-Xk = f. 

First, by assuming 


x =p 4 q; 
Y=pP+pq-q, 
S=p—pq-q, 


we shall have 


a ty’ — 2 =(p’—@ + 2pq)*, 
3  & +8 — y= (p—q —2p9q)’s 
So that the first two conditions are fulfilled, and 
it only remains to make a square of our third equa- 
tion, which becomes, by substituting for v2, y, and 
2, as above, 


y +2°—#=p'—4p'¢+qt=t. 
: Now in order to reduce this to our form xv. # 


make p=(2+)q, which, being substituted for P 


in the above equation, we have 
Y+xs—2 po *(o* + 8° + 20¢° +166+1). 
Whence, again, from form XV., 
| d°+ 8mf°—4cf? , —23 
O 4b F4mdf ius! 


because m=1, b=8, c=20, d=16, and f=1. 


—15 | 
But p=(2+)gq, or p Pers f therefore, p= 15 


and g= —4: whence 
r=" +g’ =2Al1, 
y=P + pq- q = 149, 
=p*—py— = 269. 
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Which numbers answer the required conditions, 
and others might be found, by the other formule 
given at By xy., aS also by changing the value 


of g*, 


Practical DiopHANTINE PROBLEMs. 


1. To find a+a and a—ax both squares, and 
to point out the limits of possibility with regard 
to the form of a, 

Ans. axt+u. 

2. To find 2° +y°+2°=¢° a cube. 

Ans. 3° 4+ 454+ 5°=6". 

3. To find two numbers whose sum is a square, 
and also such, that each being added to the square 
of the other shall be a square. 


ne | 
Ans, Any re numbers whose sum is 7 


a To find three numbers in arithmetical pro- 


gression, the sum of every two of which shall be a 


square. 
Ans. 1203, 8404, 15602. 

5. ‘To find three numbers sach, that the pro- 
duct of every two, plus the sum of the same two, 


may be a square. | 


* Jt was intended to have added here the solution of several 
ether Diopbantine problems, but this work having already ex- 
ceeded the limits which the author had prescribed to himself, he 
is under the necessity of cancelling the solutions of several 
questions, and placing them among the following practical ex- 
amples. 


~ 
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6. To find three such numbers, that each being 
- added to their product shall be a square. 


Ans. 
> 9 cS 


ae a, two numbers, whose difference is 
equal to the difference of their squares, and’ the 
sum of their squares a square. 


fd 


sum of which is unity. 
8. To find two such numbers, that their produet, 
added to the sum of their squares, may be a square, 
| Ans. 5 and 3. 
9. To find three rational right angled triangles 
having ‘scale areas. 


| 4.3 é 
“Ane ’ >> 5» Or any two fractions the 


Hyp. Base. ~—~Perp, 
58 40 42 
Ans. ' (4°24 °° 40 
113 15 112, 
10. To find three squares, whose sum is also a 
e. 
square, ii 
eT a 
11. To find a quadrangle inscribed in a circle, 
of which the sides and area are rational. 
| Ans. Sides 80, 45, 100, 63. 
12. ‘To find an oblique angled triangle such, that 
its three sides, perpendicular, and a line bisecting the 
greatest angle, may be all rational numbers. 
Ans. The sides are 875, 870, 145. 
13. To find a triangle such, that its three,sides, 
perpendicular, and the line drawn from one of the 
angles bisecting the base, may be all expressed in 
rational nannies. 


Ans. 9, 16, 


Ans, 480, 299, 209, 
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14. To find two triangular numbers such, that 
their sum and difference shall be both triangular 
numbers. 

15. ‘To find two such squares, that their pro- 
duct added to the square of each shall be a square. 

16. To find three square numbers i in harmonical 
proportion. : 

17. ‘To find three numbers in arithmetical pro- 
gression such, that the sum of their cubes may be 
a cube. ; 

18. ‘Yo find three numbers such, that their sum. 
may be a square, and the sum of their squares a 
fourth power. 

19. To find a cube Pas , which, added: to the 
sum of its divisors, shall be a square. | 

20. To find a square such, that the sum of its 
divisors being subtracted from it the remainder 
shall be a cube. | . 

21. ‘To find a square such, that the sum of its 
divisors being subtracted from it the remainder 
shall be a square. Vr, 

22. ‘To find a square such, that being added to 
the sum of its divisors the sum shall be a square. 

23. To find two squares such, that each added 
to the suin of its divisors shall give the same num- 
ber. ' : 

24. 'To find two square numbers such, that one 
of them, and its divisors, shall be equal to the di- 
--visors of the other. 


* 


CHAP. VII. 


| On the Bedasivke of the Equation x" ~1= 0, n being 
a Prime Number; with its Application to the 
Analytical and Geometrical Division of the 
Circle. 


_ PROP. I. 
217. Allsthe i imaginary roots of the equation 
C—1= 
are iy a in the general pale 


; Qkhr 
« — 2 Cos. — +1=0, 


k being any integer not divisible by n, and x re+ 
presenting the semicircumference. 
It is a known trigonometrical property, that if 
cnt ] 
2 Cos. ne 2 cos. depo Se ewe 
from which two equations, vis. 


1 
2cos. yor+-— 
Y xr 


l 
SOG REY 0 Vie 2 COs. ny =x" toy 


are bealy deduced the two following, 

x° —2 cos. y.% +1=0, 

2"— 2 Cos. ny.a"+1=0 
which must necessarily have one common root, 
being both derived from the same value of x; and 


480 Analytical dnd Geometrical 
since these are both reciprocal equations, if # be. 
one root, — will be another: they have therefore two | 


common roots; that is, the tw@ roots of the first 
equation are also roots of the second; and, con- 
sequently; from the known theory of equations, the 
former is a divisor of the latter. 


nee a a eee 

If, now, we make yt a Or ie 2hx, these 

equations become 
CO acta alae 
a —2 Cos. se v+1=90,; 
a” —2 cos. 2hra*+1=0. 

But the cos. 2kr=1 jor representing the whole 
circumference; therefore, the latter equation now 
reduces to 

a” — 2x" + 1=0, or (x*—1)°=0, 


having still for its divisor the other formula 
a* — 2 cos. a+ 1=0; 

that is, the roots of the equation _ 
(v*—1)*=0, or z*—1=0, 

are all contained in the formula 


5 , Qkr : 
i —2 cos. eS gerd, 


and, therefore, by giving to & the successive values 
k=1, 2, 3, 1(n—1), the following formule will 
be obtained; viz. , 


2 24 


‘ Ar 
a — 2 COS. ig 7 + 1=0, 


Ae ee ee - ns 
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ae Crna he 
& —2 Cos. ——~«&# +1=0, 
n 


x — 2 cos. e+1=0;: 


(n—1)x 
nl 


which contaiit among them all the »— 1 imaginary 
roots of the equation 


x10: 
Cor. 1. if instead of making y= » we had 


assumed ny =2khr +m, our second formula, 
‘#°" — 2 0s. ny .£" +1 =0, 
ironite have been reduced to 
a" + 2a" +10; or (a"+1)'=0, 
(because cos: (hx + #) = = +1) , having for its generab 
Factor the formula 
(2k +1) 


az’ —2 cos. ee naa 


which is the other branch of the Cotesian theorem: 
Cor. 2. From the theory of equations it follows; 


that 2 cos: op is equal to the sum of the two roots 


of the equation 


ve See 
x’ — 2 cos: —-w +1 =9, 


which are also two of the roots of the proposed 
equation, and it is obviously the same with all the 
_ other formule; ; and hence it is manifest, that the 


Se See 
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division of the circle depends upon the solution of 
the equation 


x"—1=0,° 


| Lh eh tos Q9 
and, conversely, by knowing the value of 2 cos. oe 


the roots of the proposed equation may be de- 
termined by the solution of a quadratic. 


PROP. If. 
218. All the imaginary roots of the equation 
Z £— ] =0, ; 
a being a prime number, are different powers of 
the same imaginary quantity, and all different from 
each other. te 
Before demonstrating this property of the roots’ 
of the proposed equation, it will be proper to show 
that, when 2 is a-prime number, the roots of this 
equation cannot be the roots of any other equation 
x" — 1 =O, 


m being supposed prime to x. For, if this be pos _ 
sible, let xk represent the: common root, so that | 
1G! R= 1 and 2" =1; 
then, also, 
n= Land 6 sak, 

whatever integral values are given to a and b; a 
therefore, R™=R™, ‘ania, Mividing by rR’, we have 
r“-'™==1; but since @ and b are here indetermi- — 
nates, and # and*m prime to each other, such 
values of @ and 6 may be found; that will make i; 
ani bm* 1; whenee, i s = 1, consequently these i 


Division of the Circle: A83 
equations can have no other common root besides 
unity. 

This being premised, it will be readily shown, 
that all the imaginary roots of the equation 
2” —1=0, 
n being a prime number, are powers of the same 
quantity, and different from each other. For let 
R represent any one of these imaginary roots, then; 
since R"=1, so likewise R*=1, R“=1, R"=1, &e; 
Therefore, if r be one root, so likewise is every 
_term in the series : 
Bok. 8 by Key Xe 


for each - of these quantities, raised to the nth 
power, is equal to unity, which is the condition of 
the equation: | 
And, in the same manner, it may be demon- 
strated, that, if r* be one imaginary root; so also is 
every term in the series 
RY; n’; R™; kh“; &c., R's 
which voots are all different from each other. For 
if any two of them be equal, let them be repre- 
sented by x”, and rx“, or R“=R™", where p and g 
are each <n. And, since p and g are not equal, 
let p>q;. then, dividing by Rr“, we have R?°-™*=1; 
but since @ is prime to 2, and p—q<n, their pro- 
duct; (p= q)a, is alo prime to m; and, therefore, 
Rie 9 j 
___ is impossible; for otherwise x* would be a root of 
this last equation, and also a root of the equation 
 .R"=1, which we have shown to be impossible in 
__-the fortier part of the proposition, because (p~9)a 
a 212 
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and n are prime to one another: therefore the fore 

going series of roots, which belong to the equation 
| ge ate: ie! 

ate different powers of the same imaginary quantity, 

and all different from each othier. 

Cor. Since r’=1, it is obvious, that r**'=R; 
r"**=R*, and, universally, r’*?=R?; whence it 
follows, that these roots may be more generally 
represented by the series 


R, 8 Seed ae . &e. 


If, therefore, g be such a number, that its suc- 
cessive powers, 


a 3 Li 3"5 ce 3 ge 3 &e.; ge" 
when divided by n, leave different bsssthade the 
same roots may be otherwise represented by 


rs nt 
RS, ah nt, RS ae, a8 s 


r, 


ander which latter form it will be convenient 
for us to consider them in the following propo- 
sition, because this latter series will have the 
property of returning upon itself, if it be produced 

n-1 . 
beyond. the term n® =; for g*-’—1 is divisible by » 
fart. 87), or a | i 

FB aap, 1, 

therefore, “rant g3 and, consequently, 


n 2 
pox pe =R™e; 


hence it is manifest, that in this series of roots it 
is indifferent which of them is considered as the 
Airst.)2<a te ox : 
» But if ex be one root 8° will be another, pro- 
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viding @ be not equal to 0, nor to 7, nor to any 
multiple of n: therefore the same roots may be re- 
presented by 

‘ 3 4 noi 


g 
SZ ng. a a ao 
R™, RB 3 es rn’; ac. my. 8 


or by 
bs 3 , n= 
ni, wy, ©, rR”, he, Rr ee 
n~1 ; n=1 
because g""'s2na+1, orn’ =r, andr*® =R*&e, 
The above periods of roots have, as we have 
seen, the property of returning upon themselves, 


if produced; and, since n is a prime number, n—1 


is a composite number; making therefore n — 1 =mk, 
these periods of n—1, or mk terms, may be decom- 
posed into / periods of m terms each, which shall 
have the same property; viz. by being produced, 
the same roots will recur in the same order as at 
first, as appears from the following proposition. 


PROP. III. 
219. To decompose the n—1 imaginary roots 
of the equation 
L*— ERO, -, 
into k periods of m terms such, that each, by being 
roduced, shall recur in the same order as at first, 
m and k being supposed the factors of n—1, or 


n—~1=smk. 


The whole. period of roots bemg 
| : m(k= 1) 


) 3 4 
& 
R 3, 


g ! g &§ Se. Ce ae 
ye, 85 oe ~ 


the decomposition will stand thus: 
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i k Obi: 3k i(m-Yk 2” 
Ist period, SP free, RPE >, 
: Sas ak+1 “* $k41 (m=Wk+t 
ad period, n°, Reg BR pe Dataseose 
k+2 ek+2 3k+2 (m~1)k+2 
3d period, Re, By TR a BE a 
Biket Qk-~ | 8k=-1_ 4ke—1 mk — | 


hk" period, BP RE Bes. oe COR Be 
Which are such, that, being produced, they will 
give over again the same periods of roots; for the 
following terms in these periods will be, 


mk n-1 
Re =r? =R, because g”*'thna +1; 
mk +1 n , 
ne =r? =R*, because 9” mna'+g; 
&e. * &e. i inns 


and it is exactly the same with all the other. 
periods. The method of separation is here ex- 
tremely obyious, it being only necessary to write 
the first k terms of the Saacral series, in the first 
vertical column, the second & terms in the next 
column, and so on. | | 
Cor.1. The foregoing period of roots may be re- 
presented more simply in the following manner; viz. 
by making g'=h, with which substitution they 
become : | 


2 3 
h hi -. h h f 
R, R R ; RK R 5 
A , m~-t 
g g gh gh gh ° 
2 2 22 28 ome! 
a gh gh gh gh 
Vig RS Roe LO 3 
a 23 $-1 4-1 m-1i 
f -!1 } t h : h hk 
R > BR $ R ; R . R bo 
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Hence again it follows, that any of these periods 
may be represented generally by 


3 m1 
R’, ge? Rn”, zt , Rn”, &e., rR” 

Cor. 2. Ifthe number of terms, in this series 7, 
be a composite number, as m= mk’, then may 
each of the above periods be decomposed into 
periods of m* terms each, as follows: 


e 


kt Qk! 
R*, Rr" f — F &e ; 
ah he Pg de 
oe. Ae i a &e.; 
sie ty . fete 
ee R : aes 
e 


fg ae : Rn” : &e. 


Which, ‘ making h' = h’, a" =5,,. 2°", S&e., 
becomes 


2 3 
a Ih rh! a ‘ 
Ss 3 s” a s° ) Ss" 3. &c. 3 
2 2 2 2 
a aH 


S32 
. a h’ wv iW 
eS We aoutaNh a tne. o oF 


a similar result to the former: and in the same 
way the decomposition may be carried on till the 
number of terms in each period is a prime num- 
ber, after which no farther decomposition can be 
effected; and all these periods will have the pro- 
perty of returning upon themselves when prouaced, 
as. may be readily shown as above. 

Remark. This decomposition of the i imaginary 
roots of an equation of the form 

z"—1=0, 
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v being a prime number, into periods, and on which 
the solution of the equation depends, is, In prac- 
tice, extremely simple, as will appear from the 
following examples ; the foregoing complex ap- 
pearance arising solely out of the generality that 
was necessary, in order to have a complete demon- 
stration cf the proposition. The only difficulty is 
in ascertaining the quantity.g, so that it may be a 
primitive root of the indeterminate equation 

H) a! —1=M(7); 
for which we might have given a rule, either in 
this place or in chapter v.; but as one, at least, 
of these roots is found among the first num- 
bers, it seems equally expeditious, or more so, to 
find them by trying the small numbers 2, 3, &e. * 
till we arrive at it, than by any direct general 
rule for that pur Foe it soy not, however, be amiss 
to observe, that, if g">mn, and g”"—1 be not di- 
visible by n, m beni a factor of #—1, then will g 
be a primitive sobk dag, 202), w here, i ita it ‘4 
demonstrated, that there are always several such 
roots, except in the case x=3, in which there is 
only one. BE : 
_ Ex.1. It is required to decompose the four ima- 
ginary roots of the sree 

r-—1= 

into two periods of two terms each, which, by 
being produced, shall recur in the same or der. 

Here, 2 is a primitive root of the equation 

SG, BE Aaa 

because 2’— 1 is not divisible by 5: the first period 
of roots is, therefore, 


- 
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Ry B®, Rt Re; or R, BR? Rt, A’; 
by rejecting the multiples of 5; and, therefore, the 
required periods are, © 
1st period, R, R*; 
2d period, 8°, Rr’, 
Ex. 2. Decompose the six imaginary roots of 
the equation 
x’—1=0, 
into three periods of two terms each. | 
Here 6=2 x 3, and neither 3*~1, nor 3°—1, is 
divisible by 7, therefore 3 is a primitive root of the 
equation 
a’ —1 =M(7), 
and the powers of the roots of the proposed equa~ 
tion wil] be 
La, "3),..3°, -3t, Bis 
or, rejecting the multiples of 7, the roots are 
R, ak a, Rr, RS, R°; 
and, therefore, the periods sought will be, 
Ist period, BR, &°; 
ad period, R°, x‘; 
3d period, R*, R*. 
Ex. 3. It is required to separate the twelve 
imaginary roots of the equation 
fl eo; 
into three periods of four terms each; and these 
again into two periods of two terms each, which 
shall have the property of recurring always in the 
saine order. 
Here, 2 being a primitive root of the equation, 
g' 1 = M(13), 
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the powers of the roots of the proposed eqnasign 
will he 


1, 2, 28s 9, Pe ae es 2, os 
and, therefore, rejecting all the multiples of 13, 
the series of roots becomes 
RB > Ry Rs Ra Wo By BS BY Bs Bs BS 
and the first decomposition will therefore be, 
ist period, pr, Rr, R’, RB 
t 2d. period, "> R»> R's a3 
3d period, pr‘, r°, 8°, R’. 
And each of these will be divided inta two pe 
yioeds, as follows: 


Ist period, a - A 2d period, {3-3 


R’, RB"; 


3d period, ie - Re 


These examples are quite psc for rendering 
the decomposition of the reots of any equatian per- 
fectly familiar. ; 


PROP. IV. 
220. ‘The n—1 imaginary roots of the equation 
: 2’ —l=0 
being decomposed into periods, as in the foregoing 
proposition, then will the product of the sums of 
any two, or more, of these periods, or any powers 
of those sums, be equal to the sums of similar 


; per riods. 
Let 


. a 
SMe og ha get + a” - = = R” 


“m~t 


ale Ry 2 i Rm te ge 


Division of the Circle. 491 


represent any two periods of roots, of which the 
product is required, then, since we have seen that 
these periods being produced, give again the same 
roots, and in the same order, in multiplying these 
quantities together, we may arrange the products 
in the following manner; that is, by multiplying 
the whole of the upper series by each term in the 
lower one, only beginning always with that term of 
the upper line, that is over the term by which we 
multiply, and produce the series of the upper line 
accordingly; thus, | 
-1 


2 } 3 a m™ 
b> k 


2 3 I 
Retr + Rerth +R +b 4 pak +Db 1 Boe pice +n) 


iil Pe i 2 2 2 3 2 m~1I 2 
a+b) -b. 4-f) 
R +0)h + R“ bh + a +b)h + i 1b) + &c, Rr” +byh > 


m-1 m1 2 m-} 
) \ 
Ror 4 Riera it Ri oh Es &e. 

And now, taking the sums of the different vertical 
columns, and writing a’, a”, a’”, a", &c., for a+, 
ah+b, ah?+6, &e., we have 

’ Q : s ; mt 
R? ee +R" eo 4+ &e. 2" : 
ma—1 


’ 2 3 ‘ 
R*. a er et ep ee + &c, R® h 


-I 
wnt 


: 2 iD : mw ~ 
&e. &e. &c. 

Each of which new periods consists of m terms, 
and they are similar periods to those from the mul- 
tiplication of which they were produced; because, 
2 ss a ° . ¥ - * ‘ . 
if x* be any imaginary root of the equation 

z'—1=0, 
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r® is another, providing a’ be not divisible by Ry 
and if a’ be equal to 2, or to any multiple of n, 
then, because rn” =1, the sum of the roots in that 
period will be equal ta as many units as the period 
has terms, as is evident. 

The proposition, therefore, having been demon- 
strated for the product of two periods, it must ne- 
cessarily be true for any mumber of periods; and 
since there Is nothing in the foregoing. operation to 
prevent us from supposing @ to be equal b, or, m 
other words, that the two periods that we have 
ynultiplied together are equal, the same is evidently 
true of any powers of those periods ; namely, that 
they may always be represented by the sums of 
_ simple periods similar to themselves. 

Cor. We are thus farnished with the filtowing 
easy method of obtaining those products, or 
powers; viz. 

Let fin’), Se). represent the sums of any twa 
periods, as 

SJ (8) =R°+ RTE ROHR, 

J(RY=R ERT ERT ER™ 

Under which form we shall have 

J (RY =f(R) HS RY 5 
that is, the sum of the periods is the same, which- 
ever is the leading term, because the periods are 
recurring ones, and the same have place. with alk 
other es then will . 


S(t) x SR") =f(ROY EL RE) + LR) + Ke, 
which formula will be of particular use im the so- 
lution of the following examples, the principle of 
which is to subdivide the. original period of roots 
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into two or more periods, as in the preceding pro- 
position; then, if there are only two, the sums of 
these separate periods may be ascertained, by 
knowing the colleetive sum of the two, which is 
always given, and the product of the same two, 
which is obtained from the above formula;. and 
having thus the sum of two quantities, and their 
prodact, the quantities themselves are easily found 
by a quadratic; if there are three periods, then, 
beside the sum of these three, we must know the 
sum of the products of every two of them, and the 
product of all three, whence the separate sums are 
found by means of a cubic equation, and so on. 
221. We may now proceed to the solution of a 
few examples, to illustrate what has been demen- 


strated in the foregoing articles. 
fe) 


; 360°: | 
Ex. 1. Required the cos. Z =72°, and the 


f 


imaginary roots of the equation 
#2120. 
The imaginary roots of this equation. being de- 
composed into two periods, by means of their 
powers (as in ex. I, art. 219), and representing 
the sums of these periods by p, p’; that is, 


{(R)=p =ERtR, 

SRIER HRAE | 
it will only be necessary to find the values of 
pand p’; that is, the sum of the two imaginary 
roots R +R‘, or R?+R°, which is readily obtained by 
means of the foregoing proposition, and the known 
property of equations; viz. that the sum of the 
roots of any equation is equal to the coefficient of | 
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the second term, which; in the present case, is zero; 
so that | 
14+R+R°$R? +R'=6, or 
pti pri = SO; of 
Seen Pp - = =-], 
Again, by cor., art. 220; 

SR’) x [(®) iy aed (n’) +f (n') =p! +p3 
therefore; pt+p =-—1, and pp’= —1; and, comse- 
quently, the equation which has for its roots the 
quantities p, p’, will be 


pt+p-1=0. 
Whence we obtain a 
—-14+ 75 . 4 5,-1- V5. 
he 9 » and p= Pinte 
See apes | + WA BAO hatetin 
which expressions represent 2 Cos. > ane 
P P | 5 
2 .360° | 3 
2 cos. a Sat therefore, 
eae 
Cite. 12 = _ bail *3090170, 
wl 5 | ce 
cos; 144° = Vo? = + g0901700. 


The first of which values alone is obviously suf- 
ficient for the division of the circle into five equal 
parts. And, having thus determined the values 
of these cosines, we have, for finding the imaginary 
foots of the proposed — the two following 


quadratic : 
fait Jd 


—1- : 
x As - eens. 
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which, with the real root 1, completes the solution, 
of the equation. 


/ 
9 


dit 4 BOO ce 
Ex. 2; Find the cosine of Z ind the nnagi- 


“nary roots of the eqhation 
2’—1=0. 

Having deccrnnaned the powers of the iniaginary 
roots of pre equation; or, which is the same, the 
roots of the indeterminate equation | 

x1 =m(7), 
into three periods of two terms each (ex. 2. 
art. 219), and moprendetiels the sums of these pe- 
tiods by p; p’, p”; that is, : 

p =R +R’, 

Pp = R° + R*; 

p” =R°iR': 
the object of inquiry will be, to ascertain the values 
of p+p’ +p”, of pp’ + pp” +p’p”, and of ppp”; for 
then the cubic equation, having these quantities 
for its coeflicients, will evidently have for its roots 
psp’, and pi” 

iMrst, then, 

| ppt p’=—t1, 
Frere the lowe theory of equations, and by 
cor., art. 220, 
pr oe +p"; 
PY Spore: 
Per h ips 
therefore, 
pp’ + pp" +p" =2(p +p +p") = - 2 

Again, arias ae. the first of the above pro- 

ducts by p” gives 


pr'p” =P" +P"P ag 


w 
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Now igh 201 onda 
gpl = p”’ he p F 
and, by cor., art. 220, and 
pp’ =p +2; that i is, = f(4) +f (7), | 
the last of which, viz. /(R”) = 2, by the same bard: 
therefore, | 
ppp’ =ptp +p +2= +1. | 
Hence the cubic equation that has Ps p’ ; , and p” J 
for its roots, is 
p+p’—2p—1=6; 
end, therefore; conversely, the roots of this cubic. 
will be the values p, p’ and p”, whence we find 
| p = 1°2469796, 
p’ = ~1°8019376; 
p’=— *4450420. 
And hence again, 
2 ° peg i 
cos. shake a LOD ‘6234898 ; 
7 2 | 
which is sufficient for the division of the circle inté 
seven equal parts. 
And by means of the above quantities p, p’, p ‘ 
we shall have the ail following quadraties ; 5 U3Se 
—p «+1=0, 
’ ~p'X+%4=0; 
; x —p'"#+1=0, 
which contain in them all the different imaginary 
roots of the proposed equation. 


° z 


| 360 
Ex. 3. Find the cosizie of aah and the roots 


Sal 


of the equation a 
he Lg l = 0; 
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The solution of this problem will be effected by 


means of a cubic and two quadratics, or a cubic 
and one quadratic, so far as it relates to the di- 
vision of the circle into thirteen equal parts; ob- 
serving, that we must finish with the quadratic, in 
order that we may know the suin of two of its 
roots: the period of roots must therefore be first 
divided into three periods of four terms each, as in 
ex. 3, art. 219; 
Whence, 
p =R'+R +R? 4R’, 
yp =p? +R°+ x4. R'°; 
po=Ri + R°+R? +R’. 
And here, as in the foregoing example, it will be 
necessary to find the values GF io 
p+p'+p", of pp’ + pp” + pp”, and of pp'p”, 
in order to ‘ascertain the cubic equation that has 
these quantities for its roots. 
Now, t 
ptprp ==, 
by the theory of equations, and by cor., art. 219; 
PP AL +P WERE AD’ > 
SESE +P aeR =p + 2p +p, 
pp=p +p +p +p =p +op +p". 
Whence, : 
pp’ + p’p” + pp =4(p +p +p’) = —4 
Again, | | 
| PPP” = pp" + WP" +P Pp 


But 
pp = prop + p's 
ih aR + 4p” + 2p, 


pp =2p + p tam f(r") +2/(R’) + S(R = 
2K 
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Hence, 

ppp’ = 5(p+p’ +p')t4=—544==1. 
- Wherefore the cubic equation, having p, p’, yp p 
for its roots, is 

8S BF a Ae 

and hence these. a tne become y Sly ak of 
which is the sum of four roots. And now, in order 
to get the sum of each pair of roots, the foregoing 
periods must be again subdivided into periods of two, 
the sums of which, for distinction sake, are re~ 
_ presented by q, 9’, &c., as follows; viz. 

: oF | _ R! 4. rR? 
Period p, into | i ne me 

f R Jf aes R® a” ee 
Period P’, into f q”=K ent ga 


Period p”; into u Meee 


"SR? +R’. 
Now, 
It =?p, 
which j is known from the preceding equation, and 
q7 =" + q =P" 


which is also known. 
Whence, the equation containing the roots q, 9's 
is determined, being 


TAPPER Os 
and the value of g in this will be equal to 


° 


2-cos: ; and, by means of this, the roots of 


the proposed equation will be determined. 
It does not appear, from what has been done, 
_ which of these periods ought to represent the 
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Oe 
cos. 
13 


& 


; but this becomes immediately evident 


from considering, that the cos. of this angle will be 
positive, and gteater than the cos. of any of the 
other angles, 
2.360° 3.360° 
Wi % 7083 18 


>» &e.§ 


and, therefore, that period g must be assumed into 
which p enters positively: and, in the same way, 
we readily discover the particular period which 
represents the cos. of any other angles, as, likewise, 
the negative from the positive, &c., by which means 
the apparent ambiguity is pdoided: — These obser- 
vations must be particularly attended to in the fol- 


lowing exaniple. 
maar’ > 360° 
Ex. 4. Find the cosine of “FP and the roots 
of the equation 
ri —1=0 
Since 17 is a prime number of the form 2”+1, 


or 17=2'+1, the roots of the above equation may 


be obtained by four quadratic equations, and the 
1o] 


~ cosine of by three quadratic equations ; in 


order to which, the imaginary roots of the equation 
a 7s F=0 

must be decomposed, first, into two periods of eight 

terms each, then these into two periods of four, 

and these again into two periods of two terms each. 

Now 3 bertts a primitive root of the equation 


an? 4 aa T7), 
2K 2 
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the whole period of powers will be, | 
so a. Cae od a 3; 3°, 3°, ‘ 10 ae 3", 
/ 3%; a, a or 
{ 1, 3, 9; 10, 13, 5, 15; 11,16, 14, 8,7; 4, 
13; 2, 63: ke | 
by rejecting the multiples of 17. 
Whence (by art. 219) the first two periods will 
be OS ako | | 
p=R'+Ro +R°4R” +R°+R°+R) +R, 
pe ER°FR? FRUFRTFRER TR. 
Now fr. 
st fein icas 
and sia te 
pp=ptp +ptpt+p+p +p +p =4(ptp)=—4- 
Hence the quadratic equation containing the 
roots p, p’, will be as 
wh Ree p+p-4=0. 
Whence, 
pe tht d W175 and PS eee l7- 
Again, the periods of roots p, p’, mast be now de- 
composed into the four following periods, the sums 
of which are, for distinction sake, represented by 
q> q'5 VIZ. 


+8: veeme! f —! La ade le op ig 
Period P> { 7 = R9 +R +R Mey 


a 3 5 14 18 
cia =e +R +R +R, 
Period p’, 1 rane pil gia a Ae 
And here we have | 
g+q7= =—i+iVl7; 
Te ee es oe ie 


~ 
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Whence the quadratic equation containing the 
roots g, q’, Is | 
gpg» Leo 
consequently, 
hi A OMe rth Ra doy Aas <8 


In the same way, 


q’=1p' +4 V(A+p), and q’”=1p'—4 v(4+p"), 
Again, the above periods of g, q’, 9”, &c., are 
each decomposed into two periods of two terms 
each, which new periods are represented by ¢, ¢, 
t’, &C.3 viz, | 
: ore. i =r’ +e” 
Period g, into : f =p? 4 Hy 


‘ : t’” =R° +R° 
Period q’, into ! fi m= Re R?. 


: : f* =r? +R” 
. ” ’ 
Period q’’, into ee oN ee 


: i : a ost R?? - R’ 
Period q’”, into ! ee a’. 
Now : 
t+t=q=ip+i v(4tp), 
and 


t= +t=q’ sip t+ V(Atp"). 
Therefore the quadratic equation containing the 
roots ¢, é’, is 
| “GILES. 
Whence, 


! =iqg+4 ACh 49"), 
U=iq—4 V(P—4¢)- 


The first of these is the greatest positive root, 
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; . i ale 
and is, therefore, the value of 2 cos. 


; which, 


by substituting for g and q”, their epeerve values, 


- 360°. 
in terms of p and p’, becomes 2 cos. 17 = 
H Fae V(A+ py} +e vigpts v(4t p) P— 
(ap th (4+ p?)}. : 
"Aeatn: reestablishing the values of P, p’, we 2 hav e; 
360° 
in numbers, 2 cos. ——= 
ly 
+la(—tt+ V17)+4VZh7— V1P)} + 
aie —t te VIZ) + p/h vi): De 
aie ATT), +4 VAL + ye 7 ya 
pene . ) | 360° 
which is the true numeral value of 2 cos. TT 


whence it is manifest, that, by the construction of 
three quadratic equations, a 17 sided polygon may 
be inscribed geometrically in a circle. 

We might have added here the solution of the 
eet os F 

9 _1=0, x 7—1=0, x°—1=0, 
and many others; but they are left as exercises for 
the reader. 

222. Scholium. From what has been demon- 
strated, it appears, that the equations by which 
the circle may be divided into a prime number of 
equal parts n, depend upon the factors of n—1; 
that is, upon the subdtvision of its n—1 imaginary 
roots into periods ; SO, if n—1 = a@hPcY, then the 
solution will be ‘effected by « equations of the de- 
gree a, B of the degree b, and y of the degree c: 
thus, if m=11, then 10=2'5'; and, therefore, the 
solution depends upon one equation of the fifth de- 
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gree, and one of the second. For, in this case, 
we can only decompose the ten imaginary roots 
into five periods of two terms each, or into two 
periods of five terms each; and, in the first instance, 
it is obvious, that in order to get the sum of all the 
ps, as p+p'+p" +p”, &c., the sum of the product 
of every two, of every three, &c., the equation 
must necessarily rise to the fifth degree. And if, 
according to the other division, the roots were re- 
solved into two periods of five terms each, though 
the values of these periods would -be found by a 
quadratic, yet this would be of no use, as we should 
thus have only the value of the sum of five of the 
roots, whereas it appears, from cor. 2, art. 117, that 
it is only by knowing the sum of two roots the so- 
lution.of the equation can be determined rationally, 
It is necessary, therefore, in all cases, to manage 
the subdivisions so, that the final equation may be a 
quadratic; that is, so that the number of terms in 
each period, in the last instance, shall not exceed 
two; which may always be done, because » being 
a prime number, n—1 is always even; and thus, 
when n—1 is any power of 2 (as we can then at 
every step divide each period into two others), it 
follows, that the solution of such an equation may 
always be effected by means of quadratic equations 
only: and, consequently, a polygon of such a number 
of sides may be inscribed geometrically in a circle, 
Now, 5, 17, 257, 65537, are prime numbers of this 
form, and therefore each of these admits of a geo-- 
metrical construction. We know also, from other 
principles, that if any two polygons of an unequal 
number of sides, prime to each other, can be in; 
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scribed geometrically in a circle, that the polygon, 
the number of sides of which is equal to the product 
of these two, can also be inscribed geometrically. 
For let @ and b represent the number of sides of 
two polygons, each inscribable in a circle, a and 6 
being prime to each other; then it is to be demon- 
strated, that the polygon, the number of whose 
sides is equal to ab, is also inscribable. . Now the 
angles at the centre of these polygons, will be 
| 360° 360°' 360° 
et ee ee 
and if it can be shown that the difference of any 
multiples of the two first, can be made equal to the 
third, the truth of what is advanced will be evident, 


| 360°n 360° m 
Let, then, id tis and —+——, represent any mul- 


ob 
tiples of the angles of the two first, then the dif- 


' $60°(nb— 
ference will be equal to vs ate j “ei , which is te 


ie) 
ab 
360°(nb— ma) = 360°, or nb—ma=1; 


be equal to ; we have, therefore, 


and, since a and 6 are prime to each other, such 
values of m and m may be found, <a and 6, as 
will answer this condition; and, consequently, 
the third polygon, of which the number of sides is 
ab, may be inscribed by means of the two first. | 
Also all polygons, of which the number of sides is 
any power of 2, may be imscribed by continual bi- 
sections: and again, all those whose number of 
sides is equal to the product of any inscribable po- 
lygon, into any power of 2. And hence we have 
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the following series of polygons, each of which 


admits of a geometrical construction; viz, 


Polygons of less than 100 Sides, admitting of a 


Geometrical Construction. 


No. of Sides. No. of Sides. No. of Sides. 
3 = trigon. 16 = 2 48 = 3.9% 
4 = 2 YE he 51, .=17.3 
5: 2 20 =." 6,,.2° 60 =15.2? 
6: °= 2.3 94. 23 2 64 = 9? 
Sas | 2 o0° = 15).2 68° '= 17,28 
10. \ 2.5 5 ee 80. .7 -5,2° 
12: i= | 39" a4 by .2 85 =17.5 

APG lee OVS st ie ae IO 96: = §3'9° 


To the above, we may add the three consecutive 
polygons, 
255, 256, 257, 
each of which is inscribable in a circle; for 
255=3,5.17, 256=2°, and 
257 =2°+1, a prime. 

The next three consecutive polygons, that admit 
of a geometrical construction, are the following ; vz 
65535 = 255 x 257, 

65536 = 2", 
65537 =2"+1, a prime. 


We shall here conclude these investigations, and 
‘refer the reader, who wishes for a more general de- 
velopment of the above principles, to the Disqui- 
sitiones Arithmetic, by M. Gauss; or the French 
translation of the same, under the title of Re- 
cherches Arithmetiques; or to the second edition 
of the Théorie des Nombres, by M. Legendre. 


233 
239 
241 
251 


263 
269 
271 
277 
281 
283 
293 
307 
311 
313 


331 
337 
347 
349 
353 
359 
367 
373 
379 


389 
397 


1401 


409 
419 
421 

431 
433 
439 
44.3 
44.9 
457 
46} 
463 
467 
479 
487 
491 
499 
503 
509 
521 
523 


257 


3h 


383: 


541 
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Table of Prime Numbers , to 4000. 


347 
557 
563 
569 
57] 
577 
387 
393 
599 
601 
607 
613 
617 
619 
631 
641 
64.3 
647 
653 
659 
661 
673 
677 
683 
69] 
70} 
709 
719 
727 
733 
739 
743 
75] 
757 
76) 
769 
493 
787 
797 


877 
881 
883 
887 


907 


911 
919. 
929 
937 
94] 
947 
953 
967 
971 
977 
983 
991 
997 
1009 
1013 
1019 
1021 
1031 
1033 
1039 
1049 
1051 
1061 
1063 
1069 
1087 
1091 
1093 
1097 
1103 
1109 
1117 
1123 
1129 
1151 
1153 
1163 
1171 
118] 
1187 
1193 
1201 
1213 
1217 
1223 


1229 
123] 
1237 
1249 
1259 
1277 
1279 
1283 
1289 
1291 
1297 
1301 
1303 


1307 


1319 
1321 
1327 
1361 
1367 
1373 
1381 
1399 
1409 
1423 
1427 
1429 
1433 
14.39 
1447 
1451] 
1453 
1459 
1471 


1481 


1483 
14.87 
1439 
1493 
1499 
1511 
1523 
1531 
1543 
1549 
1553 
1559 
1567 
1571 
1579 
1583 


1597 
1601 
1607 
1609 
1613 
1619 
1621 
1627 
1637 
1657 
1663 
1667 
1669 
1693 
1697 
1699 
1709 
1721 
1723 
1733 
1741 
1747 
1753 
1759 
1777 
1783 
1787 
1789 
1801 
1811 
1823 
1831 
1847 
1861 
1867 
1871 
1873 
1877 
1879 
1889 
1901 
1907 
1913 
1931 
1933 
1949 
1951 
1973 
1979 
1987 


1993 
1997 
1999 
2003 
2011 
2017 
2027 
2029 
2039 
2053 
2063 
2069 
2081 
2083 
2087 
2089 
2099 


2111 


2113 
2129 
2131 
2137 
Q141 
2143 
2153 
2161 
2179 
2203 
2207 
2213 
299) 
2237 
2239 
2943 
2951 
2267 
2269 
2273 
2281 
2987 
2293 
2297 


2309 


2311 
2333 
2339 


2341 
2347: 


2351 
2357 


2371 
2377 
2381 
2383 
2389 
2393 
2399 
2411 
Q417 
24.23 
2437 
2441 
24.47 
9459 
24.67 
9473 
2477 
2503 
2521 
2531 
2539 
2543 
2549 
2551 
Q557 
2579 
2591 
2593 
2609 
2617 
2621 
2633 
2647 
2657 
2659 
2663 
2671 
2677 
2683 
2687 
2689 
2693 


2699, 


9707 
9711 
9713 
Q719 
2729 
2731 
O74 


2749 
2753 
2767 
2777 
2789 


2791 


2797 
2801 
2803 
2819 
9833 
2837 
2843 
2851 
2857 
2861 
2879 
2887 
2897 
2903 
2909 
2917 
2927 
2939 
2953 
2957 


29603 


2969 
2971 
2999 
3001 
3011 
3019 
3023 
3037 
3041 
3049, 
3061 
3067 
3079 
3083 
3089 
3109 
3119 
5121 
3137 
3163 
3167 
3169 
3181 


3187 
3191 
3203 
3209 
3217 
3221 
3229 
3251 
3253 
3257 
3259 
3271 
3299 
3301 
3307 
3313 
3319 
3323 
3329 
3331 
3343 
3347 
3359 
3361 
3371 
3373 
3389 
3391 
3407 
3413 
3433 
3449 
3457 
3461 
3463 
3467 
3469 
5491 
3499 
3511 
3517 
3527 
3529 
3533 
3539 
3541 
3547 
3557 
3559 


| 


3571 


3581 
3583 
3593 
3607 
3613 
3617 
3623 
3631 
3637 
3643 | 
3659 
3671 
3673 
3677 
3691 
3697 
3701 
3709 
3719 
$727" 
3733 
3739 
3761 
3767 
3769 
3779 
3793 


3797 


3803 
3821 
3823 
3833 
3847 
3851 
3853 
3863 
3877 
3881 
3889 ” 
3907 
3911 
3917 
3919 
3923 
3929 
3931 
3943 
3947 
3967 
3989 
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Luble containing the least Values of p and q in the Equa- 
tion p> -Ng’=1, for every Vulue of x, from.® to 102. 


Si eee Ny i: p 
2 2 3 54 66 485 
~ Pex tl 2. 55 12 89 
5 A 9 56 2 15 
\6P.-.2 5 57 20 151 
Ti 3 8 58 2574 19603 
8 1 3 59 69 530 
10 6 19 60 4 31 
11 3 10 61 | 226153980} 1766319049 
“12 2 7 - 62 8 63! 
13| 1lso0| 649 63 | g 
14 4 15 65 16 129 
15 ] 4, 66 8 65 
opt 8 33 67 5967 4894.2 
eopies 17 68 4 33 
19 39 170 HH. 69 936 1775 
20 2 9 70 30 251 
21 12 55 71 413 3480 
22 42) ° 197 72 2 17 
23 5 24. 73 267000 9281240 
24 1 5 74 430 3699 
OT EO 51 75 8 26 
27 5 26 76 6630 57799 
28 QA. 127 77 40 351 
29 | 1820} -9801 78 6 53 
- 30 2 il 79 9 80 
31} 273| 1520 80 1 Q 
$2 3 17 $2 18 163 
33 4 23 83 9 82 
34 6 35 84 6 55 
35 1 6 85 30996 285769 
37 12 73 86 1122 10405 
38 6 37 87 3 28 
39 4. Ob fb 88 21 107 
“401... 6 19 89 53000 500001 
41} 320] 2049 - 90 2 19 
42 2 13 oS a 165 1574 
43} 531] 3482 — 92 « 120 a" FVD) 
444 30 199 93. 1260 12151 
45 24 161 ||: G4] 221064 214.3295 
46 | 3588 | 24335 aN OG 4 39 
AT 7 AS - 96 | 5 49 
48 1 7 97 | 6377352) 62809633 
~50| — 14 99° 98 10 99 
‘51 7 50 ty ate ] 10. 
52| 90] 649 wh Qh be 20 201 
53 19100 | 66249 102 10 101 
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